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A scheme to achieve strong quantum squeezing of a mechanical resonator in a membrane-in-the-middle
optomechanical system is developed. To this end, simultaneous linear and nonlinear coupling between the
mechanical resonator and the cavity modes is applied. A two-tone driving light field, comprising unequal
red-detuned and blue-detuned sidebands, helps in generating a coherent feedback force through the linear
coupling with the membrane resonator. Another driving light field with its amplitude modulated at twice the
mechanical frequency drives the mechanical parametric amplification through a second-order coupling with
the resonator. The combined effect produces strong quantum squeezing of the mechanical state. The proposed
scheme is quite robust to excess second-order coupling observed in coherent feedback operations and can suppress
the fluctuations in the mechanical quadrature to far below the zero point and achieve strong squeezing (greater

than 10 dB) for realistic parameters.
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I. INTRODUCTION

Optomechanical devices are powerful tools for ultra-
sensitive measurement of mass, force, displacement, and
acceleration [1-6]. Optomechanics facilitates quantum in-
formation processing by aiding the development of hybrid
quantum devices and helps connect different physical systems
[7-9]. Moreover, it provides a new platform for conduct-
ing fundamental tests in the field of macroscopic quantum
physics [10]. In recent years, quantum optomechanics has
progressed significantly in various aspects [11], e.g., cooling
of mechanical resonators close to the ground state [12-
16], squeezing of optical fields, and entanglement between
light fields and mechanical resonators in optomechanical
systems [17-22].

The rapid progress in quantum optomechanics has made it
possible to effectively observe quantum squeezing of motion
in macroscopic mechanical resonators. Various schemes have
been proposed for generating squeezed mechanical states
[23—41]. With the application of mechanical parametric
amplification, wherein the spring constant of the resonator
is modulated at twice the mechanical frequency, squeezing
of the thermal noise of a classical mechanical resonator
has been achieved [23]. To surpass the conventional 3-dB
limit associated with parametric squeezing (the limitation
is due to the instability in mechanical systems), detuned
parametric amplification combined with weak measurement
[24,25] and a single-quadrature feedback scheme [26,27]
have been proposed and demonstrated. Recently, strong
steady-state quantum squeezing of a mechanical resonator has
been demonstrated using a coherent feedback process, which
involves driving the optomechanical cavity with an unequal
two-tone driving field [28]. On the basis of this theoretical
scheme, several studies have observed the quantum squeezing
of motion in mechanical resonators, and backaction evasion
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measurements have been performed [29-32,42—44]. Some
other mechanisms have also been investigated to achieve quan-
tum squeezing of mechanical resonators, including the transfer
of squeezed states of the optical field using optomechanical
systems [33,34], exploiting the Duffing nonlinearity effect,
and moderately modulating optomechanical systems [35-37].

For a membrane-in-the-middle structure (MIMS), the char-
acteristics of dielectric membranes have been well established
[45—48], and membrane resonators have been coupled with
standing-wave cavity modes in a linear or nonlinear manner
depending on the membrane position inside the optical cavity
[49-54].

In this paper, we provide a scheme for achieving strong
quantum squeezing of a mechanical resonator in a MIMS op-
tomechanical system. The membrane is coupled linearly with a
two-tone driving light field and quadratically with a modulated
driving light field in a simultaneous manner by positioning the
membrane resonator at a specific location inside the optical
cavity. The two-tone driving provides an effective coherent
feedback, surpassing the 3-dB squeezing limit [28]. In addition
to parameter amplification provided by the modulated driving
field, quantum squeezing of the mechanical state is further
improved, thus resulting in strong mechanical squeezing. This
exceeds what is achievable by using either parametric process
or coherent feedback operation. Another advantage of the
proposed scheme is that the excess second-order coupling due
to the linear coupling of the membrane resonator with the
two-tone field can be avoided [31,32,55].

The rest of this paper is organized as follows. In Sec. II,
we introduce the model of the optomechanical system and
derive the relevant Hamiltonian terms. In Sec. 111, we calculate
the steady-state values of the mechanical quadrature variance
by solving the quantum master equation and investigate the
effects of squeezing and purity of the mechanical states on
the system parameters. In Sec. IV, we discuss the effects of
excess second-order coupling on the parametric threshold and
the squeezed mechanical state. Finally, the conclusions of this
study are given in Sec. V.
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FIG. 1. (a) Schematic of the optomechanical system with two
cavity modes w,; and w,, a two-tone driving field w., and a resonant
driving field w,. (b) A frequency domain representation of the cavity
modes and driving field.

II. MODEL OF OPTOMECHANICAL SYSTEM

We consider a MIMS optomechanical system, wherein two
cavity modes w,; and w,, are coupled to a mechanical state
via radiation pressure [Fig. 1(a)]. The driving field comprises
a two-tone field w; = w. + w,, and w_ = w1 — v, and a
resonant field w, = w., [Fig. 1(b)]. Here, the field w., is
modulated at twice the mechanical frequency w,,. To meet the
requirements of the specific coupling condition, the membrane
is located at the center of the node and antinode of the cavity
mode w,; and antinode of the cavity mode w,,, simultaneously.
In this scenario, the membrane couples linearly with the cavity
mode w,; and quadratically with the cavity mode w,,. The two
cavity modes w.; and w., are separated by a free spectral
region to avoid interaction between each other.

Equations (1) and (2) show the Hamiltonian and driving
Hamiltonian of the system, respectively, as follows.

H = szclaial + ﬁwmobTb + ha)cza;az + ﬁAlaIalx
+liAyalarx® + Hy,, (1)
and
Hy, = ili(e_e ' + a+e_"“’+')af + iligye™ !
X [1 + A sinQwt 4 62)]a) + H.c. )

Here, a(b) is the photon (phonon) annihilation operator,
X =xp(b+ b') is the mechanical displacement operator,
Xzp = &/l /2mw,, is the zero-point fluctuation, A; = dw¢/dx
is the first-order dispersion coefficient, and Ay = 8w /dx is
the second-order nonlinear dispersion coefficient. The driving
strength |&;| = +/k P;/hw; (i = £,2) is related to the input
laser power P; and the cavity damping rate x. A denotes the
amplitude modulation coefficient for the resonant driving field
wy.

We apply the transformations a; =
@ e + @ e +a and a, = @y e +
(i)»/2)o72,+e"'(‘“2+2‘”m)’_i(’z _ (iA/Z)&zﬁe‘i(“’z‘z“’m”*”’2 +d
to the two cavity modes w. and w, respectively.
Here, &; +1=¢1+/(Fiw, +«/2) is the coherent light field
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amplitude of the two-tone driving laser, &p o = &2/(k/2)
and @4 = &/(£i2w, +«k/2) are the coherent light
field amplitudes of the carrier and two sidebands of
the resonant driving laser, respectively. a and d denote
the fluctuation noises of the cavity fields a; and ay,
respectively. Without loss of generality, we assume
a1+ and dpo to be real and set 6, = arctan(4wy,/k),
which guarantees that @ = @ re™® is also real. We
transform the system to a rotating frame defined by the free
Hamiltonian Hy = hwdaial + hiw,btb + ha)cga;ag, where
W = ®Wmo + A, wpo is the intrinsic mechanical frequency,
and A =24,x2,(|@20]* + A*|@[*/2) is the mechanical
frequency shift caused by the second-order coupling. Here,
we focus on the good-cavity limit k¥ < w, and apply a
rotating-wave approximation. By neglecting the nonlinear
terms a and d, we can write the Hamiltonian in the interaction
picture as follows.

H = hG_(a'b + ab") + hG_(ab + a'b") + ih%(bz — ')

+hpd +d")b'b + bb) + ih%(d +dNb* - b,
3)

where G+ = Ax;,|&; +] is the linear coupling strength, x =
2A2x§pk|&2| |@2,0] is the second-order coupling strength due to
the modulated field, and . = Apx?,|@2,0] and § = AAxx?, ||
are the second-order coupling strength due to the fluctuation
of a,. The first two terms in Eq. (3) describe the cooling
process via the red-detuned driving field and heating process
via the blue-detuned driving field, respectively. However, in the
presence of both processes, an equivalent coherent feedback
process is observed. This suppresses the fluctuation of the
quadrature component X below the zero-point level [28]. The
third term describes a typical parametric process due to the
modulated field. This can further squeeze the fluctuations
in the quadrature component X, as shown in Sec. III. The
last two terms are the second-order coupling between the
fluctuation field d and the membrane. The corresponding
coupling strength p and § are considerably lower than A
and y, respectively. These perturbations with respect to the
mechanical frequency and parametric process are negligible.
Based on the above consideration, we neglected the fluctuation
field d and considered the cavity mode a, as a classical field.
In this case, the Hamiltonian of Eq. (3) is simplified as follows.

H =hG_(a'b+ab") + hG.(ab +a'bh) + ih%(bz YAEY
“4)

III. SQUEEZING OF MECHANICAL RESONATOR

A. Quantum master equation

The dynamics of the system is described using the following
quantum master equation.

p = ilp,H1/h+x Dlalp+y (n;,+1)D[blp+yny Db 1p,
(5)

where D[o]p = opo' — (ofop + po'0)/2, denoting the Lind-
blad superoperator o for the damping of the cavity mode and
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mechanical state. y is the mechanical dissipation rate, and n,,
is the number of initial thermal phonons.

We start from the Routh-Hurwitz criterion [56] and derive
the stability condition of the system as follows.

16(G*> — G%) < (k —2x)°. (6)

In the following, the properties of the system are analyzed
in the parameter regime where the above condition is satisfied.
We introduce two motion quadratures for the mechanical
resonator: X = (b +b')/v/2 and Y = —i(b — b})/+/2. Con-
sidering y < «, the steady-state squeezed quadrature variance
(X?) can be determined by solving the quantum master
equation.

X = Kk(k +2x) +4G2 — G%)
2(k +2x)lkx +2(G* — G3)]
Kk(k +2x)+4(G2 — G%)
"2+ 20k x + 2(G2 — G2l
4G (G_ —Gy) 1
T2t 20lx G Gl T2

From Eq. (7), we find that the parametric process leads to an
increase in the optical damping of the quadrature X. The first
term describes the classical cooling process. The subsequent
two terms describe the feedback forces due to the parametric
process and coherent feedback operation, respectively. They
together suppress the fluctuations in X to be far below the
zero-point level. In this scenario, we can obtain a higher
squeezing level compared to the scheme wherein only a
coherent feedback operation or only parametric process is
employed. The last term is associated with the zero-point
fluctuation.

The variance of the antisqueezing motion quadrature Y is
given as follows.

e K(k —2x)+4(G2 — G%)
20k = 2))[—kx +2(G* — G%)]
N k(k —2x) + 4G> — G2)
X
20 = 2x)[—Kk x +2(G2 — G?)]
4G (G_+ G 1
o SIN R
2 =2 [—kx +2(GZ -G 2
The parametric amplification leads to a decrease in the
optical damping of the quadrature Y and destabilizes the
mechanical system. Both the parametric and coherent feedback
processes increase the fluctuations in the quadrature Y. To
avoid the instability and obtain a steady-state mechanical
squeezing, the drive strength of the parametric process should
not exceed the threshold given by x,, = 2(G2 — G?)/«.

Yhih

(7

Yhih

B. Solutions and analysis

Figure 2 shows the squeezing level of the motion quadrature
variance (X?) as a function of the blue-tone driving strength
G (normalized by the red-tone driving strength G_). If x =
0, i.e., without parametric amplification, a motion squeezing of
7.6 dB is obtained for G, /G _ = 0.85. When the drive strength
reaches the threshold x;;, the motion squeezing improves up
to 3 dB on the basis of the two-tone driving and further
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FIG. 2. Squeezing level of the motion quadrature variance (X?)
as a function of the blue-tone driving strength G (normalized by
the red-tone driving strength G_). The dotted line indicates the 3-
dB squeezing limit (parameters: n,, = 10°, k =5 x 10° Hz, G_ =
10° Hz, and y = 1 Hz).

increases to 10.6 dB. Note that even for a moderate drive
strength, e.g., x = x:/2, the squeezing can be enhanced
by 1.8 dB. With regard to Fig. 2, the relevant experimental
parameters are obtained from Ref. [15], where the occupation
number of the initial thermal phonons is n,, ~ 10 and the
mechanical frequency is w,, ~ 2w x 1.48 MHz. To satisfy
the good-cavity limit, the cavity parameter is modified to
Kk & wy,/20. The linear coupling strength satisfies G_ <
k/4 and remains constant at G_ = 0.1 MHz for the entire
parameter region, thus ensuring the stability of the system
[Eq. (6)].

We define the purity of the squeezed mechanical state as
follows [28].

P = (X*)(Y?). 9

Here, P = 1/4 indicates a completely (pure) squeezed
mechanical state, and a higher value of P implies that the purity
of the state is poor. Figure 3 shows the purity P of the squeezed
mechanical state as a function of the parametric drive strength
x- When the parametric process is not involved (x = 0), the
purity P degrades with increasing G/G_ because of the
heating process of the blue-detuned driving field. For optimal
squeezing, which is observed at G /G_ = 0.85, the initial
purity is close to 1/2. The purity of the state degrades with
the increase in the parametric drive strength x. It is clear that
the increase in P is initially gradual and thereafter abrupt in the
region where x > x;,/2. For reference, the following are the
values of P at four typical points (a—d) for G./G_ = 0.85:
P, =0.54, P, =0.58, P. =0.72, and P; = 1.23.

IV. EFFECTS OF EXCESS SECOND-ORDER COUPLING

In Sec. II, we assumed that the two-tone driving field cou-
ples linearly with the membrane resonator. This assumption
is proven valid in principle by positioning the membrane at
exactly the center of the node and antinode of the cavity
field, as shown in Fig. 4. In practice, if the membrane
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FIG. 3. Purity P of the squeezed mechanical state with respect to
the parametric drive strength yx for different values of G, /G_ (the
values of the other parameters are the same as those shown in Fig. 2).

deviates from this position, excess second-order coupling
occurs, thereby inducing a heating effect and deteriorating the
mechanical squeezing level. This mechanism is analyzed as
follows.

The excess second-order process can be described us-
ing the second-order nonlinear dispersion coefficient G, =
8%w.1/8x2. In this case, an additional Hamiltonian term is
introduced [31] as follows.

_ i 924 pi2
H,y = hAb b+h§(b + b1, (10)

where A = 2G2x22p(|611,+|2 + |@;._|?), representing the fre-
quency shift of the mechanical resonator, and o =
2G2xzzp |1 +]]é1,— |, representing the excess second-order cou-
pling strength. The mechanical frequency w,, and the two-
tone field frequency wi and modulated frequency 2w, are
replaced with &,, = w,, + A and &+ = w. £ &, and 2@y,
respectively. With the new free Hamiltonian Hy = ha)clafal +

haonbTh + hwcga;ag and by following the same procedure as
before, the Hamiltonian for the interaction picture is rewritten
as follows.

A = hG_(a'b + ab’) + hG_(ab + a'b) + ih%(bz — ')

+h%(b2+1ﬁ2). (11)

FIG. 4. Schematic of a position-detuned membrane resonator.
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FIG. 5. Excess second-order coupling strength o with respect to
the deviation z in the membrane position (parameters: L = 10 mm,
A =1064nm, r =0.35, G_ = 0.1MHz, and G /G_ = 0.85).

By combining the last two terms, Eq. (11) can be rewritten
as follows.

H = hG_(a'b+ ab") + iG_(ab + a'b")
il
- Embz — x2b™), (12)

where x; = x —io and x» = x + io. In contrast to Eq. (4),
the parameter threshold decreases, ie., fm =V x3 — o2,
because of the excess second-order coupling.

To evaluate the strength o, we start from the linear
dispersion coefficient [48].

A = _ercl sin(2kz) ’ (13)
L /1= r2[cos(2kz)]?

where L is the length of the Fabry-Pérot cavity, r is the am-
plitude reflectivity of the membrane, k = 2 /A, representing
the resonant wave vector; z denotes the relative displacement
of the membrane from the center of the node and antinode
of the cavity mode w.;. From Eq. (13), we can obtain the
second-order dispersion coefficient as follows.

4krow, 2kz
Gy ~ — rwel cos(2kz) ' (14)
L 1 — r2[cos(2kz)]?
Finally, we obtain the expression for o as follows.
2kz)y/1 — r2[cos(2kz)]*
o= —2G+G_LCOS( 2) r?[cos(2kz)] . (15)

cr[sin(2kz)]?

Here, the constant c is the speed of light in vacuum. Figure 5
shows the curve of o as a function of the deviation z, wherein a
maximum displacement of A /16 is used for evaluating o. In
the entire displacement range, o is lower than +9 Hz, which is
considerably lower than the initial parametric threshold y,; ~
11 kHz for G /G_ = 0.85. Therefore, the variation in the
parameter threshold due to the excess second-order coupling
is negligible.

Figure 6 shows the mechanical squeezing level with respect
to the excess second-order coupling strength 0. When o =
420 Hz, the squeezing level reduces by approximately 0.06
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FIG. 6. Mechanical squeezing level with respect to the ex-
cess second-order coupling strength (parameters: x = 11 kHz and
G./G_ = 0.85; the values of the other parameters are the same as
those shown in Fig. 2).

dB. Therefore, we can conclude that the mechanical squeezing
is largely immune to the excess second-order coupling and
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that the proposed scheme is quite robust to the deviation in the
membrane position.

V. CONCLUSION

Coherent feedback and parametric amplification were
combined to achieve steady-state quantum squeezing in a
MIMS optomechanical system. The scheme can suppress the
fluctuations in the mechanical quadrature to far below the
zero point and achieve strong squeezing (greater than 10
dB) for realistic parameters. In addition, the effects of excess
second-order coupling due to the deviation in the membrane
resonator position on the parameter threshold of the system and
squeezed mechanical state were analyzed. The results show
that the effects are negligible.
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