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Multimode four-wave mixing in an unresolved sideband optomechanical system
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We have studied multimode four-wave mixing (FWM) in an unresolved sideband cavity optomechanical system.
The radiation pressure coupling between the cavity fields and multiple mechanical modes results in the formation
of a series of tripod-type energy-level systems, which induce the multimode FWM phenomenon. The FWM
mechanism enables remarkable amplification of a weak signal field accompanied by the generation of an FWM
field when only a microwatt-level pump field is applied. For proper system parameters, the amplified signal and
FWM fields have equal intensity with opposite phases. The gain and frequency response bandwidth of the signal
field can be dynamically tuned by varying the pump intensity, optomechanical coupling strength, and additional
feedback control. Under certain conditions, the frequency response bandwidth can be very narrow and reaches
the level of hertz.
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I. INTRODUCTION

Optomechanical systems couple photons and phonons using
radiation pressure and have emerged as powerful platforms to
manipulate mechanical resonators and electromagnetic fields.
Particularly, optomechanically induced transparency (OMIT)
and amplification (OMIA) [1–4] have been observed in various
optomechanical systems in resolved sideband regimes, where
the dissipation rate of the optical mode is smaller than the
resonance frequency of the mechanical resonator. In this case,
only the beam-splitter interaction is involved and �-type
energy levels are formed, whereas the two-mode squeezing
interaction is suppressed owing to the nonresonant response of
the cavity.

Four-wave mixing (FWM) is a typical nonlinear optical
phenomenon achieved in various media including atomic va-
pors [5–10], nonlinear crystals [11], and optical fibers [12,13].
FWM has found numerous applications in the fields of nonlin-
ear optics and quantum optics. Recently, radiation-pressure-
induced FWM in a cavity optomechanical system has been
investigated in a resolved sideband regime. For instance, the
mechanical mode splitting arising from strong optomechanical
coupling [14,15], the optical response properties of an optome-
chanical system with additional coherent mechanical driving
[16–18], and a two-mode cavity optomechanical system with
two cavity modes coupled to a mechanical resonator [19]
have been investigated theoretically. However, FWM has been
seldom studied in the unresolved sideband regime, where
the dissipation of the optical cavity is beyond the resonance
frequency of the mechanical resonator.
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In this paper, we have investigated in detail the multi-
mode FWM phenomenon of an optomechanical system in an
unresolved sideband regime. In our scheme, neither strong
optomechanical coupling nor additional coherent mechanical
driving is required. Owing to the participation of additional
two-mode squeezing interaction in the unresolved sideband
regime, the radiation pressure coupling between the cavity
fields and multiple mechanical modes results in the formation
of a series of tripod-type energy-level schemes, which induces
the multimode FWM phenomenon. When only a microwatt-
level pump field is applied, the FWM mechanism enables a
remarkable amplification of the weak signal field. Moreover, an
FWM field with almost the same intensity as the input signal is
generated simultaneously. Furthermore, the gain and frequency
response bandwidth of the system can be actively tuned
by changing the pump intensity, optomechanical coupling
strength, and additional feedback control.

II. THEORETICAL MODEL AND ANALYSIS OF RESULTS

We consider an optomechanical system [Fig. 1(a)] con-
sisting of a two-mode mechanical resonator with frequency
ωm,j and decay rate �m,j (where j = 1,2 denotes different
mechanical modes of the mechanical resonator) and an optical
cavity with cavity mode frequency ωc and dissipation rate κ .
We assume that the optomechanical system operates in the
unresolved sideband regime where κ � ωm. In this case, the
energy-level diagram corresponding to the coupling between
the cavity fields and mechanical modes can be described using
two tripod-type schemes, as shown in Fig. 1(b). A strong
pump field ap, which is resonant with the cavity, couples
the transition |nc,m1,m2〉 ↔ |nc + 1,m1,m2〉; a weak signal
field with frequency ωs,1, which is blue-detuned to the pump
laser with detuning �s,1 = ωs,1 − ωp = ωm,1, couples the
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FIG. 1. (a) Model of our optomechanical system driven by a pump
field and signal field. (b) Energy-level diagram of the unresolved
sideband optomechanical system. nc and mj represent the photon
number of the cavity mode and phonon number of the j th mechanical
mode, respectively. The shadow with the width of κ represents the
response bandwidth of the optical cavity. When a strong resonance
pump field and weak detuned signal field are injected into the cavity,
the signal field with the frequency ωs,j = ωp + ωm,j is amplified
accompanied by an FWM field with the frequency ωF,j = ωp − ωm,j .

transition |nc,m1 − 1,m2〉 ↔ |nc + 1,m1,m2〉; and the gener-
ated FWM field with frequency ωF,1 couples the transition
|nc,m1 + 1,m2〉 ↔ |nc + 1,m1,m2〉. Based on this tripod-type
configuration, the input signal field can be amplified remark-
ably and the associated FWM field is generated simultane-
ously. The relevant frequencies of the FWM parametric fields
follow the law of conservation of energy: 2ωp ≡ ωs,1 + ωF,1.
Notably, the system behaves the same when the signal field is
red-detuned to the pump laser �s,1 = ωs,1 − ωp = −ωm,1.

Similarly, the coupling between the cavity field and mechan-
ical mode with frequency ωm,2 can form another tripod-type
configuration. More precisely, a weak signal field with the
frequency ωs,2 with blue-detuning �s,2 = ωs,2 − ωp = ωm,2

couples the transition |nc,m1,m2 − 1〉 ↔ |nc + 1,m1,m2〉, and
the FWM field with the frequency ωF,2 couples the transi-
tion |nc + 1,m1,m2〉 ↔ |nc,m1,m2 + 1〉. Notably, our system
intrinsically supports multiple independent FWM processes
simultaneously when only one pump field is applied, if a
number of mechanical modes in the optomechanical system
are exploited. This is because the cavity linewidth covers mul-
tiple energy levels, which further opens up related transition
pathways in the unresolved sideband regime.

In our scheme, we assume the linewidth of the mechanical
susceptibility is far less than the frequency difference of
adjacent mechanical modes, thus direct coupling between

different mechanical modes can be neglected. On the other
hand, the intense pump laser field drives the optomechanical
system to a steady state, the existence of the signal fields which
are much weaker than the pump field does not change the steady
state of the system, and the signal fields are treated as the
perturbations of the steady state. Therefore, the presence of
another weak signal field and the resulting FWM process has
negligible effects on the already existing FWM process, and
vice versa. Thus multimode FWM can be directly decomposed
into coexisting individual single-mode FWM processes.

A. Hamiltonian and Langevin equations

Herein for simplicity, we consider only one mechanical
mode with resonance frequency ωm for the optomechanical
interaction, thus the Hamiltonian of the unresolved sideband
optomechanical system is of the form

H = Hfree + Hint + Hdrive,

Hfree = ωca
†a + ωmb†b,

Hint = g0a
†a(b† + b),

Hdrive = i
√

κex(αpe−iωpta† + αse
−iωs t a†) + H.c., (1)

where Hfree, Hint, and Hdrive denote the free Hamiltonian, op-
tomechanical interaction part of the Hamiltonian, and optical
driving of the system, respectively; a denotes the annihilation
operator of the optical cavity mode with angular frequency ωc;
b denotes the annihilation operator of the mechanical mode
with angular frequency ωm. The displacement operator x is
related to the mechanical mode operators as x = xZPF(b† + b),
where xZPF = √

h̄/2meffωm is the zero-point fluctuation and
mef is the effective mass of the mechanical mode. g0 =
xZPF[∂ωc(x)/∂x] denotes the single-photon optomechanical
coupling strength. ωp and ωs denote the laser angular frequen-
cies of the pump and signal fields with driving strengths αp =√

Pp/h̄ωpe−iφp and αs = √
Ps/h̄ωse

−iφs , respectively, where
Pp, Ps and φp, φs denote the input powers and initial phases
of the pump and signal fields, respectively. κex represents the
dissipation associated with the input coupling of the optical
cavity.

In a frame rotating at the frequency of the pump field
a0 = ae−iωpt , the nonlinear quantum Langevin equations of
the system can be expressed as

ȧ0 =
(
i�0 − κ

2

)
a0 − ig0a0(b† + b)

+√
κex(ap + ase

−i�s t ) + √
κ0av,

ḃ = −
(

�m

2
+ iωm

)
b − ig0a

†
0a0 +

√
�mbth, (2)

where κ=κ0+κex is the total decay rate of the optical cavity
(κ0 denotes the internal loss rate of the cavity apart from
κex), �s = ωs − ωp is the frequency difference between the
signal and pump fields, �m = ωm/Qm is the dissipation rate of
the mechanical mode, Qm is the mechanical quality factor,
av denotes the vacuum noise associated with the optical
dissipation, and bth denotes the thermal drive to the resonator.

We express the optical and mechanical modes as the sum
of their mean fields at the steady state and the fluctua-
tion term:a0 = α + d, b = β + δb, and ap = αp + dp. From
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Eq. (2), we can obtain the values of the mean field at the
steady state for the optical cavity mode and mechanical mode
as α=√

κexαp/κ
2 − i�eff and β = g0|α|2/ωm.

By neglecting the nonlinear terms, the linearized quantum
Langevin equations of d and δb are given by

ḋ(t) = −
(κ

2
− i�eff

)
d(t) − ig0α[δb†(t) + δb(t)]

+√
κexase

−i�s t + √
κexdp + √

κ0av,

δḃ(t) = −
(

�m

2
+ iωm

)
δb(t)

−ig0[α∗d(t) + αd†(t)] +
√

�mbth. (3)

Note that the average displacement x̄ = β∗ + β of the
mechanical resonator slightly shifts the resonance frequency
of the cavity mode and results in an effective detuning of
the pump laser �eff = �0 + g0(β∗ + β). We neglect the small
quantum fluctuations of the input pump field dp, vacuum noise
av , and thermal driving of mechanical motion

√
�mbth (as it is

much smaller than the optical drive). Under this approximation,
we convert Eq. (4) into the frequency domain using Fourier
transform:

χ−1
c (ω)d(ω) = −ig[δb†(ω) + δb(ω)] + √

κexas(ω − �s),

χ−1
m (ω)δb(ω) = −i[g∗d(ω) + gd†(ω)], (4)

where g = g0α is the optomechanical coupling strength
and χ−1

c (ω) = −i�eff − iω + κ/2 and χ−1
m (ω) = iωm − iω +

�m/2 are the optical and mechanical susceptibilities of the
optical cavity and mechanical resonator, respectively. Using
the relation [d(ω)]† = d†(−ω) and [δb(ω)]† = δb†(−ω), and
assuming a resonant pump laser with �eff = 0, we can obtain
the fluctuation of the optical cavity mode arising from the
optomechanical interaction:

d(ω) = d−(ω) + d+(ω),

d−(ω)|�eff =0 = √
κexχc(ω)αs(ω − �s)

×{1 + 2ωm|g|2χc(ω)[χ∗
m(−ω)χm(ω)]},

d+(ω)|�eff =0 = 2
√

κexχ
2
c (ω)α∗

s (ω + �s)ωm|g|2
× [χ∗

m(−ω)χm(ω)], (5)

where the quantum fluctuation of the signal field has been
neglected. In terms of the input-output relation, the fluctuation
term of the reflective field of the cavity is dr (ω) = √

κexd(ω) −
αs(ω − �s). By assuming that the dissipation induced by the
input coupling of the cavity satisfies κex = κ0 = κ/2, we obtain
the reflective field of the cavity as

dr (ω) = r−(ω) + r+(ω),

r−(ω) =
{

1
κ

2iω
− 1

+ 1(
1 − 2iω

κ

)2

4ωm|g|2
κ

Xm(ω)

}
αs(ω − �s),

r+(ω) = 1(
1 − 2iω

κ

)2

4ωm|g|2
κ

Xm(ω)α∗
s (ω + �s), (6)

where X−1
m = ω2

m − ω2 − iω�m represents the position sus-
ceptibilities of the mechanical motion. For monochromatic
signal laser input, αs(ω) can be expressed as a delta function

αsδ(ω), and the fluctuation term dr (ω) of the reflection of the
optical cavity field can be expressed as

dr (ω) = R−(ω)δ(ω − �s) + R+(ω)δ(ω + �s). (7)

We transform the expression of Eq. (7) into the time domain:

dr (t) = R−(�s)e
−i�s t + R+(−�s)e

i�s t . (8)

As we considered a rotating frame at the frequency of the
pump field ωp, in the initial frame, Eq. (8) can be rewritten as

dr (t) = R−(�s)e
−iωs t + R+(−�s)e

iωF t , (9)

where ωF = ωp + �s = 2ωp − ωs is the angular frequency
of the FWM field. From Eq. (9), it is evident that the reflective
field contains two components. The first term with frequency
ωp denotes the amplified signal field, which contributes to the
OMIT and OMIA phenomena, whereas the second term with
frequency ωF denotes the generated FWM field induced by
the radiation pressure coupling between the cavity field and
mechanical mode. The corresponding amplitudes of the signal
and FWM fields are given by

R−(�s) =
{

1
κ

2i�s
− 1

+ 1(
1 − 2i�s

κ

)2

4ωm|g|2
κ

Xm(�s)

}
αs,

R+(−�s) = 1(
1 + 2i�s

κ

)2

4ωm|g|2
κ

Xm(−�s)α
∗
s . (10)

Under the condition of bad cavity limit κ � ωm, the
amplitudes of the output probe field and FWM field tend to
be equal: R−(�s) ≈ R+(−�s) around |�s | = ωm.

B. Frequency response characteristics of the FWM

For better understanding of the FWM phenomenon in the
unresolved sideband optomechanical system under considera-
tion, we define the intensity magnification of the output signal
and FWM fields as

M−(�s) = |R−(�s)|2
|αs |2

≈ 16ω2
m|g|4
κ2

|Xm(�s)|2 + 1

1 + κ2/4�s
2 ,

M+(−�s) = |R+(−�s)|2
|αs |2

≈ 16ω2
m|g|4
κ2

|Xm(−�s)|2. (11)

We have assumed that the system operates in the bad cavity
regime κ � �s . It is evident that the frequency responses
of both the output fields follow the mechanical susceptibility
around the detuning frequency �s ≈ ±ωm.

Using Eq. (11), we investigate the frequency response
characteristics of the FWM. Accordingly, a membrane-in-the-
middle (MIM) system is considered herein. Notably, many
prominent experiments have been reported using the MIM
system, including strong cooling [20,21], generation of the
optical squeezing state [22,23], conversion between microwave
and optical fields [24], and OMIT and OMIA [4].

In Fig. 2, we have plotted the intensity magnification of the
output signal and FWM fields as a function of the signal-pump
detuning �s in units of the mechanical resonance frequency
ωm. The parameters used are as follows: κ/2π = 10MHz,

033806-3



LI, YOU, LI, LIU, AND PENG PHYSICAL REVIEW A 97, 033806 (2018)

FIG. 2. Intensity magnification function of the output fields as
a function of signal-pump detuning �s from −1.5ωm to 1.5ωm. The
amplified signal field (blue line) and FWM field (red line) have almost
the same intensity around �s = ±ωm and slightly different intensities
at the frequency |�s | > ωm owing to the cavity response (black dotted
line). The arrows show that the signal and FWM fields have opposite
detuning vs the pump.

ωm/2π = 100kHz, Qm = 105, g0/2π = 20Hz, Pp = 50 μW,
and the wavelength of the laser is 1064 nm. Both the output
fields present very sharp frequency responses and the corre-
sponding bandwidth is as narrow as that of the mechanical
resonator, which is in turn determined by the mechanical
quality factor and mechanical resonance frequency as �m =
ωm/Qm. For the MIM system considered, �m = 1Hz, which
indicates that the frequency response bandwidth of FWM is
much less than the linewidth of the bare cavity.

In Fig. 3, we have plotted the intensity magnification func-
tion of the output fields as a function of the mechanical quality
factor Qm and cavity dissipation κ . As shown in Fig. 3(a), the
intensity magnification of the output fields increases with the
mechanical quality factor Qm, but the bandwidth of intensity
magnification is suppressed for higher Qm. Furthermore, the
intensity magnification depends on the optical cavity dissipa-
tion rate. Low cavity dissipation is beneficial to promote the
gain of the optical fields, whereas the frequency response band-
width of the FWM is unchanged. This is because low cavity
dissipation helps to improve the intracavity photon number,
which in turn increases the optomechanical coupling strength
and promotes the FWM effect. However, the bandwidth of
the intensity magnification function merely depends on the
mechanical susceptibility [Eq. (10)] and is thus immune to the
cavity dissipation.

Although only a typical mechanical quality factor Qm =
105 is used for simulation in Fig. 3, it is observed that the state-
of-the-art mechanical quality factor (Si3N4 membrane) has
been improved to Qm ∼ 108 and the mechanical dissipation
rate has been suppressed to 3.6 mHz [25]. In this scenario,
an extremely narrow response bandwidth of the FWM via the
optomechanical system can be achieved in principle, which can
find potential applications in the generation of an ultranarrow
linewidth laser instead of a high-finesse optical cavity the
linewidth of which is currently limited to ∼1 kHz [26,27].
Moreover, the dissipation of the mechanical resonator can be

FIG. 3. Intensity magnification function of the output fields as
a function of (a) mechanical quality factor Qm and (b) cavity
dissipation. The other parameters are the same as in Fig. 2.

controlled by optical damping via a feedback system [28–31]
and thus a tunable bandwidth FWM process can be achieved.

C. Maximum magnification

By setting the absolute value of the frequency difference
between the signal and pump fields to be equal to the resonance
frequency of the mechanical mode, �s= ± ωm, the FWM
process reaches its maximum magnification for both the signal
and FWM fields:

R−(±ωm) = ±i
4g2

0np

κ�m

αs = ±iCαs,

R+(∓ωm) = ∓i
4g2

0np

κ�m

α∗
s = ∓iCα∗

s ,

|A|2 ≡ M−(±ωm) = M+(∓ωm) = C2, (12)

where the maximum amplitude magnification |A| ≡ C, C =
4g2

0np/κ�m represents the optomechanical cooperativity of the
system, and np = |α|2 is the mean photon number of the pump
field inside the cavity. At this specific frequency detuning point,
the reflected signal and FWM fields at the frequencies ωs and
2ωp − ωs have the same strengths and opposite phases.

In order to investigate the dependence of the maximum
amplitude magnification |A| on the relevant experimental
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FIG. 4. Maximum amplitude magnification of the output fields
as a function of (a) input pump power, (b) cavity dissipation, (c)
quality factor of the mechanical resonator, and (d) single-photon
optomechanical coupling strength. The other parameters are the same
as in Fig. 2.

parameters, we substitute the relations np = 2nin/κ and nin =
Pp/h̄ωp into Eq. (12) and obtain the expression

|A| = 8g2
0Qm

κ2ωm

Pp

h̄ωp

. (13)

Figure 4 shows the maximum amplitude magnification of
the output fields as a function of the input pump power, cavity
dissipation, quality factor of the mechanical resonator, and
single-photon optomechanical coupling strength. The other
parameters used are the same as in Fig. 2. It is demonstrated
that the maximum amplitude magnification |A| increases in
proportion to the pump power, quality factor of the mechanical
resonator, and square of the coupling strength. In contrast, |A|
is inversely proportional to the square of the cavity dissipation.

D. Added noises of the FWM

In the above, we have shown the gain characteristics of the
amplified signal and FWM field without considering the added
noises, which are principally induced by the thermal motion
of the mechanical resonator and the quantum fluctuations of
the pump field that we have neglected in Eq. (4). As the
induced mechanical motion due to the quantum fluctuation of
the pump field is much weaker than the thermal motion unless
the mechanical resonator is around its quantum ground state
[32], here we only consider the dominant noise arising from
the thermal motion. We rewrite Eq. (4) by adding the thermal
motion term:

χ−1
c (ω)d(ω) = −ig[δb†(ω) + δb(ω)] + √

κexas(ω − �s),

χ−1
m (ω)δb(ω) = −i[g∗d(ω) + gd†(ω)] +

√
�mbth(ω). (14)

From Eq. (14), the fluctuation of the optical cavity mode is
derived:

d(ω) = d−(ω) + d+(ω) − ig
√

�mχc(ω)

× [χm(ω)bth(ω) + χ∗
m(−ω)b†th(ω)]. (15)

In terms of the input-output relation of the optical cavity,
we obtain the reflective field of the cavity as

dr (ω) = r−(ω) + r+(ω) − ig
√

κex�mχc(ω)

× [χm(ω)bth(ω) + χ∗
m(−ω)b†th(ω)], (16)

where r∓(ω) are the same as they are in Eq. (6). The third
term on the right-hand side of Eq. (16) describes exactly the
added noise arising from the thermal motion of the resonator.
For frequency around ±ωm where the gain factor of the signal
field is significant, the mean thermal photon numbers per hertz
at frequency �s are approximately given by

N1(�s) =
∫ �s+π

�s−π

dω

2π
κex�mg2|χc(ω)χm(ω)|2

×〈bth(ω)†bth(ω)〉,

N2(−�s) =
∫ �s+π

�s−π

dω

2π
κex�mg2|χc(ω)χ∗

m(−ω)|2

×〈bth(ω)bth(ω)†〉. (17)

For �s = ωm, Eq. (17) is rewritten as

N1(ωm) = 2Cnth,

N2(−ωm) = 2C(nth + 1), (18)

where nth ≈ kBTbath/h̄ωm denotes the thermal phonon number
of the mechanical motion. The corresponding power of the
noise photons can be given by P N

i (±ωm) = h̄ωsNi(±ωm) (i =
1,2). Given the same parameters as used in Fig. 2, the added
noise induced by thermal motion of the resonator is 31.8 nW at
room temperature Tbath = 300 K. If the resonator is operated
in a cryogenic temperature of 10 mK, the added noise can be
suppressed to 1 pW.

III. CONCLUSION AND DISCUSSION

In summary, we have investigated the FWM process in
an unresolved sideband optomechanical system. The FWM
process can achieve a large gain for microwatt-level pump
power of the input signal field. For a zero-detuning pump, the
maximum amplitude magnification of the signal and FWM
fields is equal to the optomechanical cooperation C, which is
determined by the dissipation of the optical cavity and mechan-
ical modes, optomechanical coupling strength, and input pump
power. We also observed that the frequency responses of both
the output fields follow the mechanical susceptibility. For high-
Q mechanical resonators [25,33–36], the frequency response
bandwidth of the signal and FWM fields can be narrowed down
to the subhertz level, which can be dynamically tuned using the
feedback control of mechanical motion. Moreover, our system
supports multiple FWM processes simultaneously owing to the
unresolved sideband regime and multimode characteristics of
the mechanical resonator. When mechanical resonators with
equispaced eigenfrequencies such as high-stress strings [37]
are used, the multimode FWM process can produce a comblike
frequency response, which may find applications in optical
frequency combs [13,38,39].
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The scheme presented is applicable in various optomechan-
ical systems such as MIM [40–42], nanostrings [29,43], and
photonic crystals [44,45]. Unlike atomic systems or optical
nonlinear crystals, optomechanical systems can be operated
in a broad wavelength range, even in the microwave band.
Moreover, the low-power operation is beneficial to develop
integrated optical devices. The results presented herein may
have potential applications in optical atomic clocks and other
related classical and quantum optical fields.
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