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An atomic ensemble with many-body entanglement is desirable for precision measurement. As a type of such
quantum state, the spin squeezed state has been pursued in both cold and warm atoms for applications of a
quantum-enhanced atomic clock, interferometer, and magnetometer. Here, we report the numerical simula-
tion of many-body dynamics in a Rydberg atomic array with dipole–dipole interaction, and evaluate the generation
of spin squeezing. The method builds on the dissipative discrete truncated Wigner approximation, which combines
the mean-field dynamics of a spin ensemble with Monte Carlo sampling. By taking into account experimental
imperfections such as spin decoherence, we apply this approach to the dynamics in both strontium and rubidium
Rydberg atomic arrays with the current available scale. This offers the possibility to accurately simulate the many-
body dynamics of interacting quantum systems in achievable platforms for application of quantum simulation and
quantum metrology. ©2023Optica PublishingGroup

https://doi.org/10.1364/JOSAB.484967

1. INTRODUCTION

Many-body physics aims to understand matter with a collec-
tion of many interacting constituents. It connects different
disciplines ranging from condensed-matter physics, statistics
physics, to nuclear and high-energy physics. Although most of
the complex quantum states were first discovered in solid-state
materials, recent advances in highly controlled spin systems with
long-range interactions including trapped ions [1,2], Rydberg
atoms [3–6], and polar molecules [7–9] have greatly enhanced
the prospects for probing exotic many-body phases of matter
as well as for applications in quantum sensing and metrology,
and provide opportunities to go beyond what is possible in
real materials. Here, computational methods to model and
benchmark large-scale spin systems play an essential role in
unraveling fascinating aspects of the many-body problem on
both theoretical and experimental sides.

Despite great progresses in computational techniques,
the exponential growth in Hilbert space impedes scaling up
calculations to reasonably sized systems, especially in higher
dimensions. Specifically, as a widely used method in one-
dimensional systems, the time-dependent density matrix
renormalization group (tDMRG) method [10–12] is incom-
patible with the dynamics computation of high-dimensional

systems. On the other hand, a quantum many-body system
out of equilibrium with long-range and strong interactions is
prohibitive in numerical simulation with other techniques, such
as perturbative techniques [13] and cluster expansions [14].

Aiming for entanglement-enhanced metrology such as an
atomic clock and interferometer, here we use the dissipative
discrete truncated Wigner approximation (DDTWA) [15] to
numerically simulate the generation of spin squeezing in the
spin–echo scheme through strong interaction between highly
excited strontium and rubidium atoms with experimental
imperfections. Similar to the route in DTWA [16], DDTWA
applies the Monte Carlo sampling of discrete initial spin values
to take account of the quantum fluctuation and correlation as
shown in Figs. 1(a) and 1(b). In contrast to DTWA, stochastic
trajectories are utilized to describe the dephasing and decay
of atomic spin [17–20] instead of the coherent mean-field
dynamics of classical spin variables [shown in Fig. 1(c)].

Surpassing the standard quantum limit is at the heart of quan-
tum metrology. Advances in the field have led to the generation
of entangled states such as spin squeezed states (SSSs) which can
have reduced quantum uncertainty. Moreover, a SSS of atomic
ensembles was suggested to be prepared for the improvement of
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Fig. 1. (a) Discrete four-point Wigner quasiprobability distribu-
tion. The probability for a spin along ±x , ±y , and ±z directions can
be described by sums over the vertical, diagonal, and horizontal lines,
respectively. (b) Four configurations of initial spin along the−z orien-
tation. The initial spin vector is randomly drawn from one of the four
configurations. (c) Process of simulation via the DTWA (DDTWA).
(i) Monte Carlo sampling of initial spin vectors for N-particles atomic
array. (ii) Time evolution of dynamics in light of classical equations
of motion. (iii) The dynamic expectation of spin observables can be
obtained by the statistical average of all trajectories undergoing time
evolution.

sensitivity in atomic spectroscopy, magnetometers, interferome-
ters, and atomic clocks. Several schemes have been proposed and
demonstrated to generate such a SSS, including (1) the direct
interaction of spins such as atomic collision in a Bose–Einstein
condensate [21], (2) photon mediated spin–spin interaction in a
cavity quantum electrodynamics system [22], and (3) quantum
nondemolition measurement based conditional spin squeez-
ing [23]. In this paper, we consider the first type, i.e., direct
spin–spin interaction, realized by the strong van der Waals inter-
actions between Rydberg atoms. To enable an experimentally
available long coherence lifetime, an off-resonant coupling to
the Rydberg state is adopted, leading to a long-range interaction
∼1/r 6 between the atoms at a distance r within the atomic
arrays.

We consider an atomic array consisting of N three-level
atoms, as shown in Fig. 2(a1). In a ladder-type configuration,
a laser beam drives the transition between the ground state
|g i 〉 and excited state |e i 〉, and the associated Rabi frequency is
given as�1. In addition, a second laser beam far-off-resonance
by 1 coherently couples the excited state |e i 〉 to the Rydberg
state |r i 〉 with Rabi frequency �2. Under the condition of
far-off-resonance, the system can be effectively described as a
two-level one with states |g i 〉 and |ẽ i 〉 ∼ |e 〉 − (�2/21)|r i 〉,
where |ẽ i 〉 is the wave function from perturbation theory up
to first order. Notably, here we use perturbation theory to treat
atomic dynamics in the dressed state picture [24,25] (⊗k |e k〉,
|r ir j 〉 ⊗k 6=i, j |e k〉) to determine the effective Rydberg–Rydberg
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(Rc )

6

|rij|
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Fig. 2. (a) Schematic of energy levels for generating spin squeezing
in Rydberg atomic array. The ground state |g 〉 and high-lying Rydberg
state |r 〉 are coupled by two lasers through a mediate state |e 〉. In the
strontium atomic array (a1), the 689 nm laser resonantly couples |g 〉
to the excited state |e 〉 with Rabi frequency �1 = 2π × 0.02 GHz.
The 317 nm laser off-resonantly couples |e 〉 to |r 〉 with a detun-
ing of 1= 20�1 and Rabi frequency �2 = 2π × 20 MHz. In
the rubidium atomic array (a2), the 420 nm laser couples |e 〉
to |r 〉 with Rabi frequency �1 = 2π × 60 MHz and detuning
δ = 2π × 560 MHz. The 1013 nm laser couples |e 〉 to |r 〉 with Rabi
frequency �2 = 2π × 32 MHz and detuning 1. (b) Spin–echo
scheme. A trail of pulses after the initial state preparation is applied to
realize spin squeezing. The green pulses with different durations are the
operation by the first laser. The purple pulses with the same duration
are the operation by the second laser. The evolution of the spin state is
depicted on the Bloch spheres.

is the light shift corresponding to the second process. r ij is inter-
atomic spacing, and σ i

x = |g i 〉〈e i | + |e i 〉〈g i |, σ i
z = |e i 〉〈e i | −

|g i 〉〈g i |.
The signal-to-noise ratio seriously depends on the atomic

number. Generally speaking, increasing the particle number of
an atomic ensemble N is advantageous for precision measure-
ments, since measurement precision is ultimately limited by the
standard quantum limit (i.e., coherent spin state). However,
the density number of cold atomic gas is much higher, but the
available system size currently is limited to 103

∼ 104 for atomic
interferometry and optical lattice clocks. For instance, very
recently Robinson et al . [26] and Pedrozo-Peñafiel et al . [27]
demonstrated quantum-enhanced atomic clocks based on spin
squeezing with N ≈ 19000 and N = 350± 40, respectively.

At present, 87Sr and 87Rb atom ensembles are the main
platform of optical lattice clocks and atomic interferometry.
Since SSSs are particularly suitable for improving the preci-
sion of atomic interferometry and optical lattice clocks, here
we discuss the applications of spin squeezing on quantum-
enhanced optical clocks and atomic interferometers based on
87Sr and 87Rb atomic arrays, respectively. In the following, we
simulate the dynamics and generation of spin squeezing in real-
istic strontium and rubidium atomic arrays with DTWA and
DDTWA, respectively. Specifically, the former can be applied
in the entanglement-enhanced atomic clock, while the latter is a
good candidate for a quantum-enhanced atomic interferometer.
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2. SPIN SQUEEZING IN STRONTIUM ATOMIC
ARRAY

Figure 2(a1) shows the energy levels involved in the interaction
of strontium atoms. A two-photon transition between the
ground state |g 〉 (|5s 2 1S0〉) and a high-lying Rydberg state
|r 〉 (|5s 55s 3S1〉) of a strontium atom is driven by two lasers.
According to the experimentally achievable parameters [28],
the first laser at 689 nm resonantly couples |g 〉 to excited state
|e 〉 with Rabi frequency �1 = 2π × 0.02 GHz. The second
laser at 317 nm off-resonantly couples |e 〉 (|5s 5p 3 P0〉) to
the Rydberg state |r 〉 with the detuning of 1= 20�1 and
Rabi frequency �2 = 2π × 20 MHz. Due to the narrow
linewidth of |e 〉 γ−1

� Tint with the pulse operation time Tint,
dephasing and decay can be safely neglected in the calculation.
Consequently, we choose the DTWA technique, which com-
bines sampling in discrete phase space with classical evolution
under the mean-field approximation.

A spin–echo scheme [28] is used to be compatible with the
application of quantum metrology, as illustrated in Fig. 2(b).
Given the operation or pulse sequence, the detailed numerical
simulation is performed by the following steps.

(1) Initial state preparation. We assume all atoms are pop-
ulated in the ground state |g 〉 by optical pumping. To
take the initial quantum fluctuation or correlation into
account, Monte Carlo sampling in phase space is applied.
In general, any operator Ô can be mapped to discrete phase
space through the phase point operator ÔW

α =Tr[Ô Âα]/2
[29]. Regarding a single spin-1/2 particle, the phase point
operator Âα is given by

Âα = ℘̂(rα)= ( Î + rα · σ̂ )/2, (2)

where α ∈ {(0, 0), (0, 1), (1, 0), (1, 1)}, r(0,0) = (1,
1, 1), r(0,1) = (−1,−1, 1), r(1,0) = (1,−1,−1), r(1,1) =
(−1, 1,−1), and σ̂ = (σ̂ x , σ̂ y , σ̂ z) are the usual Pauli
operators. Similarly, the Wigner function wα is the den-
sity operator map to phase space through the phase point
operator. For the initial polarization in the ground state
|g 〉 aforementioned, the Wigner function is given by
w(1,0) =w(1,1) = 1/2, and w(0,0) =w(0,1) = 0. This
means that the probabilities for spin pointing along−z and
z directions are 100% and 0%, respectively. Similarly, the
probabilities for a spin being in ±x and ±y directions are
50% and 50%, respectively. So the initial spin vectors are
randomly drawn from one of the four configurations:

(σ̂ i
x , σ̂

i
y , σ̂

i
z )= (±1,±1,−1). (3)

(2) π/2 rotation around x axis. By applying a global π/2
optical pulse around the x axis at 689 nm to the atoms,
the total spin vector in the Bloch sphere rotates from the
initial −z direction to the y direction. The effective inter-
action takes the form of Ĥi =

1
2~�1σ̂

i
x , leading to the

corresponding classical equations of motion as
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(3) Spin squeezing through spin–spin interaction. By
switching on the far-off-resonance at 317 nm solely with
a duration of t/2, the interaction ĤI =

∑N
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j
z

between Rydberg atoms is realized, which leads to a one-
axis twisting of the uncertainty ellipse. The corresponding
classical equations of motion are
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j
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j
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˙̂σ i
z = 0, (9)

where V0 = 2 kHz, blockade radius Rc = 5 a , and a is
the distance between the nearest neighboring atoms. We
numerically integrate the equations of motion using a
fourth-order Runge–Kutta method.

(4) π rotation around x axis. To eliminate the broadening
caused by δi , we apply a π pulse to rotate the total spin
vector in the Bloch by 180◦ along the x axis.

(5) Mirror operationof steps (2) and (3). By implementing
the t/2-duration spin squeezing and a global π/2 rota-
tion around the x axis successively, a spin–echo scheme is
accomplished with a reduction of spin variance in the final
population measurement. The corresponding classical
equations of motion are similar to those in steps (2) and (3).

Given the nt � 1 Monte Carlo sampling for the initial
states, the dynamic expectation values of spin observables are
calculated from the average over all trajectories.

Consider a collective atomic spin given by the sum of the
total angular momenta of individual atoms, ŝ i =

∑
k σ̂

k
i ,

with i = x , y , z. One can finally evaluate the spin squeezing

through the squeezing parameter [30] ξ 2
=

N(1s⊥,min)
2

〈s 〉2
, where

1s⊥,min is the minimum variance in the plane perpendicular
to the mean total spin vector 〈s 〉. It is found that the measured
macroscopic spin orients along the z axis, and the mean spin
〈s x 〉 = 〈s y 〉 = 0. The perpendicular spin component is thus
ŝ⊥(θ)= cos(θ)ŝ x + sin(θ)ŝ y , with the relative angle θ to the x
axis, and the associated uncertainty is expressed as

(1ŝ⊥)
2
= cos2(θ)

〈
ŝ 2

x

〉
+ sin2(θ)

〈
ŝ 2

y

〉
+ cos(θ) sin(θ)

〈
ŝ x ŝ y + ŝ y ŝ x

〉
.

(10)
Intuitively, the larger nt gives the better results, approaching

real values; however, the optimization of the computational
resources should be taken into account. Here we calculate the
optimal squeezing with different numbers of trajectories nt in
a 32× 32 atomic array. In Fig. 3, the results converge with an
exact solution as the increasing number of sample trajectories
nt (the error is 0.09 dB for nt = 1000). By balancing the com-
putation time and accuracy, we fix nt = 1000 in the following
numerical simulation.

In Fig. 4, we plot the time evolution of the squeezing param-
eter for N = 5× 5 and 16× 16, which shows that the numeri-
cal simulation results are in agreement with the exact results. In
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Fig. 3. Spin squeezing parameter ξ 2 as a function of the number
of sample trajectories nt . The result converges on the exact solution
as the increasing number of nt . The blue dots and dashed line denote
the results of the DTWA and the exact solution of N = 32× 32,
respectively.

Fig. 4. Time evolution of the spin squeezing parameter ξ 2. The
result of DTWA is in good agreement with the exact solution for the
different sizes of the strontium atomic array. The blue (orange) curve
represents the trendline of the squeezing parameter for N = 5× 5
(N = 16× 16). The solid blue circles and red triangles denote the
results of the exact solution and the DTWA, respectively. The lines are
to guide the eye.

addition, we evaluated optimal squeezing parameter ξ 2
= 0.095

for N = 32× 32. With the increase of N, the optimal squeezing
is improved, suggesting entanglement is not limited by the inter-
action range and can spread with the increase of system size.

3. SPIN SQUEEZING IN RUBIDIUM ATOMIC
ARRAY

Although numerical simulation of the complex quantum spin
system has enormous advantages, DTWA is not suitable for an
open system with dissipation. To overcome this limit, we make
use of the DDTWA method by adding a random term related to
dissipation in the evolutionary process.

We consider N-particles two-dimensional 87Rb atomic arrays
[31–33] by using the experimental parameter in Ref. [34]. As
shown in Fig. 2(a2), we couple the ground state |g 〉 (|5S1/2,
F = 2, mF =−2〉) to the Rydberg state |r 〉 (|70S1/2, J = 1/2,

m J =−1/2〉) mediated by an excited state |e 〉 (|6P3/2, F = 3,
mF =−3〉) through a two-photon process. Transitions between
|g 〉 and excited state |e 〉 are laser-driven with Rabi frequency
�1 = 2π × 60 MHz and detuning δ = 2π × 560 MHz.
Transitions between |e 〉 and |r 〉 are driven by the second laser
at 1013 nm with Rabi frequency �2 = 2π × 32 MHz and
detuning 1= 2π × 0.8 MHz. A blockade radius is Rc = 3
a with the distance between the nearest neighboring atoms
a = 2.87 µm, and V0 = 2π × 2 MHz [34]. The 70S Rydberg
state has a lifetime of τ = 150 µs and the intermediate state has a
lifetime of 50µs.

This open system can be modeled by the rotating wave quan-
tum Langevin equation [35]

Ȯ = i[H, O] − [O,C †
]

(
0

2
C +
√
0 f̂ (t)

)

−

(
0

2
C †
+
√
0 f̂ †(t)

)
[C , O], (11)

where O is a system operator,0 is decay rate, jump operator C =
σ− = 1

2 (σx − iσy ), and f̂ is the quantum noise operator.
Similar to the strontium atomic array, a spin–echo scheme

is used to generate the SSS of the 87Rb atomic array, as shown
in Fig. 2(a2). However, the coherent mean-field dynamics of
the classical spin variables is replaced by stochastic trajectories
to describe the dissipation. Concretely, regarding step (2), the
increments for the classical spin trajectories are written as

dσ i
x = dσ i

x |decaydt, (12)

dσ i
y = (−�1σ

i
z + dσ i

y |decay)dt, (13)

dσ i
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For step (3), the increments for the classical spin trajectories are
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Equations (12)–(17) are deterministic describing the
coherent interaction, while d σ̂ i

x |decay, d σ̂ i
y |decay, d σ̂ i

z |decay

introduce the spin fluctuation to preserve the length of each
spin dEs 2

i |decay = 0 [15]. This set of equations can be efficiently
simulated numerically with the Euler–Maruyama method [36].
So we obtain

dσ i
x |decay =−
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2
σ i

x dt −
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0σ i

y ξi (t)dt, (18)
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dσ i
z |decay =−0(σ

i
z + 1)dt +

√
0(σ i

z + 1)ξi (t)dt, (20)

where 0 = 1/τ is the uncorrelated decay rate of each spin. ξi

is independent noise processes, and the increment is a random
number extracted from the standard normal distribution.
Consequently, the spin squeezing parameter is calculated from
the average over all trajectories. In Fig. 5, we show the time
evolution of the squeezing parameter. For N = 16× 16 and
32× 32, the optimal squeezings are 8.1817 dB and 9.498 dB,
respectively.

We proceed to analyze the influence of the variation of Rabi
frequency as well as two-photon detuning in an 87Rb array with
N = 16× 16 via the Monte Carlo sampling. In particular, we
add a fluctuation term β [37] with mean value as zero; thus
the associated total Rabi frequency and two-photon detuning
are (1+ β)� and (1+ β)1, respectively. In the sampling, β
has been randomly drawn from a normal distribution (mean
value u = 0, standard deviation σ ) with the sample trajectories,
nt = 2000. As shown in Fig. 6, the effect of detuning fluctuation
on optimal squeezing is slightly greater than that of the Rabi
frequency, and the optimal squeezing degrades rapidly with
increasing the fluctuation amplitude of Rabi frequency.

Fig. 5. Time evolution of the spin squeezing parameter ξ 2 via the
method of DDTWA in the rubidium atomic array. For the ensembles
of N = 16× 16 and 32× 32, the optimal squeezings are 8.1817 dB
and 9.498 dB, respectively. The lines are to guide the eye.

Fig. 6. Time evolution of the spin squeezing parameter ξ 2 under
Rabi frequency and detuning in different error fractions β. (a) The
blue dots are the results without any fluctuation, i.e., σ = 0. The effect
of detuning fluctuation (red dots) on optimal squeezing is slightly
greater than that of the Rabi frequency (green dots). The error fraction
β is drawn from a normal distribution (mean value u = 0, standard
deviation σ = 0.03). (b) Optimal squeezing with different amplitudes
of Rabi frequency fluctuation. The lines are to guide the eye.

4. CONCLUSION

To conclude, we report the numerical simulation of generating
SSSs in atomic arrays via strong van der Waals interactions
between Rydberg atoms. In regard of the experimental feasibil-
ity and imperfection, the methods of DTWA and DDTWA
are exploited to deal with the two-dimensional strontium and
rubidium atomic arrays, respectively. In particular, due to the
nonnegligible dissipation in the rubidium atomic system,
stochastic trajectories are employed to include the exchange
between the system and the surrounding environment. Our
results can be directly used for applications of quantum-
enhanced metrology, such as atomic clocks and interferometers.
This technique offers the possibilities to simulate large-scale
quantum many-body systems with tunable range interactions,
and also can be easily extended to high-dimensional models.
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