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Abstract

The anticorrelation between quantum fluctuations of two orthogonal-polarization modes resulting from the strain-

induced birefringence in laser medium of laser diode is calculated and analyzed based on considering the common

carrier population coupling and gain fluctuation correlation between the two modes. The numerical calculation results

can account for the polarization dependence of LD intensity noise phenomenally and present us an image of the an-

ticorrelation behavior in the LD at low temperature. � 2002 Published by Elsevier Science B.V.

PACS: 42.50.Dv

1. Introduction

As well known, laser diodes (LDs) operating at cryogenic temperature have favorite features such as
lower threshold, higher quantum efficiency and lower quantum noise [1–4]. The photon-number squeezed
light with the photon-number fluctuation below the Shot-Noise-Limit (SNL) has been generated from
various LD systems by means of line narrowing techniques [4–6] and has been applied on measurements
with precision beyond the SNL [7–10]. While the experimental measurements for amplitude fluctuation
spectra from the nonclassical output of an injection-locked low-temperature quantum-well laser revealed
polarization-dependence of the photon-number statistics of the output laser field [11–13], a thorough un-
derstanding of the noise behavior in such lasers has great importance in fields from optical communication
to high-sensitivity spectroscopy. The observed polarization-dependent noise were accounted qualitatively in
[12] for polarization mixed by strain-induced birefringent components and correlated fluctuations of the
two orthogonal-polarization lasing modes in the laser gain medium, the latter stems from mode compe-
tition that is due to the homogeneous part of the gain spectrum [14–20]. A detailed theoretical calculation
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on the anticorrelation between the two polarization modes has been presented in our paper. Since the two
modes lase at the same frequency, unlike the case in a VCSEL [16–20], the correlations are between field
amplitudes, whose physical origin are related to the correlation of the gain fluctuations of them.
In this paper, the quantum anticorrelation between parallel and perpendicularly polarized modes relative

to strain-induced birefringent axis formed inside the laser cavity in a cryostat is calculated with the operator
Langevin equations that is similar to the method employed in the successful discussions to the quantum
correlation between longitudinal-mode intensities in a multimode LD laser [14]. Tracing back to the
physical origin of linear-polarization operation, the intracavity losses of the laser mode parallel polarized to
the emitting junction (TE mode) of LD are far lower than that of the mode perpendicularly polarized to the
junction (TM mode), so that the output of the TM mode tends to zero due to the mode-competition effect
of cavity and we assume reasonably that a line-narrowed LD emits single-mode laser of pure linear po-
larization along the laser emitting junction in the cavity at room temperature. At low temperature the laser
medium of LD presents anisotropic feature owing to the strain-induced birefringence. Thus the output light
of laser is elliptically polarized, h represents the orientation of the ellipse relative to the emitting junction.
When h becomes larger, the projection of the elliptical polarized light onto the laser emitting junction will
reduce, and meanwhile the projection onto the perpendicular axis of the junction will increase. In this case,
it seems that the decay rate of the mode parallel to the laser junction becomes larger, and the decay rate of
the other mode being perpendicular to the laser junction becomes smaller. So we suppose in our calculation
that the ratio of decay rate of the light with different polarization orientation in laser cavity gradually
increases when the angle of the polarization h relative to the emitting junction becomes larger. In our
theoretical model the laser medium is processed as an uniaxial-like material in which only two orthogonal-
polarization modes with same frequency are permitted, one is parallel to the birefringent axis (M1 mode)
and the other one is perpendicular (M2 mode). Usually the strain-induced birefringence is weak, thus the
angle h between the birefringent axis and laser emitting junction is far smaller than 45�, the decay rate ofM1

mode is much smaller than that of M2 mode. The stronger the birefringence, the larger the angle h. Without
birefringence ðh ¼ 0Þ, pure linear-polarized laser (TE mode) is transmitted. With birefringence ðh 6¼ 0Þ,
since M1 and M2 modes are coupled to a common carrier population, there are anticorrelated quantum
fluctuations between them which are similar to the analysis in [14–20]; At the same time, M1 and M2 modes
simultaneously resonate with same frequency and different transmitting velocities in the laser medium, the
stimulated-emission-gain fluctuation operators of M1 and M2 modes are quantum anticorrelated and the
total output field becomes ellipticaly polarized.
With 1=sp1 and 1=sp2 standing for the intracavity decay rate of M1 and M2 modes, respectively, the

parameter k ¼ sp2=sp1 is evaluated from 0 to 1 when the angle h varies from 0 to 45� relative to dif-
ferent birefringence. We numerically calculated the correlation factor between M1 and M2 mode, the
amplitude noise spectral densities of the output M1, M2 modes and the composed mode of M1 and M2

noise spectra. Based on the published experimental data [12], the calculated anticorrelation resulting
from birefringent laser medium is equal to �0.54 at 40 MHz, which is less than the value of �0.7
measured by the experiment in [12]. In the experiment, a collimating lens is also placed in the cryostat
and the strain-induced birefringence of the lens at low-temperature generates behavior that is quali-
tatively similar to anticorrelated photon-number fluctuation [12]. If the anticorrelation resulting from
the external optical element is appropriately considered the total correlation should be closer to the
experimental measurement.

2. Amplitude fluctuating spectral densities and quantum anticorrelation of intracavity modes and output fields

When there is a strain-induced birefringence in the laser medium at low temperature, two orthogonal-
polarized modes parallel and perpendicular to the birefringent axis M1 and M2 simultaneously resonate in
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the cavity and the quantum fluctuation of photon numbers of the two modes are anticorrelated due to the
common carrier population coupling [14]. To simplify analysis, we assume:
(a) there are only two modes M1 and M2 in the resonator;
(b) the output coupling losses of the two modes are equal;
(c) carrier population inversion is ideal;
(d) the pumping noise is completely suppressed.

The Quantum-mechanic Langevin equations for the photon-number operators bnn1 and bnn2 of the two modes
M1 and M2, and the carrier population operator ~NNc can be given as follows:

dðbnn1 þ bnn2Þ
dt

¼ � 1

s1
bnn1 � 1

s2
bnn2 þ ~AAðtÞðbnn1 þ bnn2 þ 1Þ þ ~GG1ðtÞ þ ~GG2ðtÞ þ bgg1ðtÞ þ bgg2ðtÞ þ bff1ðtÞ þ bff2ðtÞ; ð2:1Þ

d ~NNc
dt

¼ p �
~NNc
ssp

� ~AAðtÞðbnn1 þ bnn2 þ 1Þ þ ~CCpðtÞ þ ~CCspðtÞ þ ~CCðtÞ; ð2:2Þ

where the subscript ‘1’ stands for M1 mode, the subscript ‘2’ for M2 mode, 1=si ði ¼ 1; 2Þ represents the
photon-number decay rate of the modes, which is the sum of the internal loss 1=spi and the output coupling
loss 1=spe,

1

si
¼ 1

spi
þ 1

spe
: ð2:3Þ

~AAðtÞ denotes the spontaneous-emission rate,

~AAðtÞ ¼ b ~NNc
ssp

; ð2:4Þ

where b and ssp are the spontaneous-emission coefficient and the spontaneous-emission lifetime of the
carriers in the laser medium.
Under the condition of ideal carrier population inversion, the stimulated absorption rate ~EEvc can be

neglected, and from Einstein’s relationship, we get

~AAðtÞ ¼ ~EEcv: ð2:5Þ
~EEcv is the stimulated-emission rate of the electrons. The noise operators ~GGiðtÞ, bggiðtÞ and bffiðtÞ are asso-

ciated with the random processes of stimulated-emission gain, internal loss and output coupling loss. The
correlation fluctuations of these noise operators are [14]

h ~GGiðtÞ ~GGiðuÞi ¼ dðt � uÞhbEEcvihbnnii; ð2:6Þ

hbggiðtÞbggiðuÞi ¼ dðt � uÞ 1
spi

hbnnii; ð2:7Þ

hbffiðtÞbffiðuÞi ¼ dðt � uÞ 1
spe

hbnnii: ð2:8Þ

In Eq. (2.2), p is the pumping rate, ~CCpðtÞ, ~CCspðtÞ and ~CCðtÞ stand for the pumping noise, the spontaneous-
emission noise and the stimulated-emission noise, respectively. The correlation functions of these noise
operators are [14]

h~CCpðtÞ~CCpðuÞi ¼ 0; ð2:9Þ

h~CCspðtÞ~CCspðuÞi ¼ dðt � uÞ h
~NNci
ssp

; ð2:10Þ
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h~CCðtÞ~CCðtÞi ¼ dðt � uÞhbEEcviðhbnn1i þ hbnn2iÞ: ð2:11Þ
Since the two operators ~GGiðtÞ and ~CCðtÞ come from the same origin (the stimulated-emission processes),

they have the correlation

h ~GGiðtÞ~CCðtÞi ¼ �dðt � uÞhbEEcvihbnnii: ð2:12Þ

2.1. Amplitude fluctuating spectral densities of intracavity M1 and M2 modes

As the laser oscillates above the threshold, the quasilinearization procedure is available:

~NNcðtÞ ¼ h ~NNci þ D ~NNcðtÞ ¼ Nc0 þ D ~NNcðtÞ; ð2:13Þ

bnniðtÞ ¼ hbnnii þ Dbnni ¼ a2i0 þ 2ai0DbaaiðtÞ; ð2:14Þ

~AAðtÞ ¼ h ~AAi þ dh
~AAi

dNc0
D ~NNcðtÞ ¼

bNc0
ssp

þ b
ssp

D ~NNcðtÞ; ð2:15Þ

where a2i0 and DbaaiðtÞ are the average amplitude and the amplitude fluctuation operator, Nc0 is the mean
carrier population and D ~NNcðtÞ is the fluctuation operator of the carrier population.
According to the quasilinear treatment, we get the equations for the fluctuating operators:

dDbaa1
dt

¼ A11Dbaa1 þ A21D ~NNc þ
1

2a10
ð ~GG1ðtÞ þ bgg1ðtÞ þ bff1ðtÞÞ; ð2:16Þ

dDbaa2
dt

¼ A12Dbaa2 þ A22D ~NNc þ
1

2a20
ð ~GG2ðtÞ þ bgg2ðtÞ þ bff2ðtÞÞ; ð2:17Þ

dD ~NNc
dt

¼ A3D ~NNc þ A4Dbaa1 þ A5Dbaa2 þ ~CCpðtÞ þ ~CCspðtÞ þ ~CCðtÞ: ð2:18Þ

Performing the Fourier transformation to Eqs. (2.16)–(2.18) under the limit of the analyzing frequency
X ! 0, we obtain the expression for the amplitude fluctuation operator Dbaaið0Þ of M1 and M2 modes

Dbaa1ð0Þ ¼ R
 fA12A21 ~FF ð0Þ � ðA3A12 � A5A22Þ bHHr1ð0Þ � A5A21 bHHr2ð0Þg; ð2:19Þ

Dbaa2ð0Þ ¼ R
 fA11A22 ~FF ð0Þ � ðA3A11 � A4A21Þ bHHr1ð0Þ � A4A22 bHHr2ð0Þg; ð2:20Þ

where

A11 ¼
bNc0
ssp

� 1

s1
; A12 ¼

bNc0
ssp

� 1

s2
; A21 ¼

ba10
2ssp

; A22 ¼
ba20
2ssp

;

A3 ¼ � 1

ssp

�
þ ba210

ssp
þ ba220

ssp

�
; A4 ¼ �2a10 


bNc0
ssp

; A5 ¼ �2a20 

bNc0
ssp

;

R ¼ ðA3A11A12 � A4A12A21 � A5A11A22Þ�1;

bHHrið0Þ ¼
1

2a10
ð ~GGið0Þ þ bggið0Þ þ bffið0ÞÞ; ~FF ð0Þ ¼ bCCpð0Þ þ bCCspð0Þ þ bCCð0Þ:
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2.2. Amplitude fluctuating spectral densities of the output fields

The amplitude fluctuating operator DbrriðtÞ of the output laser mode is composed of the internal field
fluctuation and the injected external zero-point fluctuation

DbrriðtÞ ¼ 1

spe

� �1=2

DbaaiðtÞ � beeiðtÞ: ð2:21Þ

The correlation function of the external zero-point fluctuation operator beeiðtÞ is expressed as
hbeeiðtÞbeeiðuÞi ¼ dðt � uÞ1

2
: ð2:22Þ

Since the fluctuating operator bffiðtÞ denotes the contribution of the zero-point fluctuation beeiðtÞ injected
from the output coupler, the correlation between beeiðtÞ and bffiðtÞ is

hbeeiðtÞbffiðtÞi ¼ dðt � uÞ ai0
2

ffiffiffiffiffiffi
spe

p : ð2:23Þ

Because of the birefringence in the laser medium at low temperature, M1 and M2 modes simultaneously
resonate and lase at the same frequency, the stimulated-emission-gain fluctuation operators of M1 and M2

modes ~GG1ðtÞ, ~GG2ðtÞ come from the same origin and correlate each other

h ~GG1ðtÞ ~GG2ðuÞi ¼ �dðt � uÞhbEEcvi ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hbnn1ihbnn2ip

¼ �dðt � uÞ bNc0
ssp

a10a20: ð2:24Þ

Substituting (2.19) and (2.20) into the Fourier transformation of (2.21), we obtain the expressions for the
fluctuating spectral densities of the output components of M1, M2 modes, and cross-correlation between M1

and M2 at X ! 0.

P
Dbrr1ð0Þ ¼ 1

2
þ 2ðA3A12 � A5A22ÞD1 þ A212A

2
21D2 þ ðA3A12 � A5A22Þ2D4 � A5A12A221D5

� ðA3A212A21 � A5A12A21A22ÞD3 þ ðA3A5A21A12 � A25A22A21ÞD6 þ A25A
2
21D7; ð2:25Þ

P
Dbrr2ð0Þ ¼ 1

2
þ 2ðA3A11 � A4A21ÞD1 þ A211A

2
21D2 � A4A11A222D3 þ A24A

2
22D4

� ðA3A211A22 � A4A11A21A22ÞD5 þ ðA3A4A11A21 � A24A22A21ÞD6 þ ðA3A11 � A4A21Þ2D7; ð2:26Þ

hDbrr1ð0ÞDbrr2ð0Þi ¼ ðA4A22 þ A5A21ÞD1 þ A11A12A21A22D2

� 1
2
ðA3A11A12A22 þ A4A12A21A22 � A5A11A222ÞD3

� ðA3A11A12A21 � A4A12A221 þ A5A11A21A22ÞD5

þ 1
2
ðA23A11A12 � A3A4A12A21 � A3A5A11A22 þ 2A4A5A21A22ÞD6

þ ðA3A4A12A22 � A4A5A222ÞD4 þ ðA3A5A11A21 � A4A5A221ÞD7: ð2:27Þ

Then at a certain analyzing frequency X, the fluctuating spectral densities of the output components of
M1, M2 modes, and the total field, and cross-correlation between M1 and M2 can be written as

P
Dbrr1ðXÞ ¼

P
Dbrr1ð0Þ

1þ X
A11

� �2 þ X2

A211 þ X2

 1
2
; ð2:28Þ

P
Dbrr2ðXÞ ¼

P
Dbrr1ð0Þ

1þ X
A12

� �2 þ X2

A212 þ X2

 1
2
; ð2:29Þ
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hDbrr1ðXÞDbrr2ðXÞi ¼ A11A12ðA11A12 þ X2Þ
ðA11A12 þ X2Þ2 þ X2ðA11 � A12Þ2

hDbrr1ð0ÞDbrr2ð0Þi; ð2:30Þ

C1ðXÞ ¼

A11A12ðA11A12 þ X2Þ
ðA11A12 þ X2Þ2 þ X2ðA11 � A12Þ2

hDbrr1ð0ÞDbrr2ð0Þiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P

Dbrr1ð0Þ
1þ X

A11

� �2 þ X2

A211 þ X2

 1
2

0
B@

1
CA P

Dbrr1ð0Þ
1þ X

A12

� �2 þ X2

A212 þ X2

 1
2

0
B@

1
CA

vuuuut
; ð2:31Þ

P
Dbrr1ðXÞ ¼ P

Dbrr1ðXÞn10
�

þ P
Dbrr2ðXÞn20 þ 2hDbrr1ðXÞDbrr2ðXÞi ffiffiffiffiffiffiffiffiffiffiffiffi

n10n20
p �.

ðn10 þ n20Þ; ð2:32Þ

where

D1 ¼ R
 1

4spe
; D2 ¼ R2 


p � bNc0
ssp

� �
spe

; D3 ¼ R2 

� a10

bNc0
ssp

� �
spe

; D4 ¼ R2 

1
s1
þ bNc0

ssp

� �
4spe

;

D5 ¼ R2 

� a20

bNc0
ssp

� �
spe

; D6 ¼ �R2 

bNc0
ssp

2spe
; D7 ¼ R2 


1
s2
þ bNc0

ssp

� �
4spe

:

3. Numerical results analysis

In the calculation of anticorrelation produced by the birefringence of laser diode, if neglecting the
fluctuating terms in a Langevin equations (2.1) and (2.2), we get the steady-state equations. The mean
carrier population Nc0 and the mean photon numbers n10 and n20 of M1 and M2 modes satisfy the following
equations:

bNc0
ssp

�
� 1

s1

�
n10 þ

bNc0
ssp

�
� 1

s2

�
n20 ¼

bNc0
ssp

; ð3:1Þ

bNc0
ssp

ðn10 þ n20 þ 1Þ þ
Nc0
ssp

¼ p; ð3:2Þ

n10 þ n20 ¼ R=b; ð3:3Þ

where R is the normalized pumping rate, R ¼ ðp=pthÞ � 1, pth is the pumping threshold. Solving the steady-
state equations (3.1)–(3.3), the analytic expressions for Nc0, n10 and n20 were obtained. We numerically
analyze the fluctuating spectral densities of the output M1, M2 modes and the total field, and the cross-
correlation between M1 and M2 mode at X ¼ 40 MHz as the functions of the parameter k ¼ sp2=sp1. From
Fig. 2 in [12], the amplitude fluctuations of the output elliptically polarized components along the long and
short axes of the ellipse at 40 MHz are �1 and 12.4 dB, respectively, and the intensity ratio between them
measured by the experiment is 170:1, while the amplitude fluctuation of the total output field at 40 MHz
is �2.6 dB. Taking R ¼ 20, pth ¼ 1:6
 1016, ssp ¼ 3
 10�9 s, b ¼ 1
 10�4, spe ¼ 1:11
 10�12 s,
sp1 ¼ 1:434
 10�12 s, the best matching between the calculation and the experiment is reached. Substituting
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these values into Eqs. (2.28)–(2.32), the function curves of the cross-correlation spectral densities and the
fluctuating spectral densities of the output fields from the laser diode versus k from 0 to 1 were obtained
(Figs. 1 and 2). We see from Fig. 2 that when k ¼ 0:526, the amplitude fluctuation of the total output field is
�2.66 dB, the amplitude fluctuations of the output M1 and M2 modes are �1.53 and 12.42 dB, respectively.
In the calculation the intensity ratio of M1 mode to M2 mode is taken as 323:1 since in fact the birefringence
in the collimating lens at low temperature will reduce the ratio at some extent, therefore the ratio induced
by the birefringence of the laser medium should be larger than the measured value 170:1 outside the
cryostat. The cross-correlation betweenM1 andM2 mode at k ¼ 0:526 is C1 ¼ �0:54 as shown in Fig. 1. It is
smaller than the experimental value )0.7 measured outside the cryostat, that is because the birefringent
effect of the collimating lens in not considered.
In contrast with the anticorrelation effects between the amplitude fluctuations of M1 and M2 modes, the

anticorrelation effects between the intensity fluctuations of two modes [14–20] are also analyzed. In Fig. 1
the solid line is the calculated correlation in the former condition, and the dashed line is the calculated result
of the latter. We can see that if the correlation of the stimulated-emission-gain fluctuation operators of M1

and M2 modes (Eq. (2.24)) is not taken into account in the calculation, only the anticorrelation of the
intensity fluctuations is involved [12,13], the calculated correlation with the same parameters is �0.14 in-
stead of �0.54, which cannot explain the experimental results [12].

Fig. 1. The cross-correlation spectral densities between the two output fields of M1 and M2 modes from the LD at X 40 MHz as a

function of the relative decay rate parameter k. The dashed line is the calculated correlation in which the stimulated-emission-gain

fluctuation is not included and the solid line is the calculated result in which both anticorrelations resulting from the photon-number

fluctuation and the stimulated-emission-gain fluctuation are calculated.

Fig. 2. The amplitude fluctuating spectral densities of the output fields from the LD at X ¼ 40 MHz as a function of k. The dotted line

corresponds to that of M1 mode, the dashed line to M2 mode, and the solid line to the total light field.
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4. Conclusion

We present a detailed theoretical analysis for the quantum anticorrelation between the two orthogonal-
polarized modes in the laser medium of LD with the strain-induced birefringence at low temperature. The
anticorrelation partially explains the experiment results that the intensity noise increases after the output
light from LD in a cryostat passes through a polarizer [11–13]. If the influence of the external optical el-
ement at low temperature, such as the collimating lens, is taken into account, the totally calculated anti-
correlation should be responsible for the experimental observation. We consider that the physical
mechanisms of the anticorrelation resulting from laser medium and the external optics are totally different,
the former is due to the real quantum processes of the common carrier coupling and gain fluctuation
correlation, but the latter is only due to the polarization mixing to generate the behavior similar to the
correlated photon-number fluctuation, in which there is no any quantum effect. The paper can provide
us with a further understanding of the anticorrelation effects between the two modes with orthogonal
polarizations on the noise of the semicondutor lasers at low temperature.
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