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Subnatural-linewidth single photons are generated from atomic ensembles and temporally reshaped as
desired so that their temporal modes are eligible for constructing qubits. However, the photon-counting
measurement scheme most commonly used in the time-bin basis does not directly give the complex coeffi-
cients between time-bins. On the other hand, a mode-sensitive measurement technique, such as homodyne
tomography, is hard to implement since a mode-restricting cavity is not allowed in this reshaped photon
source. Here, we utilize a cavity-free homodyne detection scheme for reconstructing the temporal-density
matrix for the subnatural-linewidth single photons generated from a cold atomic cloud. The characteriza-
tion of the pure temporal-spectral state of subnatural-linewidth single photons paves the way for exploiting
the temporal-spectral degree of freedom to develop photonic-quantum information processing.
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I. INTRODUCTION

In thriving photonic-quantum technologies, single pho-
tons are one of the most important carriers with quantum
states. Qubits or qudits (states with more than two dimen-
sions) can be encoded in various degrees of freedom,
e.g., polarizations, spatial, and temporal-spectral modes.
Compared to other degrees of freedom, encoding infor-
mation in temporal-spectral modes is favorable in long-
distance communication through fibers [1–4]. Apart from
well-known time-bin qubits [5,6], complete and orthogo-
nal temporal-spectral modes are introduced [7] and being
quickly developed, both theoretically and experimentally,
based on ultrafast photons produced from spontaneous
parametric down conversion (SPDC) [8–10]. However,
due to the ultra-broad-band feature of these PDC pho-
tons, increasing the spectral modes will inevitably reduce
the temporal purity of the single-photon state [10], which
is essential in quantum information processing. Follow-
ing this idea, it is possible to encode quantum information
directly in the temporal mode of a single photon with an
ultra-long coherence time [11,12]. The purity of the tem-
poral reshaped single photon is preserved to be near unity
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as long as the detectors’ time resolution is below 10% of
the coherence time [13,14].

The subnatural-linewidth biphotons and single photons
are demonstrated to be produced from spontaneous four-
wave mixing (SFWM) in atomic ensembles [15–17]. With
electromagnetically-induced transparency (EIT) [18], the
temporal length of the biphotons can be tailored from
nanoseconds to microseconds, and the biphoton generation
scheme shows a great advantage in single-photon wave-
form manipulation [19–24]. The conventional scheme for
measuring the temporal mode of these photons is the
photon-counting technique, which gives the amplitude of
the mode function but not the phase. The phase infor-
mation of a biphoton is reported through two-photon
interference in specific setups [25–28], and recently has
been drawn from stimulated emission with seed injection
[29]. A general characterization scheme is needed. It is
well known that homodyne tomography is widely used to
measure the Wigner function of SPDC photons [30–32].
It requires a reference beam to serve as the local oscilla-
tor (LO) in the measurement, and is able to provide more
information in the temporal-spectral mode. However, this
is a mode-sensitive technique so that even the narrow-
band single photons from atomic ensembles are restricted
by cavity modes [33–35] for mode matching with
the LO.
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FIG. 1. Schematics of optical setup and atomic-energy level. The paired Stokes and anti-Stokes photons are generated from the
SFWM process induced by two classical laser beams (pump and coupling) in a 85Rb cold-atom cloud. The Stokes photons are cou-
pled into single-mode SMF for photon counting. The anti-Stokes photons are directed to a 50/50 beam splitter (BS). A continuous
laser with a power of 18 mW, phase locked with the coupling laser, serves as the LO. BHD: balanced homodyne detector. SPCM:
single-photon counting module. In the double-� energy level scheme, |1〉 = 5S1/2, F = 2, |2〉 = 5S1/2, F = 3, |3〉 = 5P1/2, F = 3 and
|4〉 = 5P3/2, F = 3. The coupling laser with Rabi frequency �c is in resonance to the transition |2〉 → |3〉, and constitutes an EIT
energy-level configuration for the anti-Stokes photons.

To achieve various temporal modes for single photons
with subnatural linewidths, filters and cavities are
abandoned to avoid a predefined spectral mode. In this
letter, for the first time, we introduce balanced homo-
dyne detection to measure the complete temporal mode of
the subnatural-linewidth single photons without a cavity.
The spatial-mode matching between LO and the single-
photon source is achievable due to the intrinsic correlation
for wavevector k of biphotons. Through homodyne detec-
tions with adjustable LO frequencies, we construct the
temporal-density matrix of single photons at resolvable
time bins. The homodyne-detection approach is uniquely
advantageous to measure the temporal-spectral state of
subnatural-linewidth single photons, and is shapeable to
construct photonic qubits or qudits in a time-frequency
degree of freedom.

II. THEORY

We define the temporal mode function (TMF) in the
frame of heralded single photons, which is obtained by
heralding a partner photon from a photon pair. Assume that
we have a pair of frequency-anticorrelated photon pairs,
and the two-photon state is denoted as,

|11, 12〉� =
∫

d� �(�)â†
2(ω20 − �)â†

1(ω10 + �)|0〉,
(1)

where |0〉 denotes the vacuum and ω20 and ω10 corre-
spond to the central angular frequencies of photons 1 and
2. â1 and â2 are their corresponding annihilation operators.

�(�) is the two-photon joint-spectrum function. After
photon 1 is annihilated at time t = 0 with its uncertainty
infinitesimally small, the heralded single-photon state is
expressed as a superposition state,

|1〉� = â1(t)|11, 12〉�, (2)

= 1√
2π

∫
d� �(�)â†

2(ω20 − �)|0〉. (3)

Equivalently, the heralded single-photon state can be
expressed as a superposition state of relative arrival times
of τ ,

|1〉� =
∫

dτ ϕ(τ)â†
2(τ )e−iω20τ |0〉, (4)

where the TMF ϕ(τ) = (1/
√

2π)
∫

d� �(�)e−i�τ is the
Fourier transform of the joint-spectrum function, and nor-
mally this TMF is a complex function with magnitude
|ϕ(τ)| and phase θ(τ ) = arctan[Im(ϕ(τ))/Re(ϕ(τ))].

The above state can be expressed in a discrete time-bin
basis. We denote every resolvable ith time bin as τi = iδτ ,
where δτ denotes the detector’s temporal resolution. From
[â(τi), â†(τj )] = δij , |1i〉 = |0τ1 , 0τ2 , . . . , 1τi , 0τi+1 , . . .〉, and
it denotes a single photon found in a specific time bin.
In this time-bin basis, the temporal-density operator is
defined as ρ̂TM = ∑

ij ρij |1j 〉〈1i|. For subnatural-linewidth
single photons, the temporal-density operator can be con-
structed from a pure state,

ρ̂TM = |1〉��〈1| =
∑

i

∑
j

ϕ∗(τi)ϕ(τj )|1τj 〉〈1τi |. (5)
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FIG. 2. Temporal-mode characterization of subnatural-linewidth single photons. (a) Real part of the normalized temporal-density
matrix, ReρTM; (b) Imaginary part of the normalized temporal-density matrix, ImρTM; (c) |ϕ|2, obtained from the diagonal elements at
τi = τj ; (d) tan θ , obtained from Imρmj /Reρmj where m = 50. Here, the value of m is chosen so that ρmj crosses the maximum value
of the matrix. The error bars of (c) are obtained from the standard derivation of the matrix elements σ , i.e., σ = 1/(2

√
Nc), in which

Nc = 5 × 105 is the number of samples taken to obtain the matrix results. The error bars of (d) are from σ multiplied by ∂(tan θ)/∂ϕ.
In the SFWM process where subnatural-linewidth single photons are generated, �c = 2π × 18 MHz, η = 53, where η denotes atomic
optical depth. The time resolution of BHD used in this measurement is 30 ns.

In the discrete time-bin basis, the matrix elements ρij =
ϕ∗(τi)ϕ(τj ). Therefore, the reconstructed the temporal-
density matrix has nontrivial off-diagonal elements, and
its diagonal elements constitute the square of the function
magnitude |ϕ(τ)|2.

III. MEASUREMENT SETUPS

The schematics for measuring the temporal mode of
single photons is shown in Fig. 1. A pair of spec-
tral anticorrelated photons, Stokes and anti-Stokes, are
generated from the SFWM process in a two-dimensional
85Rb magneto-optical trap (MOT) [36,37]. Two cw lasers
in the SFWM are a 780 nm pump, which is blue-detuned
from |1〉 to |4〉 by 146 MHz, and a 795 nm coupling reso-
nant with |2〉 → |3〉. They are simultaneously applied onto

the atom cloud in a backward scattering configuration, and
the pump-coupling axis is deviated from the longitudinal
axis of the 2D MOT by 2.5◦. The pump and coupling
beams are circularly polarized, corresponding to σ+ and
σ−, respectively, and therefore the induced Stokes and
anti-Stokes photons are collected with σ+ and σ−, respec-
tively. To ensure a low excitation rate of the SFWM, the
Rabi frequency of the pump beam is set as �p = 2π × 3.3
MHz and the count rates of the Stokes and anti-Stokes
photons are 4400/s and 4000/s, respectively. We utilize
a continuous 795 nm laser beam which is phase locked
with the coupling laser of the SFWM process to serve as
the LO. The polarization and spatial mode of the LO are
carefully matched with those of the anti-Stokes traveling
in free-space. Even without a cavity for mode restriction,
as ascribed to the wavevector correlation for biphotons,
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FIG. 3. Reduced autocorrelation Aij measured from homodyne detection. Column (a) η = 53, �c = 2π × 16.5 MHz; (b) η = 25,
�c = 2π × 18 MHz; (c) OD = 10, �c = 2π × 31.5 MHz. The corresponding κ(�) and �(�) functions with these three groups of
parameters are shown in (a0), (b0), and (c0). The elements along the diagonal axis are plotted in (2), while the elements along a
vertical axis which crosses the maximum value are plotted in (3). The solid lines in the plots from (a2) to (c3) are the theoretical curves
according to the listed experimental parameters. The maximum element is normalized to be 1. The time resolution δτ is 10 ns.

we mimic the spatial mode of the anti-Stokes beam with
a visible laser beam emitted from the single-mode fiber
(SMF) collecting the Stokes. The photocurrent of the
balance homodyne detection (BHD) is proportional to the
quadrature X̂ = (âe−iϑ + â†eiϑ)/

√
2 of the anti-Stokes,

where ϑ is the global phase of the single photon. For a
heralded single-photon source, the quadrature should be
measured with triggers of the Stokes photons, which are
detected by a single-photon counting module (SPCM). The
time resolution of SPCM is 1 ns, which is far less than the
coherence time of the single photons. Therefore, we obtain
〈X̂ (τ )〉 from about 4000 traces of current samples per
second through a high-speed digital oscilloscope trigged
by the Stokes photons. To have a significant SNR for TMF
measurement, we generally need 105 current samples.

IV. RESULTS

The correlation between different time bins can be
expressed as 〈XiXj 〉 = δij /2 + Aij , where δij /2 (δij = 1
only when i = j ) denotes the autocorrelation matrix for the
vacuum. Aij is the reduced autocorrelation matrix [35] for
the anti-Stokes photons with a trigger of a Stokes photon,

and is related to the temporal-density matrix as,

Aij = Re[ρTM,ij ] cos[�ω(ti − tj )]

+ Im[ρTM,ij ] sin[�ω(ti − tj )] (6)

�ω is the frequency difference between LO and the anti-
Stokes photons. The detailed derivation of Eq. (6) is in
the Appendix. With BHD, i.e., �ω = 0, Re[ρTM,ij ] is
directly obtained from Aij . With homodyne detections with
adjustable-LO frequencies, i.e., �ω �= 0, Im[ρTM,ij ] can be
obtained from two pairs of Aij and �ω. To minimize statis-
tical uncertainty, we choose eight sets of LO frequencies,
which are equivalent to �ω = −10, −5, 0, 3, 8, 13, 18,
23 MHz, to calculate the real and imaginary parts of the
temporal-density matrix. Figure 2(a) shows the normal-
ized Re[ρTM], which is calculated through the autocorre-
lation matrix Aij when �ω = 0. The diagonal elements
i = j are obtained through minimizing a cost function,
while obeying the normalization condition Tr(ρTM) = 1.
Here, the cost function is taken as the difference between
the left- and right-hand sides of Eq. (6), squared and
summed over all pairs (i, j ) in eight sets of Aij and �ω.
With the real part calculated, the imaginary part is subse-
quently obtained by further minimizing the cost function.
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Figure 2(b) shows the matrix elements of the imaginary
part, which are close to but oscillating around 0. This is
the first time we reconstruct a temporal-density matrix for
the subnatural-linewidth single-photon state. Without cav-
ity confinement, the density matrix directly reflects the
temporal-spectral mode of the SFWM inside the atomic
ensemble. Accordingly, we calculate the temporal purity
Tr(ρ2

TM) = 92.5%, which agrees with the results reported
before using Hong-Ou-Mandel interference [14].

For these subnatural-linewidth single photons, whose
coherence time is far longer than the time resolution of
SPCM, it is safe to assume that the photonic-temporal state
is well described by Eq. (4). The square of the magnitude
of the TMF |ϕ|2 is directly from the diagonal elements of
Re[ρTM], as shown in Fig. 2(c). The phase function θ(τ ) is
evaluated from tan θj = Im[ρmj ]/Re[ρmj ], where m = 50
is taken in Fig. 2(d). The magnitude of the mode function
agrees well with the photon coincidence measured through
the photon-counting technique reported elsewhere before
[14,16]. More importantly, the phase function over τ is
obtained close to 0 within the coherence window of 200
ns (represented in the shaded pink region in Fig. 2), which
is much larger than the coherence time corresponding to
the natural linewidth of 85Rb atoms. This is predicted by
the model of EIT-assisted SFWM [38], but is not able to
be verified with coincidence measurement. In particular,
the optical precursor [16,21] signifying abrupt dispersion
is revealed clearly in the magnitude and the corresponding
phase is found to not be changed. One should be aware
that the tested photon source is still maintained as a sin-
gle photon in the Fock state. The nonclassical property is
verified by measuring the conditional autocorrelation func-
tion g(2)

c < 1. Ideally, the single-photon Fock state yields
zero while the two-photon Fock state yields g(2)

c = 0.5
[17], which serves as the upper bound to justify the single-
photon source. For our source, we obtain g(2)

c = 0.34 ±
0.01 with �p = 2π × 3.3 MHz. This g(2)

c can be further
reduced to below 0.2 with decreasing �p [14,21], i.e.,
lower pump excitation.

Operating without a cavity or other filtering process,
the single-photon temporal-spectral modes determined by
SFWM in the atomic ensemble exhibit multiple patterns.
Generally speaking, the two-photon joint-spectrum func-
tion �(�) ∝ κ(�)φ(�) [38,39]. Here, κ(�) is the nonlin-
ear parametric coupling coefficient of the SFWM process,
which is determined by the third-order nonlinear suscep-
tibility, and φ(�) is the longitudinal-detuning function
determined by the phase-matching condition �k. Two dis-
tinguished SFWM regimes are defined as follows. The
first one is the EIT-delay regime. When the linewidth of
φ(�) is narrow enough that κ(�) can be treated as a
constant, �(�) ∝ φ(�). As is shown in Fig. 3 (a0), in
this regime, the EIT slow-light effect induced by the res-
onant or near-resonant coupling laser beam dominates the
SFWM spectrum. The EIT transparency window has a

significant impact on the TMF and extend it to hundreds
of nanoseconds. The other regime is the Rabi oscillation
regime, where φ(�) embraces the two peaks of κ(�) and
�(�) ∝ κ(�). Figure 3(c0) shows this regime. The double
SFWM channels, which are represented by the two spectral
peaks of κ(�), beat with each other, and this leads to a
π -phase change for the TMF. Normally, this π -phase
change is unable to be revealed directly in a conventional
photon-counting technique. The BHD we introduce here is
able to exhibit the change.

As discussed above, the reduced autocorrelation matrix
Aij is equivalent to the real part of the temporal-density
matrix when �ω = 0, and when τi is kept as a constant m
from Eq. (6), the reduced autocorrelation function is

Ajj = |ϕ(τj )|2, (7)

Amj = |ϕ(τm)||ϕ(τj )| cos[θ(τj ) − θ(τm)]. (8)

The matrix elements in Eqs. (7) and (8) are taken along,
respectively, a diagonal and a vertical axis (passing
through the maximum) of the reduced autocorrelation
matrix. The autocorrelation function drawn from the
vertical axis displays the phase switch. Fig. 3 shows
single-photon temporal-spectral modes in different SFWM
regimes. When EIT plays a significant role in the SFWM
process, the TMF does not change its phase throughout
the coherence time, as is shown by Fig. 3 (a1). By reduc-
ing the optical depth of the cloud while increasing �c, the
SFWM process transforms from a group-delay regime to a
Rabi oscillation regime. Figure 3 (b1) shows an interme-
diate case, i.e., overdamped Rabi oscillation. Figure 3 (c1)
shows the TMF in the Rabi oscillation regime, in which
the TMF takes a negative value in the second oscillation
period. Plots (a2) to (c3) agree well with the theoreti-
cal calculation of the biphoton wavefunctions [38,39]. In
particular, for the Rabi oscillation regime, plot (c3) per-
fectly matches the TMF of ϕ(τ) ∼ e−γeτ sin[(�e/2)τ ], and
plot (c2) matches |ϕ(τ)|2. Here, γe = (γ13 + γ12)/2 and
�e = √

�2
c − (γ13 − γ12)2, where γμν denotes the dephas-

ing rate between states μ and ν. Compared to the homo-
dyne detection approach, coincidence measurement from
photon counting merely gives the plots (a2), (b2), and (c2).

V. CONCLUSION

In summary, we reconstruct the temporal-density matrix
of an EIT-reshaped single photon through its homodyne
detections with frequency-tunable and strong LO fields.
The amplitude and phase of the mode function are obtained
accordingly. Furthermore, we show the distinguished tem-
poral modes characteristic of different SFWM regimes.
Compared to the photon-counting measurement technique,
the homodyne detection scheme provides the complete
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temporal-spectral state. Taking advantage of the narrow-
band feature, the scheme is free from cavities’ spectral
modes.

Now, the generation, manipulation, and characterization
of the temporal-spectral mode of subnatural-linewidth sin-
gle photons are experimentally complete. The temporal
modes of subnatural-linewidth single photons are useful in
constructing the orthogonal mode functions, e.g., Hermite-
Gaussian functions, directly in the time domain. Ascribed
to the narrow linewidth, the photonic state is always pure
and conveniently engineered, even through slow modula-
tors.
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APPENDIX: REDUCED AUTOCORRELATION
MATRIX

The temporal-density matrix ρ̂TM refers to the density
matrix of the temporal state of anti-Stokes photons, with
the heralding of their partner Stokes photons. Let us denote
the two-photon state generated from the SFWM process as

|1s, 1as〉,

ρ̂TM =
∑

t

âs(t)|1s, 1as〉〈1s, 1as|â†
s (t). (A1)

The summation is over all the possible annihilation times t
of Stokes photons. It is actually the reduced-density matrix
[32]. The autocorrelation of anti-Stokes photons with the
Stokes photons heralded is described by a reduced auto-
correlation matrix [35]. In the following, we present the
detailed derivation of the reduced autocorrelation matrix
and its relation with ρ̂TM. We also show the detailed data
processing to obtain the reduced autocorrelation matrix
from original photocurrents taken from the BHD measure-
ment.

Assume that a Stokes photon is recorded at time t, and at
a later time, denoted as τ , its paired anti-Stokes photon is
detected. At every resolvable ith time bin τi = iδτ , where
δτ denotes the detector’s resolution. The state |1i〉 repre-
sents a single photon found in this specific time bin. The
temporal-density operator ρ̂TM = ∑

mn ρmn|1n〉〈1m|, with
ρmn, denotes the complex matrix elements.

From BHD, we obtain the photon current Î which is
proportional to the quadrature X̂ . At the j th time bin,

X̂j =
(

âj e−iϑj + â†
j eiϑj

)
/
√

2. (A2)

ϑj = �ωτj + ϑ0 means the difference of phase between
the LO and signal, where �ω is the frequency difference
between them and ϑ0 shows the difference of the phase
between the LO and signal at t = 0. Thus we could obtain

(a) (b)

(c) (d)

FIG. 4. Autocorrelation matrix
of (a) raw photon-current data
from BHD; (b) vacuum; (c) raw
data subtracted by vacuum; (d)
processed data subtracted by ther-
mal noise.

054011-6



TOMOGRAPHY OF THE TEMPORAL-SPECTRAL STATE... PHYS. REV. APPLIED 10, 054011 (2018)

the reduced autocorrelation matrix through the correlation
of the photon current:

〈Îτi Îτj 〉 ∝ 〈X̂iX̂j 〉 = Tr

[∑
mn

ρmn|1n〉〈1m|X̂iX̂j

]

=
∑
mnl

ρmn〈1l|1m〉〈1n|X̂iX̂j |1l〉

=
∑
mn

ρmn〈1n|X̂iX̂j |1m〉. (A3)

To solve the above formula, we need to consider Eq. (A2),

〈1n|X̂iX̂j |1m〉 = 〈1n|X̂i

[
1√
2

(
âj e−iϑj + â†

j eiϑj
)

|1m〉
]

= 1√
2
〈1n| 1√

2

(̂
aie−iϑi + â†

i eiϑi
)

[e−i�ωtmδjm|0〉

+
√

2ei�ωtmδjm|2m〉+ ei�ωtj
(
1 − δjm

)|1j 1m〉]

= 1
2
〈1n|{e−i�ω(tm−ti)δjm|1i〉 + 2δjmδim|1m〉

+ (1 − δjm)[δij |1m〉 + e−i�ω(tm−tj )δjm|1j 〉]}

= 1
2
{e−i�ω(tm−ti)δjmδni + 2δimδjmδnm(1 − δjm)

× [δij δnm + e−i�ω(tm−tj )δimδnj ]}. (A4)

Therefore, Eq. (A3) becomes

〈X̂iX̂j 〉 =
∑
mn

ρmn〈1n|X̂iX̂j |1m〉

= 1
2

∑
mn

ρmn

{
e−i�ω(tm−ti)δjmδni + 2δimδjmδnm

+ (
1 − δjm

) [
δij δnm + e−i�ω(tm−tj )δimδnj

]}

= 1
2

∑
mn

[e−i�ω(tj −ti)δniρjn + 2δij δnj ρjn + δij ρnn

+ e−i�ω(ti−tj )δnj ρin − δij δnj ρjn

− e−i�ω(tj −tj )δij δnj ρjn]

= 1
2

[e−i�ω(tj −ti)ρji + 2δij ρjj + δij Tr
[
ρ̂
]

+ e−i�ω(ti−tj )ρij − δij ρjj − δij ρjj ]

= 1
2
δij + 1

2
[e−i�ω(tj −ti)ρji + e−i�ω(ti−tj )ρij ]

= 1
2
δij + Re[ρTM ,ij ] cos[�ω(ti − tj )]

+ Im[ρTM ,ij ] sin[�ω(ti − tj )]

= 1
2
δij + Aij , (A5)

where (1/2)δij denotes the autocorrelation matrix for the
vacuum. After removing the vacuum term, we denote Aij
as the reduced autocorrelation matrix for the target optical
field.

We acquire the raw result of autocorrelation of the pho-
ton current through BHD, as shown in Fig. 4(a), with
the case shown in Fig. 3(a) of the main text. With the
same setup, Fig. 4(b) shows the autocorrelation matrix of
the vacuum. Figure 4(c) corresponds to the result of the
removed vacuum, i.e., the result of Figure 4(a) subtracted
by (b). However, Figure 4(c) still contains the current back-
ground of the detector and the thermal noise of SFWM.
They cause Figure 4(c) to be distorted. Fortunately, the cur-
rent background of the detector and the thermal noise only
depend on the difference of two time bins. These noises
have the same value along the axis of ti − tj = const. In
data processing, we record the experimental data in a range
far away from the concerned time window, calculate the
average value along the axis of ti − tj = const, and sub-
tract them from Figure 4(c). Finally, we obtain the reduced
autocorrelation matrix Aij as shown in Fig. 4(d).
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