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Abstract: Cluster state is an important resource for one-way quantum computation and quantum
network. In this paper, we present a scheme for connecting two Gaussian cluster states by
entanglement swapping, which can be used to connect two local quantum networks composed by
cluster states. The connection schemes between different types of four-mode cluster states are
analyzed and we show that the structure of the output states after entanglement swapping may be
not the same as that of the input states. The entanglement of the obtained new cluster states are
presented when suitable feedforward schemes are applied in the entanglement swapping process.
By using optimal gains in the classical channel and inseparability criteria, the requirement of
squeezing parameters for obtaining entanglement of output states are reduced. The presented
scheme provides a concrete reference for constructing quantum networks with cluster states.

© 2018 Optical Society of America under the terms of the OSA Open Access Publishing Agreement

1. Introduction

Cluster state, a type of multipartite entangled states, is a basic quantum resource for one-way
quantum computation [1]. Continuous variable (CV) cluster state [2—4], which can be generated
deterministically, have been successfully produced for eight-qumode [5], 60-qumode [6] and up to
10,000-qumode [7]. Based on a prepared large scale cluster state, one-way quantum computation
can be implemented by measurement and feedforward of the measurement results [8—14]. Besides
the application in one-way quantum computation, cluster state can also be used to establish
quantum network [15-17].

It has been demonstrated that a local quantum network can be built by distributing a multipartite
entangled state among quantum nodes [18-21]. However, if we have two space-separated local
quantum networks built respectively by two independent cluster states, how can we establish
entanglement between these two local quantum networks? The shaping of a larger cluster state
to a smaller scale according to the requirement for one-way quantum computation has been
demonstrated [22]. It has also been proposed that a large scale cluster state can be generated by the
fusion of small scale cluster states, which is completed by means of linear optical elements [23].
Another feasible method of merging two multipartite entangled states into one larger multipartite
entangled state is the quantum entanglement swapping [24], which has been proposed to build
a global quantum network of clocks. The proposed quantum clock network may allow the
construction of a real-time single international time scale (world clock) with unprecedented
stability and accuracy [25].

Quantum entanglement swapping is also known as quantum teleportation of entangled
states [26], which makes two independent quantum entangled states become entangled, and it is
an important technique in building quantum communication networks [26-36]. It was originally
proposed and demonstrated in discrete-variable optical systems [27,28], and then it was extended
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to CV systems [26,33-36]. Entanglement swapping between discrete and continuous variable
systems has also been demonstrated [37], which shows the power of hybrid quantum information
processing [38]. The entanglement swapping among three two-photon Einstein-Podolsky-Rosen
(EPR) entangled states has been used to generate a Greenberger-Horne-Zeilinger (GHZ) state [39].
Also, the quantum entanglement swapping between two independent multipartite entangled states,
each of which involves a tripartite GHZ entangled state of an optical field, and that between a
tripartite GHZ state and an EPR entangled state have both been experimentally demonstrated [40].
Recently, the swapping schemes for EPR steering have also been proposed [41,42].

In this paper, we present the entanglement swapping schemes between two independent CV
Gaussian cluster states with different structures. By designing suitable feedforward schemes, we
show that the entanglement swapping scheme between two symmetrical square shape cluster
states, and that between a linear and a star-shape four-mode cluster state, can be implemented
respectively. The results show that the structure of the output cluster state can be changed after
the entanglement swapping, for example, the structure of output cluster state is different from that
of input cluster states after the entanglement swapping between two square shape cluster states.
The dependence of output entanglement in the presented entanglement swapping schemes on the
squeezing parameters are analyzed, which shows that the requirement of squeezing parameter can
be reduced by using the optimal gains in the classical feedforward circuits and the inseparability
criteria. The presented entanglement swapping schemes have a potential application in building
global quantum networks.

2. The entanglement swapping schemes

Two multipartite entangled states, A and B, consisting of m and n optical modes respectively,
can be used to build two space-separated independent local quantum networks. We have shown
that two space-separated independent multipartite Gaussian GHZ states can be merged into a
larger multipartite entangled state by means of entanglement swapping [40]. In order to establish
entanglement between the two multipartite entangled states, optical mode A; is sent to the
multipartite entangled state B through a quantum channel. A joint measurement on modes A,
and B is implemented and then the measurement results are fedforward to the remaining optical
modes of state A and/or B. The feedforward schemes of measurement results in classical channels
depend on the types of quantum correlation of the multipartite entangled states, which are more
complex than those for the traditional entanglement swapping between two EPR entangled states.
By quantum entanglement swapping, two multipartite entangled states consisting of m and n
quantum modes respectively can be merged into a new larger multipartite entangled state which
consists of m + n — 2 quantum modes, since two modes (A, and B)) have been measured.

The quadrature correlations (so-called nullifiers) of CV cluster state are expressed by [2,3, 12]

(Pa= Y, %) =0, ¥ a€G ()

beN,

where £, = (4 + a%)/2 and p, = (4 — a")/2i stand for amplitude and phase quadratures of an
optical mode d, respectively. The modes of a € G denote the vertices of the graph G, while the
modes of b € N, are the nearest neighbors of mode d. For an ideal cluster state the left-hand side
of Eq. (1) trends to zero, which stands for a simultaneous zero eigenstates of these quadrature
combinations in the limit of infinite squeezing [12]. The special entanglement property of cluster
state is that the quantum correlation only exists between two neighbor modes [1,2]. One time
measurement on cluster state can not destroy the entanglement totally, which means that cluster
state has a strong property of entanglement persistence.

As an example, we present two entanglement swapping schemes for CV Gaussian cluster
states, which are the entanglement swapping scheme between two independent four-mode square
Gaussian cluster states (scheme I) and that between a four-mode linear and star-shape Gaussian
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Fig. 1. Graph representation of principle for entanglement swapping between two four-mode
Gaussian cluster states. Nodes and edges in the graph denote optical modes and the nearest
neighbor interaction between modes. (a) The representation of entanglement swapping
between two four-mode square Gaussian cluster states for scheme I. (b) The representation
of entanglement swapping between a linear and a star-shape four-mode Gaussian cluster
state for scheme II.

cluster states (scheme II), as shown in Fig. 1(a) and 1(b), respectively. After the entanglement
swapping, a six-mode Gaussian cluster state is obtained. Please note that the structure of the output
cluster states are different from those of the original Gaussian cluster states. Since the structure of
the obtained six-mode Gaussian cluster states are more complicated than the four-mode Gaussian
cluster states and the modes are space separated, they have potential application in quantum
network for more complicated quantum communication tasks.

2.1. Entanglement swapping between two square Gaussian cluster states

The four-mode square Gaussian cluster state A of optical field is prepared by coupling two
phase-squeezed states (d; and dg) of light and two amplitude-squeezed states (d, and a3) of
light on an optical beam-splitter network, which consists of three optical beam-splitters with
transmittance of Tp; = Tap = 1/5 and Ta3 = 1/2, respectively. The other four-partite square
Gaussian cluster state B of optical field is prepared in the same way. The transformation matrixes
of the beam-splitter networks for establishing four-partite square cluster entangled states A and B

are given by
1 \/3 [
-5 —AJF —i\Ts 0
2 5 10

o2 i fr

2 5 10
Uy =Ug = 1 - - | 2)
0 i\ 5 2
. 1 2 1
0 i\ 5 2

The unitary matrix can be decomposed into a beam-splitter network Uy = B; 1(Ta3)F3B,(Ta2)
Li(=1)I(=1)B;(Ta1)F3, where Fy = ¢'7 denotes a Fourier transformation of mode k (k =
1,2, 3,4), which corresponds to a 90° rotation in the phase space; I(—1) = €'™ corresponds to
a 180° rotation in phase space; Bi(T;) stands for the linear optical transformation on the j-th

beam-splitter with transmittance of Txjzj) (j = 1,2,3), where (B]fl)kk =vV1-T, (B,fl)kl =

VT, (B,'(—*l)lk = +V7, and (B,'fl)” = FV1 —T, are matrix elements of the beam-splitter. The
decomposition of unitary matrix for the cluster state B is the same to that for the cluster state A.
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Fig. 2. Schematic of two entanglement swapping schemes. (a) Scheme for entanglement
swapping between two four-mode square Gaussian cluster states. The joint measurement
is performed on optical modes A; and B; coming from two cluster states A and B,
respectively. The measurement results are fedforward to the remaining quantum modes of
multipartite entangled states A and B through classical channels, respectively. (b) Scheme
for entanglement swapping between a four-mode linear and a star-shape Gaussian cluster
states. The joint measurement is performed on optical modes D; and E; coming from
two multipartite entangled states D and E, respectively. The measurement results are
fedforward to the remaining quantum modes of multipartite entangled state E through
classical channels. EOMX and EOMP, amplitude and phase electro-optical modulators;
HD, homodyne detector; LO, local beam. The power splitter is used to split the output
photocurrent from the homodyne detector.

The quantum correlations of the four-mode square cluster state are given by

Pa, — Ray — fa, = \[ ) "—\[ e, 3)
Da, — Xa, —Xa, = ;ﬁ(o)e‘r—fiég)e",
Pa=tm i = oA o fa0e,
\/7A(0) -r \/7)252) -
A(0)

respectively, where x ) and Pa; (J = 1,2,3,4) denote the amplitude and phase quadratures of
corresponding vacuum field, respectlvely, and r is the squeezing parameter (r = 0 and r — oo
correspond to no squeezing and the ideally perfect squeezing, respectively). Obviously, in the
ideal case with infinite squeezing (r — oo) these correlation variances will vanish, and the better
the squeezing, the smaller the variances. Here, we only present the expressions of quantum
correlations for the cluster state A since quantum correlations of the cluster state B are the same
to those of the state A.

As shown in Fig. 2(a), the optical mode A is transmitted from multipartite entangled state A
to multipartite entangled state B and mixed with B; on a 50:50 beam-splitter with 7/2 phase
difference. The output modes from the beam-splitter 4; = (A; +iB;)/V2 and 91 = (A, —iB))/V2
are measured by two homodyne detectors, respectively. The measured quadratures £, and p,,
are given by

ﬁA4 - ﬁAl - xAAz

1
2 = —(%a, - DB 4
M1 \/z 1 1
. | .
Pvi = _(pAl - xBl)’

V2
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respectively. The measurement results are fedforward to optical modes As, A4, B3 and By through
classical channels respectively. Concretely, the measurement result of £, is fedforward to pa,
and pa,, and p,, is fedforward to pp, and pp,, respectively. The amplitude and phase quadratures
of output state C are expressed by

fo, = Xan P, = Pa, — V2Giky, (5)
ﬁCz = ﬁAz’ ﬁCz = ﬁAz,

£C3 = 55A4’ ﬁCg = ﬁA4 - ‘/EGIJ?HI,

fc, = . Pc, = Ps,+ V2Gipy,.

fes = by Pcs = DB,

fce = By Pcs = Py + \/EGlﬁvw

respectively. The parameter G describes the gain in classical channels. Without loss of generality,
we assume the gain in the classical channels are the same.

The quantum entanglement among the output modes of Gaussian cluster state C is verified by
the inseparability criteria for a six-mode Gaussian cluster state shown in Fig. 1(a) [43], which are

204 - o - 204 o -
A (pCI - -xCQ - gcl xCG - gcl xC4) +A (PC2 - xC[ - gcl xC}) < 19 (63)
20p ° - o 20h - ° -
A (pcl - ng XC, — gc2 XCo — xC4) +A (PC4 - gC2 XCc; — gcz XCs — xC]) < 1, (6b)
205 o - o 20n - o -
A (PC1 _gC3xC2 _XCG_gcst4)+A (pC() — XC, _gcst5 _gC3XC3) < 1’ (6C)
20h - - 20n - - -
A (pcz _gc4xC1 _-xC3)+A (pC3 — X, _gc4xC4 _gc4-xC6) < 17 (6d)
20p o - o 204 a a -
A(pcy — 8. fc, = Fey = 8. fco) + M (e, — fc; — 8 Fes — 8. Fe)) < L (60)
204 o - o 204 - o -
A (Pc, - 8¢ K =8 ey - Xcy) + A (Pc, - 8. K~ 8. s - Xc,) < 1, (6f)
2/a a a a 2/ A a a
A (pC4 _gc7-xC3 — XC;s _gc7-xC1)+A (ng — XCy _gc7-xC5) < 17 (6g)
20h - a 20h - N -
A (pcs _gchC4_xC6)+A (pC(, _gchc1 — XC;s _gcst3) < 1. (6h)
The parameter g (i =1,2,..,8) are gain factors used to minimize the correlation variances

at the left-hand sides of Eq. (6). Physically, the parameters g - correspond to the gain in the
measurement of correlation variances shown in the inseparabilitly criteria.

By calculating the minimum values of left-hand sides of Eq. (6), we obtain a few combinations
of optimal gain factors G| in classical channels and g _ in the inseparability criteria. Then we
choose the one corresponding to the minimum requireﬂlent of squeezing parameter for success
of the entanglement swapping scheme. The chosen optimal gain in the classical channels is

1 —22e% + 2168

= . 7
DT 11+ 686 + 2168 @
The calculated optimal gains g (i=1,2,..,8) are given by
~ 21t - 1267 -9 ®
e T 8o T80 T80y T 464 836M 4 2168
_ o 21e 127 -9
ey T 8oy T8e T8e T 1 68eR 12168

respectively.
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2.2. Entanglement swapping between a linear and a star-shape Gaussian cluster
states

A four-mode linear Gaussian cluster state D of optical field is prepared by coupling two phase-
squeezed states (d; and dy) of light and two amplitude-squeezed states (d> and ds3) of light on an
optical beam-splitter network, which consists of three optical beam-splitters with transmittance
of Tpy = 1/5, Tpp, = 1/2 and Tp3 = 1/2, respectively. A four-partite star-shape Gaussian
cluster state E of optical field is prepared by coupling two phase-squeezed states (é; and é3) of
light and two amplitude-squeezed states (é; and é,) of light on an optical beam-splitter network
with transmittance of the beam splitters being Tg; = Tgy = Te3 = 1/2, respectively. The
transformation matrixes of the beam-splitter networks for producing four-mode cluster states D
and E are given by

[ 1 1
3 \/7 l 10 O
. (1 2 1
i[5 —il% ,/— 0
UD — 2 15 .102 o , (9)
0 0 —l\/; z\/;
1 2 1
| 0 W \/; \/;
i o550
1 1 1
1 _1 9
Up = ‘ﬁ — - |, (10)
0 3 3 iyz
1 1 . (1
| 0 2 2 —’\/;

respectively. The unitary matrix Up and Ug can be decomposed into beam-splitter networks
Up = F4F2B}(Tp3)FaB{,(Tp2) By (Tp1)F3, and Ug = Fi B3, (Te3) FaB{,(Te2) By, (Te1) (= 1),
respectively. The quantum correlatlons of the two states are given by

A N ~(0) —
pp, = kb, = V2pQe, an

. N N _ 50) - 20 -
o=t = Aol 3
A S S 50 o= £ -
o=t =i = 3l e

A a _ A(O) e
PDy —XD; = s

~ o N N _ A(O) -
PE, = XE, = XE3 —XE, = 2)632 "
~ N _ A(O) —r
pEz - xE] - \/_pel B

R R Lo - A0 - 1 .0 _
pE} - 'xEl = \/;p(e]) " +p(e;) " + 2)(:24)8 F’
1 0 (0) 1 0 -
\/;p(el) T paeT — \/;x§4)e "
respectively.

As shown in Fig. 2(b), the optical mode D; is transmitted from multipartite entangled state D
to multipartite entangled state E and mixed with E; on a 50:50 beam-splitter with /2 phase
difference. The output modes i, = (D +iE>)/V2 and 9, = (D, — iE>)/ V2 are measured by two

ﬁE4 - xAEl
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homodyne detectors, respectively. The measured quadratures £, and p,, are given by

. . R

Xy, = \/_i(xDl - PE) (12)
A [ .

Pv, = \/_E(PDI - g, )

respectively. The measurement results of \/EGQ()G#Z + Py,) are fedforward to amplitude and phase
quadratures of mode £/, and \/EGQJGM is fedforward to phase quadratures of modes E3 and Ey4
through classical channels, respectively. The amplitude and phase quadratures of the output
states are expressed by

X = b, Pr. = Dby (13)
tr, = Dy Pr, = PDss

Xrp, = Zp,s DF; = Pp,»

fr, = Rg +V2Gak,,,

Pr, = PE +V2Gapy,

X = X, Pry = PEy + V2Gaiy,,

tre = XEp Pry = PEy + V2Gaiy,,

respectively. The parameter G, describes the gain in the classical channels.

The quantum entanglement among the output modes in multipartite entangled state F is verified
by the inseparability criteria for a six-mode Gaussian cluster state shown in Fig. 1(b) [43], which
are

AN*(pr, — F,) + N (P, — RF, — 8, i) < L (14a)

A(Pr, =8, &r, = &r) + N (pr, — 2r - g, $R) < L, (14b)

N (Pr; = 8, fr, = 2r) + N(Pr, = 2p = 8, Fr =8, fr) <L, (14c)
A’(pr, = 8, &, = fry = 8, %)+ N(pry —3p) < L, (14d)

A*(pr, = 8, 3r, = 8, ks = %) + AR~ 3p) < L. (14e)

Where the optimal gain in the classical channels is

17¢% - 17
C2= iy (1%
The calculated optimal gains 8, (i=1,2,...,6) are given by
264 =2
S T a2 (o
O 3(e" -3+ 17e*)
8r, T R4 68e + 5165
(e =13+ 17e*)
8ry T 8+ 767)23 + 176
(e* = 1)(9 +391e*)
8. = &, =

s (23 + 17e%)(17 + 23e*)

respectively.
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Fig. 3. The inseparability criteria for the obtained six-mode cluster entangled state in
entanglement swapping scheme I. (a) - (h) are corresponding to (a) - (h) inequalities in Eq.
(6), respectively. Green dash-dotted lines and blue dashed lines represent the results with
unit and optimal gain G in classical channels, respectively, when the unit gains g, in the

inseparability criteria are chosen. Red solid lines represent the results with both Optlmal
gains G and 8 -
i

3. Results and discussion

The entanglement of output state after entanglement swapping depends on squeezing parameter
of the initial CV entangled states since the entanglement of CV system is related to the squeezing
parameter. The higher squeezing parameter is, the higher entanglement is. Fig. 3 shows the
dependence of inseparability criteria of the output six-mode cluster state on squeezing parameter
for entanglement swapping scheme 1. The gain in classical channels is an essential experimental
parameter in CV entanglement swapping [26,34,35]. We compare the inseparability criteria
of the output six-mode cluster state with different gain G in classical channels and gains g
(i=12,..,8)in Eq. (6). If the gains G, in classical channels and gains 8. i=12..,8)i in
the 1nseparab1hty criteria are all chosen to be unit, the output state is entangled only when the
squeezing parameter is higher than 0.55 [-4.78 dB squeezing, green dash-dotted lines in Figs.
3(b), 3(c), 3(e) and 3(f)]. If the gain G| in classical channels is optimal, and the unit gain 8.
(i =1,2,...,8) is chosen, the output state is entangled when the squeezing parameter is higher
than 0.53 [-4.60 dB squeezing, blue dashed lines in Figs. 3(b), 3(c), 3(e) and 3(f)]. However,
when optimal gain factors G [Eq. (7)] and 8. (i=12,..8)[Eq. (8)] are both used, the
requirement of entanglement on the squeezing parameter is reduced to O (red solid lines). The
left-hand sides of Eq. (6) are all smaller than 1 and thus demonstrate the success of entanglement
swapping between two square cluster states.

Fig. 4 shows the dependence of inseparability criteria of the output six-mode cluster state
on squeezing parameter for entanglement swapping scheme II. The gain in classical channels
and gains 8, (i =1,2,...,5) in the inseparability criteria are also used to optimize the output
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Fig. 4. The inseparability criteria for the obtained six-mode cluster entangled state in
swapping scheme II. (a) - (e) are corresponding to (a) - (e) inequalities in Eq. (14),
respectively. Green dash-dotted lines and blue dashed lines represent the results with unit
and optimal gain G in classical channels, respectively, when the unit gains g, in the
inseparability criteria are chosen. Red solid lines represent the results with both loptimal
gains G, and 8,

entanglement in the entanglement swapping scheme II. When the gains g (i=12,..5)inthe
inseparability is unit, the left-hand side of inequality (14a) is the same for the case that the gain
G in classical channels is unit and optimal, as shown in Fig. 4(a). This is because the left-hand
side of inequality (14a) is not related to the gain G, in classical channels. We can also see that
the optimal gain factors G, [Eq. (15)] and 8, [Eq. (16)] are helpful to reduce the requirement
of squeezing parameter (red solid lines). l

The presented entanglement swapping scheme of CV cluster state is different from that of
CV GHZ state in [40]. At first, the feedforward schemes in classical channels are different. In
the entanglement swapping of multipartite entangled state, the feedforward scheme in classical
channels depends on the quantum correlation type of the state. In the entanglement swapping of
CV GHZ state, the measurement results are only fedforward to one CV GHZ state (for example,
state B in [40]). While in the presented entanglement swapping scheme I, the measurement
results are fedforward to optical modes in both cluster states A and B. Secondly, the output states
after entanglement swapping are different. In the entanglement swapping of CV GHZ state,
the output state is still CV GHZ state. While in the presented entanglement swapping of CV
Gaussian cluster state, the output state is CV Gaussian cluster state and the structure of the output
state may not the same as the initial cluster state.

4. Conclusion

In summary, we proposed feasible schemes for entanglement swapping between two independent
Gaussian cluster states. Two specific entanglement swapping schemes between two four-mode
Gaussian cluster states with different structures are presented. After entanglement swapping,
two independent four-mode Gaussian cluster states are merged into a six-mode Gaussian cluster
state. We find that the structure of the output Gaussian cluster state may be different from the
initial Gaussian cluster states. The dependence of output entanglement on squeezing parameter
for different types of Gaussian cluster states are analyzed. The results show that the requirement
on squeezing can be reduced by using optimal gains in the classical channels and entanglement
criterion.
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Since a local quantum network can be established by distributing optical modes of a cluster
state to different quantum nodes, the presented scheme can be used to merge two space-separated
local quantum networks composed by Gaussian cluster states into a larger quantum network.
The presented results provide a concrete reference for constructing more complicated quantum
networks with Gaussian cluster states.
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