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Squeezing-enhanced rotating-angle measurement beyond the quantum limit
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State Key Laboratory of Quantum Optics and Quantum Optics Devices, Institute of Opto-Electronics,
Collaborative Innovation Center of Extreme Optics, Shanxi University, Taiyuan, Shanxi 030006, China

(Received 11 October 2018; accepted 4 December 2018; published online 28 December 2018)

Aided by quantum sources, quantum metrology helps to enhance measurement precision. Here, we
introduce a method to enhance the measurement of a rotation angle. As a proof of principle,
assisted by a quantum state called the squeezed orbital-angular-position (OAP) state and balance
homodyne detection, we demonstrate in experiments 3 dB-enhanced measurements of a rotation-
angle beyond the shot noise limit. A precision of up to 17.7 nrad/+/Hz is obtained. Furthermore,
we discuss means to further improve the measurement with a high-order precision OAP squeezed
state. The method holds promise for future practical applications, such as in high-sensitive Sagnac
interferometry. © 2018 Author(s). All article content, except where otherwise noted, is licensed
under a Creative Commons Attribution (CC BY) license (http://creativecommons.orgl/licenses/by/

4.0/). https://doi.org/10.1063/1.5066028

Improving measurement precision is paramount in
developing science and technology. In the classical domain,
if N is the number of measurements, the precision of a mea-
surement is limited by the statistical scaling of errors of
order v/N, which corresponds to the standard quantum limit
or shot noise limit (SNL) in quantum theory. Quantum
metrology'~ is one field where new quantum technologies
may emerge and offer genuine quantum advantages aided by
nonclassical states. It could offer enhanced precision of mea-
surements beyond the SNL and even beat the ultimate preci-
sion the “Heisenberg limit,” or often referred to as the
“Heisenberg bound”, which scales as N

The orbital angular momentum (OAM) of light is asso-
ciated with the transverse spatial distribution of the optical
beam, described, for example, by the combination of
Laguerre-Gaussian (LG) modes.” It has attracted wide atten-
tion and covered many applications, including optical manip-
ulation and trapping,* super-resolution imaging,® high-
precision measurement,® optical spin-orbital coupling, and
the optical topological effect.” Because of the inherent
higher dimensional spaces associated with OAM states,
high-dimensional entanglement is achievable for quantum
information processing and building high-capacity quantum
communication networks.*® Moreover, based on the
“mechanical Faraday effect” for OAM states, rotation-angle
can be measured with high precision. Recently, DAmbrosio
et al.® realized ultra-sensitive angular measurements beyond
the SNL using the NOON state (N=2) with OAM, and
Magafia-Loaiza er al.'® realized angular-rotation measure-
ments employing weak measurements. However, it is experi-
mentally difficult to generate NOON states with a high
number of photons'' as these states are fragile in the pres-
ence of losses,' and the weak measurement proposal is
unable to go beyond the SNL.'? Squeezing is a true quantum
effect first observed 30 years ago in atomic vapour with the
optical four-wave mixing process.'” Squeezing has been
expanded to other mesoscopic systems, such as spins of
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atoms,14 and mechanical oscillators.'>'® The squeezed state
is viewed as a nice quantum state for metrology and more
practical for true applications in metrology, such as in the
advanced LIGO (Laser Interferometer Gravitation Wave
Observatory) detectors.'” Other attributes of the squeezing
state have also been studied and found to be promising for the
corresponding measurements of quantities in quantum
enhanced metrology,'>'® such as spin squeezing in magnetic
field measurements,' spatial squeezing for displacement mea-
surements,”” and temporal-mode squeezing in clock synchroni-
zation.”! Recently, optical squeezing levels have risen to
15.3dB,** which is more attractive and promises improve-
ments in measurement precision. To date, no report on angular
rotation measurements based on squeezing has been published.

In this letter, we report a method for the angular
rotation measurement based on squeezed light and bal-
anced homodyne detection (BHD). We first give the
commutation relation between the orbital angular posi-
tion (OAP) and OAM and also demonstrate the SNL
with classical light. Based on the commutation relation,
we define the associated squeezed state, referred to as
the squeezed “OAP” state, with which we can enhance
the precision of rotation measurements in the experi-
ment, by 3.00 = 0.03dB squeezing of the probe light to
detect small rotation. We demonstrate a precision
beyond the SNL and up to 17.7 nrad/v/Hz using an opti-
mal detection system based on BHD, which reaches the
Cramer-Rao bound limit.” The sub-shot noise rotation
measurement has potential applications in high-precision
sensing and monitoring of rotation vibrations,”® for
example, in combination with a rotational optomechanics
system>* to realize a high precision quantum gyroscope.

Generally, for a rotation-angle measurement system, the
probe field is a spatial multimode field, which in a quantum
mechanical description is written as follows:*

: ho & o ~ sin
Ef(r,1) = l”ZgocTZ Z ap(tuy} (r), (1)

=0 I=—o0

© Author(s) 2018.
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where o is the field frequency, T the integration time,
u;‘f( ) the transverse beam amplitude function of the sinu-
soidal LG modes (LG*™),%° p the radial mode index, and
[ the azimuthal mode index. The sinusoidal LG mode is an
alternative form of LG modes with a sinusoidal amplitude
dependence on the azimuthal angle [Fig. 1(a)]. The
sinusoidal LG modes with / = =1 and p=0 are also the
first-order Hermite-Gaussian (HG) modes. The correspond-
ing annihilation operators, d,; = X it iy p,l» can be written
in a linear approximation in the form a,; = (a,;) + da,,,
where (d,;) denotes the coherent amplitude and da,; corre-
sponds to the small quantum fluctuations.

If the probe beam has only a bright LGSf,‘; mode (I =n,
p=0), then (a@,,;) = VN (here, N is the number of photons

of the LGS;‘; mode) with all other modes giving
(Gpt044n) = 0, the probe field may be rewritten as
Et =i ho sm _|_Z Z Sa l sm
P 2¢eocT P
p=0 I=—00
2

When the probe beam is rotated by a small angle 0 about
its direction of propagation z(6 < 1) [Fig. 1(b)], the rotated
field E*(0) may be expanded in a Taylor series as follows:

22‘*’ VN[ (1) + ntg ()

+Z Z Sap (1usi (r). ?3)

p=0/=—00

E, (0) =

Equation (3) states that the rotation-angle of the LG§" mode
beam is transferred to the amplitude of the LG sin mode, and
the rotation-angle 6 can be extracted by measuring the
LGngn mode component of the field. Given the above equa-
tions, we introduce an OAP operator given by

0= X0, -, 4
n\/~07 ()

where 0 = (), Xo_, is the amplitude quadrature of the
LGgln -mode component of the field, and the fluctuation of
OAPis A) = \/—AXO e

(a) Sinusoidal Laguerre—Gauss modes(p=0)
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(c) High-order OAP squeezed state
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Moreover, in accordance with the definition of a
continuous-variable OAM state,27_29 O denoting the OAM
along the z axis is given by

0= |1|(a*LG+,aLG+, - &TLG*’&LG*’) =2VNYo_n,  (5)

where a LG is the [-order helical LG mode annihilation oper-
ator. The fluctuation of OAM is AO = Zn\/_ NYo _p.
Therefore, the OAM and OAP are conjugate observables and
satisfy the following commutation relation®**! [0,0] = i
and related uncertainty A0 % AO > 1. From the above equa-
tions, we find that when the probe beam is a coherent state
(AXO _n=1/2 and AYO _n=1/2), then it corresponds to
the SNL of both OAM and OAP, A0 SNL = 57 \/N and
AOSNL = 2nv/N. If the vacuum LG, sin , mode component in
the probe field is squeezed in amphtude or phase quadrature
(AXQ n<1/2 or AYO _n < 1/2), then the ﬂuctuatron of
OAP or OAM is below the SNL (AH < n_\/ﬁ or
AO < 2nVN N). This is analogous to the definition of the
quadrature-squeezed state. We define the probe beam, which
is a combination of a bright LGS‘,‘} mode coherent state and a
squeezed vacuum LG sin , mode state, as an n-order OAP- or
OAM-squeezed state [refer Fig. 1(c)]. In metrology, using a
OAP-squeezed state as the probe beam, we can obtain a pre-
cise measurement of a rotation-angle beyond the SNL,
AO = ﬁe ~", where r is the factor associated squeezing.

To achleve the best possible measurement precision cor-
responding to the Cramer-Rao bound limit, we take the BHD
method to demodulate the value of the angular displacement.
In the BHD system, we generally consider the local oscilla-
tor field not to be in a pure LG§™  mode but in a spatial mul-

timode field u;(r) (here, uL( ) D0 2o Lpuyt (r)
and ), I'2 = 1). The local oscillator ﬁeld is then written as

+ _ w / sm i
E _IV ZSOCT( Ny (r +Z Z 5ap1 ) o,

p=0 l=—x
(6)
where ¢; is the phase between the local oscillator field and
the probe beam. Then, the output signal of the BHD system
is given by

(b) A rotation of the transverse spatial
profile of the input light

FIG. 1. (a) Spatial intensity distribu-
tion of a sinusoidal Laguerre-Gaussian
mode for p=0. (b) A beam is rotated
by a small angle 0 about its direction
of propagation z and the rotation-angle
information is carried by its orthogonal

A
W

f;;ziz:]dta;:ail(l " o mode component. (c) Schematic for
890% o oo the generation of the OAP squeezed
o I :5‘ n-order OAP l QQ 00 — Q o + 0 (] state.
98/2BS,  squeezed beam %OQ OOQQ %OQQ
éoool LG"(0) = LG;"+nOx LG;™,
el
LG

Sinusoidal LG (I =-n) squeezed beam
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I Jdr(EZE,,(Q) - E;(H)EL)
= 2/NiN(To, + no-n0(Q)) cos ()

F2VNLD Y T,0X (). ()

p=0l=—00

The signal noise ratio (SNR), which equals the intensity
of the rotation signal [the term in Eq. (7) depending on 0]
divided by the detection noise [the last term in Eq. (7)], may
be deduced as follows:

SNR — nV/NTy_,0(Q) cos (o) 7 ®

> Y Q)

p=0Il=—00

where Q is the modulation frequency of the rotation signal.
When ¢, = mrn(m=0, 1, 2...), we obtain maximum
SNR corresponding to the measurement of the amplitude
quadrature. When the probe beam is a coherent state,
then 6X,%(Q)=1/2, and the SNR=2nVNTo_,0(Q).
When the probe beam is an OAP-squeezed state, then

0Xp1201(Q) =1/2 and Xy _,(Q) = e"/2. Hence, S/N

— 2T O i e Jocal field is a perfect LG sin mode,

1= Fo _a(l=e” 2)
the measurement precision attains its optimal theoretical
value. As for the impurity of the mode, detection loss modi-
fies SNR giving a final form

20V/NT g\ /l7e,0(Q)
\/1 — r‘é_n”dez(l - 672’.)

SNR = ®)

where 1., is the detection efficiency, which accounts for the
propagation loss and detector efficiency. When S/N =1, we
obtain the minimum precision of the measurement

\/1 - I_%,fnndef(l - 6721‘)

Oin =
" 2n\/]VF0’,,,, /N et

(10)

In the experiment, the photon number N(N = PAt/hiw) is
determined from both the optical power of the probe beam P and
the integration time of detection system A#(At ~ 1/RBW; here,
RBW is the resolution bandwidth of the spectrum analyzer).

Here, we demonstrate the proof of principle experiment
with a first-order OAP squeezed state. In the experimental
setup for the rotation-angle measurement (Fig. 2), a 2 uW
squeezed beam in the LGgm , mode at 1080 nm was generated
using an optical parametrlc amplifier (OPA). The squeezed
beam was coupled with a 100 uW bright coherent beam in the
LGSfrl‘ mode at a 98/2 beam splitter (the coupling efficiency
was 99.0 = 0.5%) to generate an OAP-squeezed beam [Fig.
2(a)].%? Next, the OAP-squeezed beam as the probe beam is
passed through a beam rotation device which simulates an
object rotating with rotational frequency Q [Fig. 2(b)]. The
probe light receives a small rotation about its propagation
direction. Finally, the probe light carrying the rotational

Appl. Phys. Lett. 113, 261103 (2018)

| @ (b) ©
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FIG. 2. Schematic of the setup to measure rotation-angles. (a) Generation of
the probe beam. (b) Probe beam passing through the rotation device. (c)
Rotated probe light is measured by the balance homodyne detection (BHD). (d)
Schematic of the rotation device. OPO: optical parametric oscillator; BS: beam
splitter; LO: local oscillator beam; PD: photodiode; SA: spectrum analyzer.

information of the rotation device is interrogated by the BHD
using a 4 mW local oscillator (LO) beam in the LG sin | mode
incident on a spectrum analyzer to read the measurement
results [Fig. 2(c)]. The beam rotation device is a rotated Dove
Prime. The rotation of the Dove Prism is achieved using a
PZT (Piezo-electric Transducer)-actuator based on the lever
principle with the center of the Dove Prism as fulcrum [Fig.
2(d)].

First, we analyzed the squeezing spectrum of the
LGg_i‘i (-mode squeezed state from 100kHz to 900kHz
(Fig. 3) showing squeezing to be 3.10 + 0.03 dB. Here, the
total detection efficiency is 0.74 = 0.04, where the transmit-
ting efficiency is 0.91 = 0.02, the measuring efficiency of the
photodiode (ETXS500) is 0.90 = 0.01, and the spatial overlap
efficiency between the squeezed beam and the local oscilla-
tor beam on the homodyne detector is 0.90 = 0.02. Hence,
the inferred squeezing in the LGSfEl mode is 5.12 = 0.68 dB.
We demonstrate the rotation-angle measurement of a rotat-
ing device revolving at a frequency of Q = 600kHz. The
measurements were recorded and displayed (Fig. 4) using a
spectrum analyser with a resolution bandwidth (RBW) of
300kHz and a video bandwidth (VBW) of 100Hz at ana-
lyzed frequencies from 400 to 800 kHz. Trace (i) shows the
shot-noise-level, which is measured by blocking the probe
light. In the experiment, the power of the LO is 4 mW, which
is much higher than the power of the probe light (100 uW),
guaranteeing that the SNL is accurate; Trace (ii) is achieved
when the probe light is coherent; in the experiment, only the

T T T T T T T

Shot Noise Limit

Trace (i)

Noise Power (dB)

LG sm squeezed state Trace (ii)
200 400 600 800
Frequency (kHz)

FIG. 3. Squeezing spectra of the LG”‘“ mode. Trace (i) quantum noise
limit; Trace (ii) the noise of the LG sin mode normalized to the quantum
noise limit. The spectrum shows a broadband squeezing level of
3.10 £ 0.03 dB relative to the shot-noise-level.
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FIG. 4. Results of rotation-angle measurements at a central frequency of
600kHz. RBW =300kHz and VBW =100Hz. Trace (i) shows the
shot-noise-level without angular modulation. Trace (ii) shows the shot-
noise-level of the rotation-angular measurements with the rotation
modulated at 600 kHz when an OAP probe beam (not squeezed) is used.
Trace (iii) shows the same signal obtained using OAP-squeezed light. The
signal is centered about the peak at 600 kHz corresponding to the modu-
lated frequency.

LG&iEl—mode squeezed light is blocked when measured.
Trace (iii) corresponds to the measurement result with the
probe light in the OAP-squeezed state. Traces (ii) and (iii)
are obtained when the phase of the LO is locked to ensure
that it is in phase with the probe light. From Fig. 4, we see a
distinct peak centered at a frequency of 600 kHz correspond-
ing to the frequency of the measured rotation signal. With
the probe light in the OAP-squeezed state, the measurement
noise is below the SNL 3.00 = 0.03 dB, which is a slightly
lower than the squeezing of the LG | -mode mainly because
of losses at the 98/2 beam splitter [Fig. 2(a)].

We also give the measurement of the rotational signal,
the amplitude of which slowly increased over time, at
600 kHz with a resolution bandwidth (RBW) of 68 kHz and a
video bandwidth (VBW) of 68 Hz. As seen in Fig. 5(a),
Trace (ii) corresponds to the measurement performed with a
coherent beam and represents the optimal precision that can
be achieved with classical light. With no modulation signal,
it corresponds to the SNL for background noise with a coher-
ent beam. Trace (iii) corresponds to the measurement per-
formed with an OAP-squeezed beam. With no modulation
signal, it corresponds to the level of squeezing of the state
and represents the background noise of the squeezed beam.
Figure 5(b) shows the SNR obtained by processing the data
from (a) to normalize the respective noise levels for the
coherent beam [Trace (v)] and squeezed beam [Trace (iv)].
The horizontal axis corresponds to the rotation-angle which
determines the theoretical value based on Eq. (9). In ramping
the rotation-angle, the SNR obtained using the squeezed
beam increases more rapidly than for the coherent beam. For
a given SNR, the squeezed measurement yields a smaller
rotation-angle than does the coherent case. A SNR equalling
one (solid black line) corresponds to the best precision in
measurement with a 68% confidence level. In our experi-
ment, we have a power of 100 uW, a detection efficiency of
0.74, RBW = 68 kHz, and VBW = 68 Hz; the best precision

in measurements with a coherent beam yield a Gﬁn‘;z of 6.50

Appl. Phys. Lett. 113, 261103 (2018)
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FIG. 5. Rotation angle measurement. (a) Measurement of the rotation signal
ramped in time at 600 kHz. RBW = 68kHz and VBW = 68 Hz, with (i)
coherent and (ii) squeezed beams; (b) Data taken from (a) and processed to
show the signal-to-noise ratio versus increasing rotation-angle. Traces (iv)
and (v) show the signal-to-noise ratio for the coherent and squeezing states,
respectively.

urad, whereas for the squeezed beam it is 0,%. = 4.60 urad,
which corresponds to sensitivity values of 24.9 nrad/v/Hz
and 17.7nrad/ VHz. Thus, an improvement by a factor of
1.4 has been achieved over the quantum noise limited coher-
ent state.

In conclusion, as a proof-of-principle experiment, we
have demonstrated a new method to measure rotation-angle
using an OAP-squeezed state that gives a precision beyond
the SNL. Our proposal employs the BHD system and
exploits its high measurement efficiency over a photon num-
ber counter. Moreover, weak signals may be measured using
a sufficiently intense local oscillator. Furthermore, as a probe
beam, we take squeezed light, which has the advantage that
the squeezed mode is more robust that the NOON state and
more practical in regard to future applications. Whether
using lower frequency squeezing or the heterodyne detection
technique, the method could garner a broader range of appli-
cations. Moreover, if we apply advanced techniques to
obtain better squeezing, for example, above 10dB, and use
high-order OAP-squeezing states, it will be promising in
improving vastly the sensitivity of the Sagnac interferome-
ter>>*3* and detection accuracy in rotational motion of
nano-materials and atoms and hence to deepen our under-
standing of light-matter interactions'®***>*¢ and build a
high precision quantum gyroscope. Furthermore, the pro-
posal is promising to extension to the hyper-squeezed state
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with more than one degree of freedom to realize quantum
metrology to estimate simultaneously more than one physi-
cal parameter.
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