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a b s t r a c t

We present a method to construct the multisymplectic formulation for (m + 1)-dimen-
sional n-order field based on the variational principle. Then we derive the multisymplectic
conservation law and the local energy and momentum conservation laws for (m + 1)-
dimensional n-order field. The centred box discretization of the multisymplectic formula-
tion for (m + 1)-dimensional n-order field is proved to be a multisymplectic scheme. As an
example, the process of constructing the multisymplectic formulation for the KP equation
is given.

� 2008 Elsevier Inc. All rights reserved.
1. Introduction

Many PDEs can be reformulated in Lagrangian setting. For (1 + 1)-dimensional first-order field, i.e., the Lagrangian density
L depends on the state variables and their first-order partial derivatives and the state variables involve the time and 1 space
variables, Bridges introduced the multisymplectic formulation to prove the existence of the multisymplectic conservation
law and the local energy and momentum conservation laws. At the same time, he also proved that the centred box discret-
ization keeps the discrete multisymplectic conservation law [1]. In this paper, our purpose is to generalize the Bridges mul-
tisymplectic formulation to (m + 1)-dimensional n-order field.

In Lagrangian setting, taking the variation of the action function, we can directly derive the Euler–Lagrange equation for
(m + 1)-dimensional n-order field. When the boundary conditions are not considered, based on the ‘‘boundary part” of the
functional derivative of the action we introduce a class of generalized canonical momenta and obtain the canonical multi-
symplectic structures for (m + 1)-dimensional n-order field in Hamiltonian setting. At the same time, introducing a general-
ized Hamiltonian function we reformulate the Euler–Lagrange equation as a canonical Hamiltonian formulation. Writing the
canonical Hamiltonian formulation as a matrix equation, we obtain the multisymplectic formulation for (m + 1)-dimensional
n-order field. The multisymplectic formulation is interesting for several reasons [2–4] and we can take it as a starting point
for development of numerical methods for multisymplectic Hamiltonian PDEs [5]. Based on the multisymplectic formulation
for (m + 1)-dimensional n-order field, we directly derive that there exists a natural multisymplectic conservation law and
local energy and momentum conservation laws for Hamiltonian PDEs. For first-order field, the centred box discretization
of the multisymplectic formulation has been proved to be a multisymplectic scheme [1,6]. In this paper, we prove that
the centred box discretization of the multisymplectic formulation for (m + 1)-dimensional n-order field also keeps the dis-
crete multisymplectic conservation law.

2. The multisymplectic formulation for (m + 1)-dimensional n-order field

For (m + 1)-dimensional n-order field, the corresponding Lagrangian density is
L ¼LðukÞ ðk 2 XÞ; ð1Þ
. All rights reserved.
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where X is
0; x0; x1; x2; . . . ; xm;

x0x0; x0x1; x0x2; . . . ; x0xm; x1x0; x1x1; x1x2; . . . ; x1xm; . . . ; xmx0; xmx1; xmx2; . . . ; xmxm;

x0x0x0; x0x0x1; x0x0x2; . . . ; x0x0xm; . . . ; xmxmx0; xmxmx1; xmxmx2; . . . ; xmxmxm;

. . .

8>>><
>>>:

9>>>=
>>>;
; ð2Þ
x0 is the time variable, and x1; x2; . . . ; xm are the space variables. We suppose that uxixj
and uxjxi

are independent from each
other (or different order of partial derivation for u makes independent variables).

The action function for (m + 1)-dimensional n-order field is defined as
S ¼
Z
� � �
Z

LðukÞdx0 dx1 dx2 � � � dxm ðk 2 XÞ: ð3Þ
Using integration by parts, we can obtain the variation of the action function as follows:
dS ¼
Z
� � �
Z X

i2X
ð�1Þ‘ @L

@ui

� �
i0

" #
dudx0 dx1 dx2 � � � dxm

þ
Z
� � �
Z Xm

h¼0

@

@xh

X
i;j2X
ð�1Þ‘ @L

@ujxh i

� �
i0

duj

" #( )
dx0 dx1 dx2 � � � dxm; ð4Þ
where ‘ is the times of partial derivative in i. i0 is the inverse order of i (e.g., if i is x1x2x3, then i0 is x3x2x1).
By the variational principle which states that dS ¼ 0, we derive the Euler–Lagrange equation (5) for the (m + 1)-dimen-

sional n-order field from the first term of the Eq. (4)
X
i2X
ð�1Þ‘ @L

@ui

� �
i0
¼ 0: ð5Þ
Then we introduce the generalized canonical momenta for the (m + 1)-dimensional n-order field
pj ¼
X
i2X
ð�1Þ‘ @L

@uji

� �
i0
ðj 2 XÞ: ð6Þ
Obviously,
p ¼
X
i2X
ð�1Þ‘ @L

@ui

� �
i0
;

pjxh ¼
X
i2X
ð�1Þ‘ @L

@ujxh i

� �
i0
:

ð7Þ
When the boundary conditions are not considered, from the ‘‘boundary part” of Eq. (4), we have
Xm

h¼0

@

@xh

X
j2X

pjxh duj

" #
¼ 0: ð8Þ
Taking the exterior derivative on both sides of the above equality, we have
Xm

h¼0

@

@xh

X
j2X

dpjxh ^ duj

" #
¼ 0: ð9Þ
Based on the Eq. (9), we introduce m + 1 differential two forms
xh ¼
X
j2X

dpjxh ^ duj ðh ¼ 0;1;2; . . . ;mÞ: ð10Þ
So the multisymplectic conservation law for (m + 1)-dimensional n-order field is obtained as follows:
Xm

h¼0

@

@xh
xh ¼ 0: ð11Þ
Define the generalized Hamiltonian function for (m + 1)-dimensional n-order field
H ¼
Xm

h¼0

Px0
h Uxh �LðukÞ ¼

Xm

h¼0

X
j2X

pjxh ujxh
�LðukÞ ¼

X
j2X

pjuj �LðukÞ: ð12Þ
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It is clear that
@H
@uj
¼ pj � @L

@uj
: ð13Þ
Substituting the Euler–Lagrange equation (5) into Eq. (13), we have
@H
@uj
¼ pj � @L

@uj
¼
X
i2X
ð�1Þ‘ @L

@uji

� �
i0
� @L
@uj
¼
X
i–0

ð�1Þ‘ @L

@uji

� �
i0
¼ �

Xm

h¼0

X
i2X
ð�1Þ‘ @L

@ujxh i

� �
i0xh

¼ �
Xm

h¼0

ðpjxh Þxh
: ð14Þ
The canonical Hamilton equations for (m + 1)-dimensional n-order field is obtained as follows:
@H
@pjxh
¼ ðujÞxh

@H
@uj
¼ �

Pm
h¼0
ðpjxh Þxh

8><
>: ðj 2 X; h ¼ 0;1;2; . . . ;mÞ: ð15Þ
If we reformulate the canonical Hamilton equations (15) as a matrix Eq. (16), it is just the multisymplectic formulation for
(m + 1)-dimensional n-order field
Xm

h¼0

MhðZÞxh
¼ @H=@Z; ð16Þ
where
Z0 ¼ ½Px00 ;Px01 ;Px02 ; . . . ;Px0
h ; . . . ;Px0m ;U0�;

Pxh ¼ pX1xh ; pX2xh ; . . . ;pXr xh ; . . . ;p
Xðmþ1Þn�1

m
xh

� �0
;

U ¼ uX1 ; uX2 ; . . . ;uXr ; . . . ;uXðmþ1Þn�1
m

� �0
; ðXr is the rth element of XÞ:
Mh is a partitioned matrix, whose elements are ðmþ1Þn�1
m � ðmþ1Þn�1

m submatrices. Mh
hþ1;mþ2 ¼ �Mh

mþ2;hþ1 ¼ 1ðmþ1Þn�1
m �ðmþ1Þn�1

m
, the

other elements of Mh is 0ðmþ1Þn�1
m �ðmþ1Þn�1

m
.

3. The multisymplectic conservation law for (m + 1)-dimensional n-order field

Theorem 1. There is a natural multisymplectic conservation law in the multisymplectic formulation for (m + 1)-dimensional n-
order field.

Proof. For (m + 1)-dimensional n-order field, the variational equation associated with the multisymplectic formulation (16)
is
 Xm

h¼0

MhðdZÞxh
¼ DZZH dZ: ð17Þ
Taking the wedge product ^ on the above Eq. (17) by dZ0, where dZ0 ¼ ½dPx00 ; dPx01 ; dPx02 ; . . . ; dPx0
h ; . . . ; dPx0m ; dU0�, we have
Xm

h¼0

½dPx0
h ^ ðdUÞxh

� dU0 ^ ðdPxh Þxh
� ¼ dZ0 ^ DZZH dZ; ð18Þ
and
 Xm

h¼0

@

@xh
ðdPx0

h ^ dUÞ ¼ dZ0 ^ DZZH dZ: ð19Þ
The right side of the Eq. (19) is
dZ0 ^ DZZH dZ ¼
X
q;r

dZq ^ DZqZr H dZr ¼
X
q;r

DZqZr H dZq ^ dZr: ð20Þ
As

DZqZr H ¼ DZrZq H; ð21Þ
we have
DZqZr H dZq ^ dZr þ DZrZq H dZr ^ dZq ¼ 0: ð22Þ
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So
dZ0 ^ DZZH dZ ¼
X
q<r

DZqZr H dZq ^ dZr þ DZrZq H dZr ^ dZq ¼ 0: ð23Þ
From the Eqs. (19) and (23), we have
Xm

h¼0

@

@xh
ðdPx0

h ^ dUÞ ¼ 0: ð24Þ
Defining m + 1 differential two forms
xh ¼ dPx0
h ^ dU ¼

X
i2X

dpixh ^ dui; ð25Þ
the multisymplectic conservation law for (m + 1)-dimensional n-order field is obtained as follows:
Xm

h¼0

@

@xh
xh ¼ 0: ð26Þ
The proof is finished. h

The centred box scheme was used first by Preissman [7] who introduced it for the shallow water equations. It was proved
to be a multisymplectic scheme by Brideges and Reich [1]. Hong and Qin [6] generalized the centred box scheme to the case
of (m + 1)-dimensional PDEs. In this paper, we will generalize the centred box scheme to (m + 1)-dimensional n-order mul-
tisimplectic field.

Theorem 2. The centred box discretization (applying the implicit midpoint rule in the spaces and time respectively) of the
multisymplectic formulation (16) for (m + 1)-dimensional n-order field keeps the discrete multisymplectic conservation law.

Proof. For (m + 1)-dimensional n-order field, the centred box discretization of the multisymplectic formulation (16) is
Xm

h¼0

Mh
Zihþ1

Iþ1=2 � Zih
Iþ1=2

Dxh
¼ rZHðZIþ1=2Þ; ð27Þ
where
ZI ¼ Zi0 ;i1 ;i2 ;...;im ;

Zih
I ¼ Zi0 ;i1 ;i2 ;...;im ;

Zihþ1
I ¼ Zi0 ;i1 ;i2 ;...;ih�1 ;ihþ1;ihþ1 ;...;im ;

ZIþ1=2 ¼ Zi0þ1=2;i1þ1=2;i2þ1=2;...;imþ1=2;

Zih
Iþ1=2 ¼ Zi0þ1=2;i1þ1=2;i2þ1=2;...;ih�1þ1=2;ih ;ihþ1þ1=2;...;imþ1=2;

Zihþ1
Iþ1=2 ¼ Zi0þ1=2;i1þ1=2;i2þ1=2;...;ih�1þ1=2;ihþ1;ihþ1þ1=2;...;imþ1=2;

ZIþ1=2 ¼
1
2
ðZih

Iþ1=2 þ Zihþ1
Iþ1=2Þ:

ð28Þ
ih is the ihth grid point on the direction of xh.
The discrete variational equation associated with (27) is
Xm

h¼0

Mh dZihþ1
Iþ1=2 � dZih

Iþ1=2

Dxh
¼ DZZHðZIþ1=2ÞdZIþ1=2: ð29Þ
Taking the wedge product ^ on the discrete variational Eq. (29) by
dZ0Iþ1=2 ¼ ½dP
x00
Iþ1=2;dP

x01
Iþ1=2; dP

x02
Iþ1=2; . . . ;dP

x0
h

Iþ1=2; . . . ;dPx0m
Iþ1=2;dU0Iþ1=2�;
we have
Xm

h¼0

dP
x0

h

Iþ1=2 ^
dUihþ1

Iþ1=2 � dUih
Iþ1=2

Dxh
� dU0Iþ1=2 ^

dP
x

ihþ1
h

Iþ1=2 � dP
x

ih
h

Iþ1=2

Dxh

2
64

3
75

¼
Xm

h¼0

ðdP
x0

ihþ1
h

Iþ1=2 þ dP
x0

ih
h

Iþ1=2Þ ^ ðdUihþ1
Iþ1=2 � dUih

Iþ1=2Þ
2Dxh

�
ðdU0

ihþ1

Iþ1=2 þ dU0
ihþ1

Iþ1=2Þ ^ ðdP
x

ihþ1
h

Iþ1=2 � dP
x

ih
h

Iþ1=2Þ
2Dxh

2
64

3
75

¼
Xm

h¼0

dP
x0

ihþ1
h

Iþ1=2 ^ dU0
ihþ1

Iþ1=2 � dP
x0

ih
h

Iþ1=2 ^ dUih
Iþ1=2

Dxh
¼ dZ0Iþ1=2 ^ DZZHðZIþ1=2ÞdZIþ1=2 ¼ 0: ð30Þ
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That is
Xm

h¼0

dP
x0

ihþ1
h

Iþ1=2 ^ dU0
ihþ1

Iþ1=2 � dP
x0

ih
h

Iþ1=2 ^ dUih
Iþ1=2

Dxh
¼ 0: ð31Þ
Defining
xhI ¼ dP
x0

h

I ^ dUI; ð32Þ
where
xhI ¼ xhi0 ;i1 ;i2 ;...;im
;

xih
hI
¼ xhi0 ;i1 ;i2 ;...;im

;

xihþ1
hI
¼ xhi0 ;i1 ;i2 ;...;ih�1 ;ihþ1;ihþ1 ;...;im

;

xhIþ1=2 ¼ xhi0þ1=2;i1þ1=2;i2þ1=2;...;imþ1=2
;

xih
hIþ1=2

¼ xhi0þ1=2;i1þ1=2;i2þ1=2;...;ih�1þ1=2;ih ;ihþ1þ1=2;...;imþ1=2
;

xihþ1
hIþ1=2

¼ xhi0þ1=2;i1þ1=2;i2þ1=2;...;ih�1þ1=2;ihþ1;ihþ1þ1=2;...;imþ1=2
;

xhIþ1=2 ¼
1
2
ðxihþ1

hIþ1=2
þxih

hIþ1=2
Þ;

ð33Þ
we obtain the discrete multisymplectic conservation law for (m + 1)-dimensional n-order field as follows:
Xm

h¼0

xihþ1
hIþ1=2

�xih
hIþ1=2

Dxh
¼ 0: ð34Þ
The proof is finished. h
4. The local energy and momentum conservation laws for (m + 1)-dimensional n-order field

In this section, we will show that when HðZÞ does not depend explicitly on time or any direction of the space, there is a
local energy or momentum conservation law independent of the boundary conditions. Conservation of energy is associated
with the translation invariance in time and conservation of momentum is associated with the translation invariance in
space.

Theorem 3. For (m + 1)-dimensional n-order field, there are natural local energy and momentum conservation laws:
@E
@x0
þ
X
h–0

@

@xh
Fh ¼ 0;

@Gr

@xr
þ
X
h–r

@

@xh
Ihr ¼ 0;

ð35Þ
where
E ¼
X
j2X

pjx0 ujx0
�LðukÞ;

Fh ¼
X
j2X

pjxh ujx0
;

Gr ¼
X
j2X

pjxr ujxr
�LðukÞ;

Ihr ¼
X
j2X

pjxh ujxr
:

ð36Þ
Proof. For (m + 1)-dimensional n-order field, the multisymplectic formulation is
Xm

h¼0

MhZxh ¼ rZHðZÞ:
Taking the right inner product on the above equation by Zxr , we have
hrZH; Zxr i ¼ hM
rZxr ; Zxr i þ

X
h–r

hMhZxh ; Zxr i;



174 H. Wei, Z. Suying / Applied Mathematics and Computation 210 (2009) 169–176
@H
@xr
¼
X
h–r

hMhZxh ; Zxr i ¼
1
2

X
h–r

hMhZxh ; Zxr i þ
1
2

X
h–r

hMhZxh ; Zxr i

¼ 1
2

X
h–r

@

@xr
hMhZxh

; Zi � hMhZxhxr ; Zi
� �

þ 1
2

X
h–r

@

@xh
hMhZ; Zxr i � hM

hZ; Zxr xh
i

� �

¼ @

@xr

1
2

X
h–r

hMhZxh ; Zi
" #

�
X
h–r

@

@xh

1
2
hMhZxr ; Zi

� �
: ð37Þ
That is
@

@xr
H � 1

2

X
h – r

hMhZxh ; Zi
" #

þ
X
h – r

@

@xh

1
2
hMhZxr ; Zi

� �
¼ 0: ð38Þ
From the Eq. (38), we have
@H
@xr
� 1

2

X
h – r

@

@xr
hMhZxh

; Zi þ 1
2

X
h–r

@

@xh
hMhZxr ; Zi ¼

@H
@xr
� 1

2

X
h – r

@

@xr
ðU0xh

Pxh � P
x0

h
xh

UÞ þ 1
2

X
h–r

@

@xh
ðU0x0

Pxh � P
x0

h
x0

UÞ

¼ @H
@xr
� 1

2
@

@xr

X
h–r

U0xh
Pxh

" #
þ 1

2

X
h–r

P
x0

h
xhxr Uþ

1
2

X
h–r

P
x0

h
xh

Uxr

� 1
2

X
h–r

P
x0

h
xr xh

U� 1
2

X
h–r

P
x0

h
xr Uxh

þ 1
2

X
h–r

@

@xh
ðU0xr

Pxh Þ
" #

¼ @H
@xr
� 1

2
@

@xr

X
h–r

U0xh
Pxh

" #
þ 1

2

X
h–r

P
x0

h
xh

Uxr �
1
2

X
h–r

P
x0

h
xr Uxh

þ 1
2

X
h–r

@

@xh
ðU0xr

Pxh Þ
" #

¼ @H
@xr
� 1

2
@

@xr

X
h–r

U0xh
Pxh

" #
þ 1

2

X
h–r

P
x0

h
xh

Uxr �
1
2

X
h–r

@

@xr
ðPx0

h Uxh Þ

þ 1
2

X
h–r

Px0
h Uxhxr þ

1
2

X
h–r

@

@xh
ðU0xr

Pxh Þ
" #

¼ @

@xr
H �

X
h–r

Px0
h Uxh

" #
þ
X
h–r

@

@xh
ðPx0

h Uxr Þ

¼ @

@xr
½Px0r Uxr �LðukÞ� þ

X
h–r

@

@xh
ðPx0

h Uxr Þ

¼ @

@xr

X
j2X

pjxr ujxr
�LðukÞ

" #
þ
X
h–r

@

@xh

X
j2X

pjxh ujxr
¼ 0:
When r ¼ 0,
@

@x0

X
j2X

pjx0 ujx0
�LðukÞ

" #
þ
X
h–0

@

@xh

X
j2X

pjxh ujx0
¼ 0: ð39Þ
Defining
E ¼
X
j2X

pjx0 ujx0
�LðukÞ;

Fh ¼
X
j2X

pjxh ujx0
;

ð40Þ
we have
@E
@x0
þ
X
h–0

@Fh

@xh
¼ 0: ð41Þ
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If r–0,
@

@xr

X
j2X

pjxr ujxr
�LðukÞ

" #
þ
X
h–r

@

@xh

X
j2X

pjxh ujxr
¼ 0: ð42Þ
Defining
Gr ¼
X
j2X

pjxr ujxr
�LðukÞ;

Ihr ¼
X
j2X

pjxh ujxr
;

ð43Þ
we have
@Gr

@xr
þ
X
h – r

@Ihr
@xh
¼ 0: ð44Þ
The proof is finished. h
5. The multisymplectic formulation for the KP equation

The Kadomtsev–Petviashvili equation [8] is
ð2ut þ 6uux þ uxxxÞx þ ruyy ¼ 0: ð45Þ
To place the KP equation in the variational framework, we let u ¼ uxx, then u satisfies equation:
2uxxxt þ 6uxxuxxxx þ 6u2
xxx þuxxxxxx þ ruxxyy ¼ 0; ð46Þ
and
uxtxx þuxxtx þ 6uxxuxxxx þ 6u2
xxx þuxxxxxx þ ruxyyx ¼ 0: ð47Þ
The corresponding Lagrangian density can be written as
L ¼ uxxuxt �
1
2
u2

xxx þ
r
2

u2
xy þu3

xx: ð48Þ
Obviously, the field is three order, so the X for (2 + 1)-dimensional third-order field is
0; t; x; y; tt; tx; ty; xt; xx; xy; yt; yx; yy;

ttt; ttx; tty; txt; txx; txy; tyt; tyx; tyy; xtt; xtx; xty; xxt; xxx; xxy; xyt; xyx; xyy; ytt; ytx; yty; yxt; yxx; yxy; yyt; yyx; yyy

� �
:

ð49Þ
Using the Eq. (6), we have
pxt ¼ uxx;

px ¼ �uxxt �uxtx � 6uxxuxxx � ruxyy �uxxxxx;

pxx ¼ uxt þ 3u2
xx þuxxxx;

pxxx ¼ �uxxx;

pxy ¼ ruxy;

pt ¼ ptt ¼ pyt ¼ pttt ¼ ptxt ¼ ptyt ¼ pxtt ¼ pxxt ¼ pxyt ¼ pytt ¼ pyxt ¼ pyyt

¼ ptx ¼ pyx ¼ pttx ¼ ptxx ¼ ptyx ¼ pxtx ¼ pxyx ¼ pytx ¼ pyxx ¼ pyyx ¼ py

¼ pty ¼ pyy ¼ ptty ¼ ptxy ¼ ptyy ¼ pxty ¼ pxyy ¼ pyty ¼ pyxy ¼ pyyy

¼ 0:

ð50Þ
The Hamiltonian function and the energy density for the KP equation (reference (12) and (40)) are respectively
H ¼ pxtuxt þ pxux þ pxxuxx þ pxxxuxxx þ pxyuxy �Lðuxt;uxx;uxy;uxxxÞ ¼ pxux þ pxxuxx �
pxxx2

2
þ pxy2

2r
�u3

xx; ð51Þ

E ¼
X
j2X

pjx0 ujx0
�LðukÞ ¼ pxtuxt �LðukÞ ¼ �

pxxx2

2
þ pxy2

2r
þu3

xx: ð52Þ
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By the Eq. (16), the multisymplectic formulation for (2 + 1)-dimensional third-order field can be written as
0 0 0 1
0 0 0 0
0 0 0 0
�1 0 0 0

2
6664

3
7775

Pt

Px

Py

U

2
6664

3
7775

t

þ

0 0 0 0
0 0 0 1
0 0 0 0
0 �1 0 0

2
6664

3
7775

Pt

Px

Py

U

2
6664

3
7775

x

þ

0 0 0 0
0 0 0 0
0 0 0 1
0 0 �1 0

2
6664

3
7775

Pt

Px

Py

U

2
6664

3
7775

y

¼

@H=@Pt

@H=@Px

@H=@Py

@H=@U

2
6664

3
7775: ð53Þ

Pt ¼ ½pt;ptt;pxt;pyt ;pttt; ptxt;ptyt ;pxtt; pxxt;pxyt; pytt;pyxt;pyyt�0;
Px ¼ ½px;ptx;pxx;pyx; pttx; ptxx;ptyx; pxtx;pxxx;pxyx; pytx;pyxx; pyyx�0;
Py ¼ ½py;pty;pxy;pyy; ptty;ptxy;ptyy; pxty;pxxy; pxyy;pyty;pyxy;pyyy�0;
U ¼ ½u; ut; ux;uy;utt ;utx; uty; uxt; uxx;uxy;uyt ;uyx;uyy�0;
1 is a 13� 13 identity matrix, and 0 is a 13� 13 zero matrix.
Substituting (50) into (53), the multisymplectic formulation can be simplified as
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
�1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

2
66666666666664

3
77777777777775

pxt

px

pxx

pxxx

pxy

u
ux

uxx

2
66666666666664

3
77777777777775

t

þ

0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 �1 0 0 0 0 0 0
0 0 �1 0 0 0 0 0
0 0 0 �1 0 0 0 0

2
66666666666664

3
77777777777775

pxt

px

pxx

pxxx

pxy

u
ux

uxx

2
66666666666664

3
77777777777775

x

þ

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0
0 0 0 0 �1 0 0 0
0 0 0 0 0 0 0 0

2
66666666666664

3
77777777777775

pxt

px

pxx

pxxx

pxy

u
ux

uxx

2
66666666666664

3
77777777777775

y

¼

@H=pxt

@H=px

@H=pxx

@H=pxxx

@H=pxy

@H=u
@H=ux

@H=uxx

2
66666666666664

3
77777777777775
: ð54Þ
Eq. (54) is the multisymplectic formulation for the KP equation.

6. Conclusions and future work

In this paper, we establish a multisymplectic framework for (m + 1)-dimensional n-order field. Based on the multisym-
plectic formulation, we directly derive the multisymplectic conservation law and the local energy and momentum conser-
vation laws for (m + 1)-dimensional n-order field. Then we prove that the centred box discretization of the multisymplectic
formulation for (m + 1)-dimensional n-order field is a multisymplectic scheme. As an example, the process of constructing
the multisymplectic formulation for the KP equation is given.
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