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We propose an ultrasensitive displacement measurement scheme to overcome the standard quantum limit (SQL)
in the unresolved sideband cavity optomechanical system with nonlinear optomechanical coupling and squeezed
light injection. By introducing the optimized quantum correlation, which is enabled by suitable choices of the
squeezing angle, squeezing level, power of the probe light, and measurement angle of homodyne detection, the
off-resonant displacement sensitivity reaches 6 dB below the SQL in linear optomechanical coupling. In contrast,
displacement sensitivities with a coherent probe plus variational readout and squeezed probe plus fixed mea-
surement angle (phase quadrature) are 2.6 dB and 4.6 dB below the SQL, respectively. By combining linear and
quadratic optomechanical coupling, we show that the displacement sensitivity can be further improved to 9.6 dB
below the SQL. Our results have potential applications in gravitational-wave detectors, quantum metrology, and
the search for dark matter. ©2023Optica PublishingGroup

https://doi.org/10.1364/JOSAB.475955

1. INTRODUCTION

Optical displacement measurement is crucial in various fields
such as atomic force microscopy and high-resolution imaging.
Displacement sensitivity is limited by the standard quantum
limit (SQL) for displacement measurements based on an optical
interferometer due to the Heisenberg’s uncertainty principle
of conjugate quadratures. The SQL derives from the impreci-
sion of the measurement and the quantum backaction [1,2].
Displacement sensitivity has approached or even surpassed the
SQL for various systems, such as nano-optomechanical devices
[3–5], ultracold atoms [6], Advanced LIGO [7–12], and the
search for dark matter [13].

Over the years, a variety of approaches for surpassing SQL
have been proposed [1]. The proposed methods can be classified
into two types: quantum backaction-evading measurement
[14,15] and introduction of quantum correlations between
imprecision and backaction [11,16,17]. In the latter case, the
SQL may be beaten by designing an appropriate correlation
between an object’s position (momentum) uncertainty and the
photon number (phase) uncertainty of the probe it reflects [11].
Such correlations can be achieved using nonlinear cavities [18]
or injecting squeezed light [19–24]. An alternative method is
employing optomechanical induced correlations by rotating
the readout quadrature of the output probe as a function of fre-
quency [25,26], so called variational readout. In this direction,

the off-resonant force and displacement sensitivity better than
the SQL have been demonstrated [16,17].

By using phase quadrature squeezed light and readout on
phase quadrature, it is shown that the squeezing light hardly
improves the motion sensing of resonators in the unresolved
sideband region, but may significantly improve measurement
sensitivity in the resolved sideband region [27]. To reach higher
displacement sensitivity, variational readout with squeezed
light was investigated [28]. However, squeezed light with a fixed
squeezing angle (amplitude quadrature) is assumed, and the
influence of squeezing angle on displacement sensitivity has
remained unclear. A recent work [29] proposes a new scheme
for approaching the quantum limit. The input and output
filter cavities included in the scheme are used for frequency-
dependent squeezing and variational readout. Nevertheless,
little attention has been paid to the condition of exceeding
the SQL.

The mechanical mode and optical mode interact through
linear (dispersive) optomechanical coupling (LOC) in conven-
tional optomechanical systems. Later, higher-order nonlinear
interactions such as quadratic optomechanical coupling (QOC)
arising from the mechanical resonantor’s squared displacement
was observed [30]. Recently, it was shown that combining LOC
and QOC interactions can result in force and displacement
sensitivity beyond the SQL [31,32].
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In this paper, motivated by the above studies, we consider
the combined effect of nonlinear optomechanical interactions
(combined LOC and QOC interactions) and squeezed light
injection on sensitive displacement measurement. First, we
investigate the effects of relevant parameters including the
squeezing angle, squeezing level, probe optical power, and read-
out quadrature on the displacement sensitivity of a mechanical
resonator in an unresolved sideband cavity optomechanical
system with only LOC. The interplay among these parameters is
analyzed in depth. Then, we analyze the sensitive displacement
measurement when QOC interaction is introduced. We find
that combining squeezed light injection and nonlinear optome-
chanical interactions significantly improves displacement
sensitivity, with a value of 9.6 dB below the SQL.

The paper is organized as follows. In Section 2, we derive the
displacement measurement spectrum of the cavity optome-
chanical system with LOC and squeezed light injection. In
Section 3, the effects of the relevant parameters on displacement
measurement sensitivity and their interplay are analyzed in
depth. In Section 4, we study the combined effect of nonlin-
ear optomechanical interactions (combined LOC and QOC
interactions) and squeezed light injection on the displacement
measurement. In Section 5, we draw a conclusion.

2. DISPLACEMENT MEASUREMENT WITH LOC
AND SQUEEZED LIGHT INJECTION

The considered optomechanical setup consists of a Fabry–Perot
(F-P) cavity and SiN membrane with squeezed light injection
[17,33,34], as shown in Fig. 1. The optical cavity provides a
resonant enhancement of the input probe field. The radiation
pressure interaction perturbs the motion of the membrane
resonator, imprinting its position information on the enhanced
intracavity probe field. By properly choosing system parameters,
the continuous measurement beyond SQL at the off-resonance
frequency of the mechanical oscillator can be achieved.

In the rotating frame of the probe laser field frequency ω, the
Hamiltonian of the system can be given by [1]
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Fig. 1. Schematic of the system. PBS, polarizing beam splitter;
PD, photodiode; φ, squeezing angle; θ , measurement angle. A beam
of bright squeezed light enters the optomechanical system, and the
reflected probe light carries the displacement information of the
membrane resonator, which can be measured by balanced homodyne
detection.

Ĥ =
~�m

2
(Q̂2
+ P̂ 2)− ~1â †â −

√
2~g 0â †â Q̂

+ i~
√
κL(αinâ †

+ c.c), (1)

where �m is the angular resonance frequency of the harmonic
oscillator, 1≡ω−�c is the detuning of the probe laser fre-
quency ω relative to the cavity resonance frequency �c , g 0 is
the vacuum optomechanical coupling rate and â(â †) is the
annihilation (creation) operator of the cavity mode. The first
term denotes the energy stored in the mechanical oscillator with
dimensionless position operator Q̂ and momentum operator
P̂ , which satisfy [Q̂, P̂ ] = i . The second term describes the
free energy of the cavity, and the third term is the interaction
Hamiltonian. The last term denotes the input probe field αin,
where κL is the decay rate of the cavity of the left mirror, and c.c
stands for complex conjugate.

Starting from the quantum Langevin equations, we simulate
the dynamics of the system by expanding the field operators as
steady-state values and fluctuation terms, where â = ᾱ + δâ ,
Q̂ = Qs + δ Q̂, and P̂ = Ps + δ P̂ ; the linearized quantum
Langevin equations for the fluctuations of mechanical and
optical modes are given by

δ ˙̂a =−
κ

2
δâ + i1̃δâ + i

√
2g δ Q̂ +

√
κRδâ in,R +

√
κLδâ in,L ,

δ
˙̂Q =�mδ P̂ ,

δ
˙̂P =−�mδ Q̂ − 0mδ P̂ +

√
20mδ P̂in +

√
2g (δâ †

+ δâ),
(2)

where κR is the decay rate of the cavity to the right mirror,
κ = κL + κR is the decay rate of the cavity, 1̃≡1+

√
2g 0 Qs

is the effective detuning of the probe laser, Qs denotes the
average mechanical displancement, and g = g 0ᾱ is the cavity
enhanced coupling rate. The optical noise operator injecting
from the left (right) mirror is δâ in,L(δâ in,R).0m is the mechani-
cal linewidth, and δ P̂in is the mechanical momentum noise
operator.

By introducing amplitude quadrature δ X̂ = δâ+δâ†
√

2
and

phase quadrature δŶ = δâ−δâ†
√

2i
, Eq. (2) can be rewritten as

δ
˙̂X =−

κ

2
δ X̂ − 1̃δŶ +

√
κRδ X̂ in,R +

√
κLδ X̂ in,L ,

δ
˙̂Y =−

κ

2
δŶ + 1̃δ X̂ + 2g δ Q̂ +

√
κRδŶin,R +

√
κLδŶin,L ,

δ
˙̂Q =�mδ P̂ ,

δ
˙̂P =−�mδ Q̂ − 0mδ P̂ +

√
20mδ P̂in + 2g δ X̂ ,

(3)

where δ X̂ in, j =
1
√

2
(δâ †

in, j + δâ in, j ) and δŶin, j =
i
√

2
(δâ †

in, j −

δâ in, j ), j = {L, R}, are the input amplitude and phase noise
quadrature, respectively.

We assume 1̃= 0, and the output probe field is measured
by balanced homodyne detection (BHD). The measured
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quadrature of the output probe field has the form

X̂ out =
√
η(−δ X̂ in,L +

√
κLδ X̂ )+

√
1− ηδ X̂ v,

Ŷout =
√
η(−δŶin,L +

√
κ LδŶ )+

√
1− ηδŶv, (4)

where η denotes detection efficiency. Assuming that the quadra-
ture with a phase angle of θ is measured in the frequency
domain, we have

X̂ θ (�)= X̂ out(�)cos(θ)+ Ŷout(�)sin(θ). (5)

Here we assume that the squeezed light is generated from
an optical parametrical amplifier (OPA), which can generate a
high degree of quantum squeezing with current technology. By
applying a phase shift operation of Û(φ)= e−iφn̂ to the out-
put of OPA, the squeezing angle φ can be manipulated, where
n̂ = â †â is an operator of the photon number. The effect of
Û(φ) on the annihilation operator â is Û †(φ)âÛ(φ)= â e−iφ .
In this case, the input quadrature components of squeezed light
to the optomechanical system are given by

δ X̂ in,L(�)= cos(φ)X̂ o (�)− sin(φ)Ŷo (�),

δŶin,L(�)= cos(φ)Ŷo (�)+ sin(φ)X̂ o (�), (6)

where X̂ o =
1
√

2
(ĉ †

o + ĉ o ) and Ŷo =
i
√

2
(ĉ †

o − ĉ o ) are the ampli-
tude and phase noise quadrature of the OPA output fields
ĉ o , respectively. The output field ĉ o satisfies the standard
input–output relation

ĉ o =
√
κc ĉ − ĉ in, (7)

where ĉ denotes the OPA cavity mode, and the Langevin equa-
tion for the OPA has the form

˙̂c =−
κo

2
ĉ + χ ĉ †

+
√
κc ĉ in, (8)

where κo is the decay rate of the OPA cavity, χ is the nonlinear
interaction strength, κc is the decay rate of the output OPA cav-
ity mirror, and ĉ in denotes vacuum noise.

By using Eq. (7), Eq. (8), and the Wiener–Khinchin theorem
S R̂ R̂ =

∫
+∞

−∞
〈R̂†(−�)R̂(�′)〉d�′, the output noise spectrum

of the OPA can be obtained [35]:

S X̂ †
o X̂ o
(�)=

1

2
+

ζχκo

(κo − χ)
2
+�2

,

SŶ †
o Ŷo
(�)=

1

2
−

ζχκo

(κo + χ)
2
+�2

,

S X̂ †
o Ŷo
(�)= i/2,

SŶ †
o X̂ o
(�)=−i/2, (9)

where � is analysis frequency, and ζ = κc/κo is the output
coupling efficiency of the OPA. By introducing the normalized
pumping parameter σ =

√
Pin/Pth (Pin is the pumping power

of the pumping light, and Pth is the threshold of the OPA) and
normalized to the shot noise, anti-squeezing Va and squeezing
Vs can be written as

Va = 1+
4ζσ

(1− σ)2 +
(
�
κc

)2 ,

Vs = 1−
4ζσ

(1+ σ)2 +
(
�
κc

)2 . (10)

Combining Eqs. (6) and (9), the noise spectrum of the input
squeezing light to the optomechanical system is given by

S X̂ †
in,L X̂ in,L

(�)=
(
S X̂ †

o X̂ o

)
cos2(φ)+

(
SŶ †

o Ŷo

)
sin2(φ),

SŶ †
in,L Ŷin,L

(�)=
(
S X̂ †

o X̂ o

)
sin2(φ)+

(
SŶ †

o Ŷo

)
cos2(φ),

S X̂ †
in,L Ŷin,L

(�)= i/2+ sin(φ)cos(φ)
(
S X̂ †

o X̂ o
− SŶ †

o Ŷo

)
,

SŶ †
in,L X̂ in,L

(�)=−i/2+ sin(φ)cos(φ)
(
S X̂ †

o X̂ o
− SŶ †

o Ŷo

)
.

(11)

The symmetrized power spectral density (PSD) of an operator R̂
is defined as

S̄ R̂ R̂(�)=
S R̂ R̂(�)+ S R̂ R̂(−�)

2
. (12)

Supposing our system is in steady state, S̄Xθ Xθ can be calculated
by using the Wiener–Khinchin theorem, and S̄Xθ Xθ can be
derived:

S̄Xθ Xθ (�)= S̄Qdet Qdet(�) f imp(�)

= [S̄imp(�)+ S̄QQ(�)+ S̄cor(�)] f imp(�), (13)

where f imp(�)= 2ηηc0m |Ceff(�)|[1− cos(2θ)] is the transfer
function between the displacement spectrum S̄Qdet Qdet and
optical quadrature spectrum S̄Xθ Xθ with the effective optome-
chanical cooperativity |Ceff| ≡ 4g 2/[κ0m |1− 2i�/κ|2)], and
ηc = κL/κ . The first item of the right side of Eq. (13) serves as
imprecision noise in the PSD. The second term represents the
mechanical oscillator’s displacement spectrum S̄QQ , which is
given by

S̄QQ = |χm |
2(S̄qba + S̄th), (14)

where χm(�)=�m/[(�
2
m −�

2)− i0m�] is the dimen-
sionless mechanical susceptibility. S̄qba is quantum backaction
noise, which arises from the effect of random arrival of probe
photons on the mirror. S̄th is thermal noise caused by the
exchange between the resonator and thermal environment.
The third term Scor represents quantum correlations between
imprecision and backaction.

Using the results of Eq. (11) and the quantum fluctuation–
dissipation theorem, we can write Eq. (15), which is the explicit
expressions of each term in Eq. (13):
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S̄imp(�)=
1

2 f imp
+

κ(ηc − 1)F1

2g 2[1− cos(2θ)]
+
ηF1

f imp
,

S̄QQ(�)= |χm |
2

[
20m |Ceff| + 40m |Ceff|ηc F2 + 20m

(
nth +

1

2

)]
,

S̄cor(�)=
Re [χm]

tan(θ)
+

8g 2ηκL F3 Re [F4]sin(θ)

f imp
,

F1 = S X̂ †
o X̂ o

cos2(θ − φ)+ SŶ †
o Ŷo

sin2(θ − φ)−
1

2
,

F2 = S X̂ †
o X̂ o

cos2(φ)+ SŶ †
o Ŷo

sin2(φ)−
1

2
,

F3 = cos(φ)cos(θ − φ)

(
S X̂ †

o X̂ o
−

1

2

)

− sin(φ)sin(θ − φ)

(
SŶ †

o Ŷo
−

1

2

)
,

F4 =
χm

κ

2 − iω

(
κL(

κ

2

)2
+ω2

−
1

κ

2 − iω

)
.

(15)

By inserting S X̂ †
o X̂ o
(�)= SŶ †

o Ŷo
(�)= 1

2 into Eq. (13), we
can recover the results of coherent light driving. Notice that the
optomechanical SQL results from a balance between the optical
shot noise and radiation pressure noise; the added detection
noise reaches the SQL S̄SQL = |χm | under the condition of
effective cooperativity |C opt

eff | = 1/(40m |χm(�)|).
In the following, we will use Eqs. (13) and (15) to analyze the

mechanical displacement spectrum with variational readout and
squeezed light injection.

3. EFFECT OF SYSTEM PARAMETERS ON
DISPLACEMENT MEASUREMENT BEYOND THE
SQL

It can be seen from Eqs. (13) and (15) that the displacement
spectrum depends on the optomechanical coupling strength
g , squeezing level Vs , squeezing angle φ, and measurement
angle θ . Optomechanical coupling strength g can be tuned by
adjusting the input power of the probe light Pdet. To ensure that
the system stably works in the linear region of the F-P cavity, the
probe optical power is confined to a certain range [36]. To maxi-
mize displacement measurement sensitivity at the far detuning
frequency, the squeezing level Vs , probe power Pdet, squeezing
angle φ, and measurement angle θ should be optimized, as
shown in Fig. 2.

Figure 2 shows the off-resonant displacement sensitivity
under different measurement conditions. When a coherent
probe is used, displacement sensitivity reaches 2.6 dB (black cir-
cles) below the SQL at a sideband frequency of�=�m + 4000
0m . When a probe light with a fixed squeezing angle combines
with optimal measurement angle, phase quadrature squeezed
light (green line) is superior to amplitude quadrature squeezed
light (magenta line) at the far-detuned detection frequency. If a
squeezed probe with optimal squeezing angle combines with a
fixed measurement angle, displacement sensitivity can improve

Fig. 2. Displacement spectra under different measurement con-
ditions with LOC and squeezed light injection; Popt, Vsopt, θopt,
and φopt represent the optimal probe power, squeezing level, mea-
surement angle, and squeezing angle, respectively. The symbols on
the curves denote the frequency of (�−�m)/0m = 4037. Curve
A denotes squeezed light with Pdet = Popt, Vs = Vsopt, θ = θopt,
and φ = π/2; curve B denotes coherent light with Pdet = Popt and
θ = θopt; curve C denotes squeezed light with Pdet = Popt, Vs = Vsopt,
θ = θopt, and φ = 0; curve D denotes squeezed light with Pdet = Popt,
Vs = Vsopt, θ = π/2, and φ = φopt; curve E denotes squeezed light
with Pdet = Popt, Vs = Vsopt, θ = θopt, and φ = φopt. Other simulation
parameters are η= 0.81, ηc = 0.95, ζ = 0.85, κo = 2π × 10 MHz,
�m = 2π × 1.135 MHz, κ = 2π × 16.2 MHz, 0m = 2π × 32,
g 0 = 2π × 120.7, λ= 1064 nm, and nth = 8 [17].

Fig. 3. Optimal system parameters versus the normalized analysis
frequency with squeezed light injection and variational readout under
the condition of global optimization.

to 4.6 dB below the SQL (blue square). In contrast, sensitivity
can reach 6 dB (orange star) below the SQL when all parameters
(Pdet, Vs ,φ, θ ) are globally optimized.

Figure 3 shows the optimal choices of the power of the probe
light, squeezing level, squeezing angles, and measurement angles
of homodyne detection, under the condition of global opti-
mization. Because the mechanical response χm shows a Lorentz
distribution, the backaction noise decreases with the detuning
of the analysis frequency, so that the optimal power of the probe



608 Vol. 40, No. 3 / March 2023 / Journal of the Optical Society of America B Research Article

Fig. 4. Sub-SQL sensitivity versus squeezing angle and measurement frequency (other parameters are fixed). Red contour lines correspond to S̄SQL

and δ�=�−�m . Pumping parameter σ = 0.77. Other simulation parameters are the same as those in Fig. 2.

light increases with the detuning of measurement frequency
[Fig. 3(a)]. Figure 3(b) indicates that the optimal squeezing level
increases with the analysis frequency and then tends to flatten
out. The optimal squeezing angle and measurement angle
fluctuate within 2 deg. This implies that once the experimental
system is given, only the squeezing level and the optical power
of the probe light need to be adjusted along with the analysis
frequency in the frequency range from (�−�m)/0m = 10 to
8000.

In Fig. 2, we analyze the sub-SQL performance of displace-
ment measurement when four relevant parameters are globally
optimized. When the measurement strength C = 4g 2/κ0m

and squeezing level are fixed, the influence of the other param-
eters (squeezing angle and measurement angle) on sensitivity
is shown in Fig. 4. It is clear that the best squeezing angle
changes from the amplitude quadrature to phase quadrature
as the measurement frequency varies from the low-frequency
to high-frequency region. Comparing Figs. 4(a) and 4(b),
where different measurement strengths with C = 5.3, 20.7
are assumed, we find that the bandwidth of the sub-SQL per-
formance is improved for larger C . Therefore, one can achieve
ultrasensitive measurement at a wider range of frequencies by
increasing the measurement strength C , which can be adjusted
by the probe power.

Figure 5 shows the normalized displacement PSD as a
function of the squeezing angle and measurement angle at a
non-perfect measurement efficiency of η= 0.81. We see that
the squeezing angle has a nonlinear dependence on the mea-
surement angle for the region where the SQL is surpassed at the
fixed probe power, squeezing level Vs , and analysis frequency.
When the measurement intensity C is enhanced, the nonlinear
dependence between the squeezing angle and measurement
angle is increased.

Next, we analyze the effects of various system losses on mea-
surement sensitivity. For a coherent state probe field, high-input
coupling efficiency ηc and detection efficiency η are always
beneficial to the displacement measurement. However, when
squeezing light is used, there exists an optimal detection effi-
ciency in general when the other system parameters are fixed
and the pump parameter σ is large, as shown in Fig. 6. This
is because the large pump parameter σ results in large anti-
squeezed noise, which significantly increases the backaction

Fig. 5. Displacement power spectral density as a function of
squeezing angle φ and measurement angle θ at sideband frequency
of �−�m = 100 0m . SQL can be surpassed by (a) 3.2 dB and
(b) 4.6 dB, respectively. Pumping parameter σ = 0.77. Other
simulation parameters are the same as those in Fig. 2.

Fig. 6. Displacement sensitivity versus measurement efficiency η
at�−�m = 8× 103 0m . Parameters for the black line are σ = 0.85,
Pdet = 1.4 mW, θ = 0.26π , and φ = 0.31π . Other simulation
parameters are the same as those in Fig. 2.

noise. In this case, the small reduction in detection efficiency can
effectively suppress the backaction noise despite that it increases
the impression noise a little. In contrast, when the other param-
eters are optimized, the perfect detection efficiency η is always
best for the displacement measurement.
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Fig. 7. Displacement sensitivity versus purity and squeezing level Vs

of the probe light at�−�m = 8× 103 0m . The white area depicts the
parameter space that cannot be reached by arranging the pump param-
eterσ and escape efficiency ζ . Pdet = 1.4 mW, θ = 0.26π ,φ = 0.31π ,
and other simulation parameters are the same as those in Fig. 2.

The squeezing level and purity of squeezed light also affect
the performance of displacement measurement sensitivity. The
purity of a single mode squeezed state is directly related to its
squeezing and anti-squeezing, given by [37]

µ= Tr [ρ
2
] = 2π

∫∫
W(x̂ , p̂)dxdp =

1
√

Va Vs
. (16)

By varying the pump parameter σ ∈ [0, 1] and escape efficiency
ζ ∈ [0, 1] of the OPA and using Eq. (16), we can obtain a series
of squeezing levels and purity pairs [σ, ζ ]. Given ηc and η, the
displacement measurement versus squeezing level and purity
of squeezed light is depicted in Fig. 7 (for each point, the probe
power is fixed). We see that high purity is always helpful for
sensitivity, and there is an optimal squeezing for a given purity.
For higher ηc and η, the optimal squeezing level is lower, and
only moderate squeezing of 5 dB is required when ηc = η= 1 as
shown in Fig. 7(b).

4. DISPLACEMENT MEASUREMENT WITH
NONLINEAR OPTOMECHANICAL COUPLING
AND SQUEEZED LIGHT INJECTION

In previous sections, we have studied the displacement mea-
surement beyond SQL with LOC and variational readout with
squeezed light. In this section, we go beyond the LOC interac-
tion by introducing the QOC into the optomechanical system,
and derive the displacement measurement spectrum with non-
linear optomechanical coupling and variational readout with
squeezed light. In this case, the Hamiltonian of the system is
given by

Ĥq =
~�m

2
(Q̂2
+ P̂ 2)− ~1â †â −

√
2~â †â Q̂(g 0 +

√
2g q Q̂)

+ i~
√
κL(αinâ †

+ c.c),
(17)

where g q describes the vacuum QOC rate. We simulate the
dynamics of the system by expanding the field operators as
the steady-state values and fluctuation terms as mentioned
above. Then we get the steady state solutions of the fields: ᾱ =
√
ηcκᾱin,L/[κ/2− i(1̃+ 2g q Q2

s )] and Qs = (−g l |ᾱ|
2)/

(�m + 2g q |ᾱ|
2). By neglecting the small quantities, the

Langevin equations of the fluctuations are given by

δ
˙̂X =−

κ

2
δ X̂ − BδŶ − G̃Ys δ Q̂ +

√
κRδ X̂ in,R +

√
κLδ X̂ in,L ,

δ
˙̂Y =−

κ

2
δŶ + Bδ X̂ + G̃ X s δ Q̂ +

√
κRδŶin,R +

√
κLδŶin,L ,

δ
˙̂Q =�mδ P̂ ,

δ
˙̂P =−�̃mδ Q̂ − 0mδ P̂ + G̃ X s δ X̂ + G̃Ys δŶ +

√
20mδ P̂in,

(18)

where

B ≡ 1̃+ 2g q Q2
s ,

�̃m ≡�m − 4g q |ᾱ|
2,

G̃ ≡
√

2g 0 + 4g q Qs ,

X s =
ᾱ + ᾱ∗
√

2
, Ys =

ᾱ − ᾱ∗
√

2i
. (19)

We assume that B = 0, which means Ys = 0. We choose neg-
ative QOC to achieve higher measurement sensitivity because

the system must be physical ( �̃m
�m
= 1− 2gq |ᾱ|

2

�m
> 0).

Starting from Eqs. (20) and (11), we can get the mechanical
displacement spectrum under the condition of combined LOC
and QOC with variational readout and squeezed light injection:

S̄ ′Xθ Xθ
(�)= S̄ ′Qdet Qdet

(�) f ′imp(�)

= [S̄ ′imp(�)+ S̄ ′QQ(�)+ S̄ ′cor(�)] f
′

imp(�), (20)

where f ′imp(�)= 2ηηc0m |Ceff2(�)|[1− cos(2θ)] is the trans-

fer function between the displacement spectrum S̄ ′Qdet Qdet

and optical quadrature spectrum S̄ ′Xθ Xθ
with the effective

optomechanical cooperativity of |Ceff2| ≡ G̃2 X 2
s /[κ0m |1−

2i�/κ|2)]:

S̄ ′imp(�)=
1

2 f ′imp

+
2κ(ηc − 1)F1

X 2
s G̃2[1− cos(2θ)]

+
ηF1

f ′imp

,

S̄ ′QQ(�)= |χeff|
2

[
20m |Ceff2| + 40m |Ceff2|ηc F2

+ 20m

(
nth +

1

2

)]
,

S̄ ′cor(�)=
Re [χeff]

tan(θ)
+
κG̃2 X 2

s F3 Re [F4]

20m |Ceff2|sin(θ)
. (21)

Comparing Eq. (21) with Eq. (15), we find that G̃2 X 2
s take

the place of 4g 2. When g q = 0, the optomechanical system
returns to LOC interaction. χeff(�)=�m/[(�m�̃m −�

2)−

i0m�] is the effective dimensionless mechanical susceptibility.
The presence of negative QOC affects both the resonance fre-

quency of the resonator �eff =

√
�m�̃m and the mechanical

spring constant K eff =m�m�̃m . Because of �̃m >�m , we have
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Fig. 8. Displacement spectrum under the condition of nonlinear
optomechanical coupling (combined LOC and QOC) and squeezed
light injection.

�eff >�m and K eff > K = �̃m�m , which means a stiffer mode
is generated [32].

Figure 8 illustrates the displacement spectrum under the
condition of nonlinear optomechanical coupling (combined
LOC and QOC) and squeezed light injection. The relevant
parameters including the power of the probe light, squeezing
level, squeezing angles, QOC rate, and readout quadrature
are globally optimized. It is clear that the introduction of
QOC interaction significantly improve displacement sensi-
tivity, which can reach 9.6 dB below the SQL at an analysis
frequency of (�−�eff)/0m = 30, and the required QOC
rate is g q/g l =−1.8× 10−4. In combining LOC and QOC
optomechanical systems, the smaller effective coupling rate
G̃ together with the larger spring constant K eff diminishes the
backaction noise level at the price of higher probe power. The
optimal balance of backaction noise, thermal noise, imprecision
noise, and quantum correlation between backaction noise and
imprecision noise eventually leads to lower total displacement
noise.

5. CONCLUSION

We established an ultrasensitive displacement measurement
model to overcome the SQL in the unresolved sideband cavity
optomechanical system with nonlinear optomechanical cou-
pling and squeezed light injection. Key parameters including the
squeezing angle, squeezing level, probe optical power, readout
quadrature, and various losses of the system on displacement
measurement sensitivity and their interplay were analyzed in
depth. The appropriate matching between the squeezed angle
and readout quadrature is critical to effectively suppress impresi-
cion noise and backaction noise. In contrast to the coherent state
probe where perfect detection is desired to improve sensitivity,
we find that the higher detection efficiency does not necessarily
result in better measurement sensitivity due to the antisqueezing
noise of the squeezing light, and an optimal detection efficiency
exists in general when the other conditions are fixed. High
purity of the squeezed probe is always beneficial to sensitivity,
and there is an optimal squeezing level for a given purity. For

higher detection efficiency and input coupling efficiency of the
optomechanical system, the optimal squeezing level is lower.
Furthermore, the combined LOC and QOC can significantly
improve displacement sensitivity since a stiffer mode is induced.

Our results are useful for the design and parameter optimiza-
tion of the displacement measurement in the unresolved
sideband cavity optomechanical system. The proposed
approach may find applications in gravitational detectors to
enhance sensitivity [38] and increase detection sensitivity in
feedback cooling and thus decrease the final phonon occupancy
[39–41]. The variational readout is compatible with the state-
of-the-art force-sensing application [42], and our method is also
helpful to improve force-sensing sensitivity.
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