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In this paper, we propose a scheme to produce a multiplexed entanglement frequency comb in a type II phase-
matching nondegenerate optical parametric amplifier (NOPA) operating below threshold. The entanglement of the
signal and idler frequency combs in the wide frequency range, which is limited by the phase-matching bandwidth
of the NOPA, is investigated by the inseparability criterion. Furthermore, N Einstein–Podolsky–Rosen pairs can
be created from the two combs without any reduction in the correlations by using frequency-dependent beam
splitters. © 2013 Optical Society of America
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1. INTRODUCTION
With the development of science and technology, the unique
properties based on isolated quantum systems are going to be
the key ingredients for advanced quantum communication of
quantum-key distribution [1,2], ultrahigh-precision sensing
[3,4], quantum computers [5], and quantum encoding. In real
applications, these valuable quantum resources present low
noise, small wastage, high intelligence bandwidth, and the
ability to encode information into multiple degrees of freedom
[6]. We know that key resources required in quantum optical
systems are nonclassical states of light, which are commonly
generated via nonlinear optical processes. One of such pro-
cess is parametric downconversion, in which a high-energy
pump photon is converted into two lower-energy photons by
a second-order nonlinear interaction [7]. Devices of optical
parametric, as sources of entangled photon pairs in
discrete-variable systems [8] and squeezed states in
continuous-variable systems, are widely used in quantum
optics experiments [9]. Therefore, researchers have demon-
strated many schemes to produce the functional quantum
resources based on the optical parametric processes. One
of such field is the optical frequency comb, which has been
investigated in recent years. A broadband optical frequency
comb has been generated by a parametric oscillator with
an intracavity electro-optic phase modulator [10]. Valcárcel
et al. demonstrated theoretically that multimode squeezing
of frequency combs can be produced in a type I optical para-
metric oscillator pumped by a pulse laser [11]. The scheme to
produce a continuous-variable pair-entanglement frequency
comb by enhanced Raman scattering in an optical oscillator
cavity has been proposed [12]. A frequency comb of squeezing
was theoretically predicted in an optical parametric oscillator
[13]. These schemes can be applied in quantum information
and fundamental science because of the importance of fre-
quency standards [14]. Recently, Pinel et al. have reported
the first experimental evidence of a multimode nonclassical
frequency comb in a femtosecond synchronously pumped

optical parametric oscillator [15]. The scheme for mode-
locked biphoton frequency-comb generation by engineering
quasi-phase-matching materials has been proposed [16].

In this paper, we present that the signal comb and the idler
comb are simultaneously generated in a nondegenerate opti-
cal parametric amplifier (NOPA). Nonclassical correlation be-
tween the corresponding teeth of the signal and idler combs is
found because a strong squeezing exists in the amplitude sum
and phase difference of two combs. The multiplexed entangle-
ments of two combs are investigated by the inseparability cri-
terion proposed by Duan. N Einstein–Podolsky–Rosen (EPR)
pairs can be created from the combs by using frequency-
dependent beam splitters (FDBS). Furthermore, the low-
frequency technical noise of the seed has no effect on the
correlation of high-order teeth.

2. OPTICAL FREQUENCY-COMB
GENERATION
NOPA is one of the best sources of entangled light in the so-
called continuous-variable regime. It is considered the genera-
tor for a frequency comb, which consists of a two-sided cavity.
Input modes a0, bin1 , and bin2 , intracavity modes a0, a1, and a2,
signal mode Aout

1 , and idler mode Aout
2 are displayed in Fig. 1.

Here, i � 0, 1, 2 correspond to the pump field, signal, and idler
fields for the expression of ai, bi, and Aout

i , respectively.
We consider the optical parametric process in the triply

resonating optical cavity with a nonlinear type II phase-
matching χ�2� crystal.

The interaction Hamiltonian of the optical parametric
process in this NOPA is

H � iℏχ�2��â†0â1â2 − â0â
†
1â

†
2�: (1)

In the ideal case—perfect phase matching and without any
detuning—the equations of motion for the signal and idler
modes can be expressed as

314 J. Opt. Soc. Am. B / Vol. 30, No. 2 / February 2013 Yang et al.

0740-3224/13/020314-05$15.00/0 © 2013 Optical Society of America



_̂a1 � −k1â1 − χ�2�â0â
†
2 �

��������
2k1

p
b̂in1 �t�; (2)

_̂a2 � −k2â2 − χ�2�â0â
†
1 �

��������
2k2

p
b̂in2 �t�: (3)

Here â0, â1, and â2 are the amplitude operators of intracav-
ity modes a0, a1, and a2, and b̂in1 and b̂in2 denote the amplitude
operators of input fields. χ�2� is the effective nonlinear cou-
pling parameter. It can be merged into pump-field amplitude
α0 and considered as χ. The cavity decay rate for two modes is
assumed to be equal. k1 � k2 � k. Operator equations of cav-
ity mode âi after a single cavity round trip can be written as

â1�t� τ� � −χτâ†2 � �1 − kτ�â1 �
������
2k

p
τb̂in1 �t�; (4)

â2�t� τ� � −χτâ†1 � �1 − kτ�â2 �
������
2k

p
τb̂in2 �t�: (5)

Here, τ is a cavity round-trip time. It is convenient to sepa-
rate the field operators into the mean value and quantum fluc-
tuations in the form âi � αi � δâi in the steady-state
condition; thus we get the equation for the operator fluctua-
tions as

δâ1�t� τ� � −χτδâ†2 � �1 − kτ�δâ1 �
������
2k

p
τδb̂in1 �t�; (6)

δâ2�t� τ� � −χτδâ†1 � �1 − kτ�δâ2 �
������
2k

p
τδb̂in2 �t�: (7)

The Fourier transforms of Eqs. (6) and (7) are
δâ�t� τ� → δâ�ω�eiωτ, δâ�t� → δâ�ω�. So we obtain the equa-
tions in the frequency domain as

δâ1�ω��eiωτ − �1 − kτ�� � −χτδâ†2�ω� �
������
2k

p
τδb̂in1 �ω�; (8)

δâ2�ω��eiωτ − �1 − kτ�� � −χτδâ†1�ω� �
������
2k

p
τδb̂in2 �ω�: (9)

By the complex calculation for Eqs. (8) and (9), we can get
the operator fluctuations of intracavity fields as

δâ1�ω� �
������
2k

p
τδb̂in1 �ω��eiωτ − �1 − kτ�� −

������
2k

p
χτ2δb̂in†2 �ω�

�eiωτ − �1 − kτ��2 − χ2τ2
; (10)

δâ2�ω� �
������
2k

p
τδb̂in2 �ω��eiωτ − �1 − kτ�� −

������
2k

p
χτ2δb̂in†1 �ω�

�eiωτ − �1 − kτ���eiωτ − �1 − kτ�� − χ2τ2
: (11)

Then the operator fluctuations of the output fields
(δAout

1 �ω�, δAout
2 �ω�) can be obtained by using the boundary

condition [17]

Âout
1�2� �

������
2k

p
â1�2� − b̂in1�2�: (12)

We get

δÂout
1 �ω� �

��
k − 1−eiωτ

τ

��
k� 1−eiωτ

τ

�
� χ2

�
δb̂in1 �ω� − 2kχδb̂in†2 �ω�

�
k − 1−eiωτ

τ

�
2
− χ2

;

(13)

δÂout
2 �ω� �

��
k − 1−eiωτ

τ

��
k� 1−eiωτ

τ

�
� χ2

�
δb̂in2 �ω� − 2kχδb̂in†1 �ω�

�
k − 1−eiωτ

τ

�
2
− χ2

:

(14)

Using the definitions of the amplitude and phase quadrature
fluctuations (δX̂�, δX̂−) of the output and input beams,

δX̂�
1�2��ω� � δÂout

1�2��ω� � δÂout
1�2��−ω�†; (15)

δX̂−

1�2��ω� � i�δÂout
1�2��ω� − δÂout

1�2��−ω�†�; (16)

δX̂ in�
1�2��ω� � δb̂in1�2��ω� � δb̂in1�2��−ω�†; (17)

δX̂ in−
1�2��ω� � i�δb̂in1�2��ω� − δb̂in1�2��−ω�†�; (18)

we can obtain the amplitude and phase quadrature variances
of signal and idler beams by the formulas Vout�

1�2� �ω� �
hjδX̂�

1�2�j2i and V in�
1�2��ω� � hjδX̂ in�

1�2�j2i as

Vout�
1 �ω� �

������
k2 � χ2 −

�
1−eiωτ

τ

�
2

�
k − 1−eiωτ

τ

�
2
− χ2

������
2

V in�
1

�
�����

2kχ�
k − 1−eiωτ

τ

�
2
− χ2

�����
2

V in�
2 ; (19)

Vout�
2 �ω� �

��������
k2 � χ2 −

�
1−eiωτ

τ

�
2

�
k − 1−eiωτ

τ

�
2
− χ2

��������

2

V in�
2

�
�����

2kχ�
k − 1−eiωτ

τ

�
2
− χ2

�����
2

V in�
1 : (20)

The parameters are given as follows: V in�
1�2��ω� �

hjδX̂ in�
1�2�j2i � 1, the free spectral range (FSR) Ω is 10 GHz,

and the transmission rate of the output coupler is t � 5%
for signal and idler beams. Using these parameters, we get
all the figures in this paper. The combs about amplitude
and phase quadrature noise spectra of signal and idler modes
versus the analysis frequency are given in Fig. 2. As a con-
sequence, the “up” combs of signal and idler modes are
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Fig. 1. Multiplexed entanglement frequency-comb generation from a
NOPA. (a) Layout of quantum quadrature entanglement system.
(b) Detailed project of NOPA as an optical frequency-comb generator.
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produced at low Fourier frequencies, as expected, and also at
every subsequent resonance band of the NOPA.

Then we consider the correlation of amplitude and phase
quadrature variances (the sum of the amplitude quadrature
and the difference of the phase quadrature) for the two output
modes. By using Eqs. (15)–(18), we get

V�
1out�2out�ω� �

�������
�k − χ�2 −

�
1−eiωτ

τ

�
2

�
k − 1−eiωτ

τ

�
2
− χ2

�������

2

V in�
1

�
������
�k − χ�2 −

�
1−eiωτ

τ

�
2

�
k − 1−eiωτ

τ

�
2
− χ2

������
2

V in�
2 ; (21)

V−

1out−2out�ω� �

�������
�k − χ�2 −

�
1−eiωτ

τ

�
2

�
k − 1−eiωτ

τ

�
2
− χ2

�������

2

V in−
1

�
������
�k − χ�2 −

�
1−eiωτ

τ

�
2

�
k − 1−eiωτ

τ

�
2
− χ2

������
2

V in−
2 : (22)

The correlation variances of the sum of amplitude quadra-
tures and the difference of phase quadratures for the output
modes versus the analysis frequency are shown in Fig. 3. The
correlated frequency combs can be produced at every
resonance band of the NOPA cavity.

Fig. 2. Same amplitude and phase quadrature variances for the sig-
nal and idler modes, corresponding to the same comb. (a) Two sets of
“up” frequency combs above the short noise level. (b) Zoom for the
zeroth-order comb.

Fig. 3. Correlation spectra of amplitude and phase quadrature variances for the two output modes (signal and idler beams), which are below shot
noise level. (a) Amplitude quadrature sum V�

1out�2out�ω�. (b) Phase quadrature difference V−

1out−2out�ω�. (c), (d) Zooms of the zeroth-order correlation
for amplitude and phase quadrature variances.
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In addition, the technical noise of the seed beam is larger
than the quantum-noise limit inevitably when ω is low. But the
extra noise only reduces the correlation of the zeroth-order
comb [13].

3. MULTIPLEXED ENTANGLEMENT
The whole bandwidth of the comb is limited by the phase-
matching bandwidth of the NOPA. The optical cavity, which
is used to increase the strength of the nonlinear process, leads
to spectral filtering of the downconverted output. The spec-
trum is separated in frequency by the cavity FSR. The down-
conversion bandwidth in a bulk nonlinear material of length
Lcrystal can be estimated to be 10c∕Lcrystal (c is the speed of
light). The FSR of a cavity with length Lcavity is c∕2Lcavity

[18]. If we assume Lcavity � 15 mm, Lcrystal � 5 mm, the result
of N � 60 can be obtained. Sixty pairs of frequency can be
excited. We can assume the phase-matching bandwidth of
the crystal is much broader than the FSR.

The entanglement can be quantified according to the
inseparability criterion [19] V inseparability � Δ2X�

1�2�NΩ� ω��
Δ2X−

1−2�NΩ� ω� < 2, where Δ2X�
1�2�NΩ� ω� is the mini-

mum variance of the sum or difference for the quadratures
between the Nth-order resonance band of two combs. The in-
separability coefficients V inseparability versus ω and V inseparability

versus pump coefficient σ are given in Fig. 4. Here, χth is the
pump threshold and σ � χ∕χth. It is obvious that are smaller
than 2 in the range of 0.2 GHz and on a subthreshold condi-
tion. Additionally, the largest correlation degree can be ob-
tained at the resonance frequency and near threshold of
the NOPA. In a word, multiplexed entanglement indeed exists
between the signal and idler fields.

Figure 5 shows N EPR pairs can be produced from the mul-
tiplexed entanglement comb by using a polarization beam
splitter and 2N FDBSs. For example, a high-finesse mode clea-
ner [20] or an unbalanced Mach–Zehnder interferometer [21]

can be used to spatially separate the quantum sidebands of an
optical field.

4. CONCLUSION
In conclusion, we have theoretically investigated the new and
special properties of signal and idler beams generated by an
optic parametric process. A multiplexed entanglement fre-
quency comb can be generated from a NOPA. And we believe
that such an optical device and scheme might be used to pro-
vide a method for multiple degrees of freedom encoding,
multichannel quantum-key distribution, multimode parallel
quantum information processing, and multipartite optimal
clone states, and can also be helpful for quantum storage with
a comb field of an atom transition line. It will be very valuable
in quantum information.
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