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Abstract

The quantum teleportation of fock states is formulated through the state evolution by means of the general theory of

quantum-mechanical measurement in the coherent state basis. The criterion for evaluating the quantum teleportation of

fock states is established, which is different from that of teleportation of coherent states. � 2002 Elsevier Science B.V.

All rights reserved.

PACS: 03.67.HK.; 42.50.Dv.

1. Introduction

Quantum teleportation is a method via which
quantum information encoded in a quantum state
can be passed through a classical channel and
successfully retrieved at a distant location. It rep-
resents the basic building block of future quantum
communication networks between parties and has
attracted considerable interest in quantum infor-
mation theory.

Quantum teleportation was originally proposed
for the teleportation of single particles [1], the ex-
perimental realizations with photons have been
made for demonstration the teleportation of dis-
crete single photon polarization states [2,3]. Later,
both the theory and the experiment show that it

can be extended for teleportation of coherent
states of continuous electromagnetic fields [4–6].
The next challenge is the teleportation of truly
non-classical states [7], the first introduction of
teleportation of non-classical states is the entan-
glement swapping in the discrete-variable systems
[8–12], it has also been investigated for the un-
conditional teleportation of continuous variable
entanglement [13–15], where both the Einstein–
Podolsky–Rosen (EPR) pairs and the teleported
input non-classical state are provided by the two-
mode squeezed vacuum states.

It is well known that the capacity of a photon
channel can be improved in the transmission of
quantum information by the use of non-classical
states [16]. Therefore, the transfer of non-classical
states is of interest [17]. Fock state as a perfect
amplitude-squeezed state provides the maximum
channel capacity in optical communication [18].
Thus the teleportation of fock states may be
preferable for improving the information capacity
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in quantum information science. In [16], the tele-
portation of a one photon fock state was theoret-
ically analyzed, and the properties of the output
state was thoroughly investigated.

In the real teleportation scheme for continuous
variable teleportation, the entanglements of the
EPR resource are always imperfect since it would
require infinite energy. The criteria for evaluating
the efficiency of teleportation of quantum states of
light fields are therefore presented in various
methods [5,19–21]. Some types of teleportation
devices have been investigated for improvement of
the degree of EPR entanglement and the fidelity of
the teleported state [22–25].

In this paper, the criterion for characterizing a
threshold for the appearance of non-classical ef-
fects in any number fock state teleportation pro-
cess is formulated by fidelity. For the experiment
simplicity, the teleportation process we consider
here is similar to that described by Braunstein and
Kimble [5] The EPR resource we used is the two-
mode squeezed vacuum state, the Bell detection is
performed by the joint measurement of quadrature
amplitudes on input mode and one half of EPR
beams after a 50:50 beamsplitter. In Section 2 the
teleportation of any quantum state is analyzed
using the general theory of quantum-mechanic
measurement. The criterion for teleportation of
fock states is established in Section 3. The most
interesting result is that the fidelity for evaluating
the efficiency of the teleportation of fock state is
very different from that of coherent state telepor-
tation.

2. The state evolution for teleportation of quantum

states

The first step of teleportation is preparation of
EPR quantum entangled pairs. In the continuous
variable teleportation scheme, the EPR entangled
state is a two-mode squeezed vacuum state, the
density matrix of the squeezed state can be ex-
panded with the fock state basis under the limit of
infinite photon-numbers,

q1;2 ¼ ð1� k2Þ
X1
n

X1
n0

ð�kÞnþn0 jn; ni1;2hn0; n0j; ð1Þ

where the indices 1, 2 denote the two modes of the
squeezed state, k ¼ tanh r ð0 < k < 1Þ is a param-
eter quantifying the strength of squeezing. In the
limit r ! 1, i.e., k ! 1, the squeezed vacuum
state is maximally squeezed, in this case the two-
mode squeezed state is the analog of ideal EPR
pairs with entanglements between quadrature
phase amplitudes. For finite squeezing ðk < 1Þ, it
shows the non-classical correlations properties of
non-ideal EPR pairs. k ¼ 0 means no entangle-
ment for the two-mode squeezed state.

For the input quantum states, the density op-
erator of the unknown input quantum state jWiin
takes the form:

q̂qin ¼ jWiinhWj: ð2Þ
The statistical density operator of the initial

state combining the input unknown state with the
EPR pairs is:

q̂q0 ¼ q̂qin � q̂q1;2: ð3Þ

Now we consider the second step of teleporta-
tion. First the input state is combined with a half
of EPR pairs at the 50:50 beamsplitter, then the
outputs are measured by the homodyne detections.

As well known, the lossless 50:50 beamsplitter
combining the input and a half of EPR pairs is
described by the unitary operator ÛU [26],

ÛU ¼ eðp=4Þ âain âa
þ
1
�âa1âa

þ
inð Þ; ð4Þ

for simplicity, we have ignored the phase-shifts
introduced by the beamsplitter in Eq. (4) which
shows that a lossless beamsplitter is characterized
by the generators of the SU(2) Lie group.

In the Schr€oodinger picture, the density matrix of
the output state of the beamsplitter is obtained
through the unitary transformation of the density
matrix q̂q0 of the initial state [27,28]

q̂qBS ¼ ÛUþq̂q0ÛU : ð5Þ
Using the decomposition formula of the SU(2)

Lie algebra [29],

ÛUþ ¼ eâa
þ
in
âa1ð

ffiffiffi
2

p
Þâa

þ
in
âain�âaþ

1
âa1 e�âain âa

þ
1 ; ð6Þ

and substituting Eqs. (1)–(3) and (6) into Eq. (5),
the density matrix of the output state of the
beamsplitter takes the form in the coherent state
basis:
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q̂qBS ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� k2

p
p3

Z Z Z
d2ad2bd2ce�

1
2
jaj2 e�

3
4
jbj2

� e�
1
2
jcj2 e�cb� ea�b=

ffiffi
2

p
e
ffiffi
2

p
a�c e�kb�a2hcjWiinjaiin

� jb=
ffiffiffi
2

p
i1j0i2 � h:c; ð7Þ

where we have used the following relations:

ð
ffiffiffi
2

p
Þ�âaþ

1
âa1 jbi1 ¼ e�

1
4
jbj2 jb=

ffiffiffi
2

p
i1;

ð
ffiffiffi
2

p
Þâa

þ
in
âain jciin ¼ e

1
2
jcj2 j

ffiffiffi
2

p
ciin;

ð8Þ

jni2 ¼
ðâaþ2 Þ

nffiffiffiffi
n!

p j0i2; ð9Þ

X1
n

ð�kb�âaþ2 Þ
n

n!
¼ e�kb� âaþ

2 ; ð10Þ

hbjni1 ¼ e�
1
2
jbj2 ðb�Þnffiffiffiffi

n!
p : ð11Þ

For the Bell-operators measurement, the in-
phase quadrature X̂X of one output beam of the
beamsplitter and the out-of-phase quadrature bYY of
the other one are simultaneously measured with
two homodyne detection systems. In the
Schr€oodinger picture the measured outcomes are
corresponding to the operators:

X̂X ¼ âain
�

þ âaþin
�
=2;

bYY ¼ �i âa1
�

� âaþ1
�
=2:

ð12Þ

According to the general theory of quantum-
mechanical measurement, the quantum measure-
ment is mathematically described by a positive
operator-valued measure (POVM) including a
projection operator [30]. The positive operator-
valued continuous measurement of two quadra-
ture phases of X and Y are given by:

PinðX Þ ¼ jX iinhX j;
P1ðY Þ ¼ jY i1hY j:

ð13Þ

The states jX iin and jY i1 are the eigenstates of the
quadrature components satisfying the complete-
ness relations:

R1
�1 jX iinhX jdX ¼ ÎI ,

R1
�1 jY i1hY j

dY ¼ ÎI . When the values are measured, the other
half of EPR pairs collapses into a conditional
state. The normalized density matrix of the con-
ditional output state is expressed by:

q̂q2ðX ; Y Þ ¼
Trin;1 q̂qBSPinðX ÞP1ðY Þ

n o
P ðX ; Y Þ ; ð14Þ

where Trin;1 stand for the trace operations with
respect to the input state and half of EPR pairs.
PðX ; Y Þ is the probability distribution of the
measured results:

PðX ; Y Þ ¼ Tr2 Trin;1 q̂qBSPinðX ÞP1ðY Þ
n o

; ð15Þ

where Tr2 stands for the trace operations with
respect to the other half of EPR pairs.

To calculate the conditional output state of
the other half of EPR pairs, we use the ex-
pressions of the coherent state in the momen-
tum and position basis to give the wave
function of the quadrature components of the
coherent state:

hX jaiin ¼
2

p

� �1=4

� exp


� X 2 þ 2aX � 1

2
jaj2 � 1

2
a2

�
;

hY jb=
ffiffiffi
2

p
i1 ¼

2

p

� �1=4

� exp


� Y 2 � i

ffiffiffi
2

p
bY � 1

4
jbj2 þ 1

4
b2

�
:

ð16Þ

Substituting Eqs. (7), (13) and (16) into Eq. (14)
and integrating out the parameters a and b, Eq.
(14) becomes:

q̂q2ðX ; Y Þ ¼
ffiffiffiffiffiffiffiffi
2=p

p ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� k2

p
e�ðX 2þY 2ÞjUi � h:c

P ðX ; Y Þ ;

ð17Þ

and hence

jUi ¼ f ðc;WÞD̂Dðk½c �
ffiffiffi
2

p
ðX � iY Þ�Þj0i2;

f ðc;WÞ ¼ 1

p

Z
d2ce�

1
2
jcj2 e

ffiffi
2

p
cðXþiY Þ e

1
2
k2 c�

ffiffi
2

p
ðX�iY Þj j2hcjWiin;

where the displacement operator is

D̂Dðk½c �
ffiffiffi
2

p
ðX � iY Þ�Þ

¼ e�
1
2
k2jc�

ffiffi
2

p
ðX�iY Þj2 ek½c�

ffiffi
2

p
ðX�iY Þ�âaþ

2 ek½c�
ffiffi
2

p
ðX�iY Þ�âa2 :

The probability distribution measured for values X
and Y is given by:
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P ðX ; Y Þ ¼ ð2=pÞð1� k2Þe�2ðX 2þY 2Þf ðc;WÞf �ðc0;WÞ:
ð18Þ

We can easily prove that for all observables, the
probability is normalized:

ð2=pÞð1� k2Þ
Z 1

�1

Z 1

�1
dX dY e�2ðX 2þY 2Þf ðc;WÞ

� f �ðc0;WÞ ¼ 1: ð19Þ

According to the protocol of teleportation, the
last step is to perform a unitary transformation on
the other half of the EPR pairs with the above-
measured results to mimic the input unknown
state. This transformation is carried out by a dis-
placement operator D̂Dð

ffiffiffi
2

p
gðX � iY Þ�Þ. Therefore,

the state described by Eq. (17) is transformed into:

q̂qout
2 ¼

ffiffiffiffiffiffiffiffi
2=p

p ffiffiffiffiffiffiffiffiffiffiffiffi
1� k2

p
e�ðX 2þY 2ÞD̂Dð

ffiffiffi
2

p
gðX � iY ÞÞjUi�h:c

PðX ;Y Þ ;

ð20Þ

where g represents a normalized classical gain for
the transformation from classical measured infin-
itesimal values X and Y to complex field ampli-
tudes X � iY .

Consider the ideal condition of infinite squeez-
ing and the unity classical transformation gain
g ¼ 1, k ¼ 1, we can obtain the density matrix of
the conditional output state of the other half of
EPR pairs:

q̂qout
2 ¼

ffiffiffiffiffiffiffiffi
2=p

p ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� k2

p
1
p

R
d2cjcihcjWi

� �
� h:c

PidealðX ; Y Þ
¼ jWihWj ¼ q̂qin: ð21Þ

It shows that the input unknown quantum state
is perfectly teleported to the receiving station of
the other half of EPR pairs being under the limit of
infinite squeezing and unity classical transforma-
tion gain for the lossless measurement system.

3. The criterion for teleportation of fock states

On the other hand, for the case of k < 1, which
corresponds to the non-ideal EPR pairs (i.e., im-
perfect squeezed state), the output state is a con-
ditional output state of particular measurement

outcomes. When we ignore the outcomes or per-
form the measurements X and Y from �1 to 1,
the resulting output state behaves like a mixture of
the unnormalized density matrix elements,

q̂qT ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2=pÞð1� k2Þ

q Z 1

�1

Z 1

�1
dX dY e�ðX 2þY 2Þ

� D̂Dð
ffiffiffi
2

p
gðX � iY ÞÞjUi � h:c: ð22Þ

Indeed when k < 1 and g 6¼ 1, Eq. (22) shows
that the output state overlaps with the input state
partially. The extent of similarity between the
output state and the input fock state jmi is quan-
titatively evaluated with the averaged fidelity F
[31]:

F ¼ hmjq̂qT jmi: ð23Þ
We know that k ¼ 0 is the classical limit of EPR
entanglement, thus the threshold fidelity of quan-
tum teleportation without entanglement is estab-
lished by setting k ¼ 0 and g ¼ 1 in Eq. (23).

Fthreshold

¼ 2

p
1

p

� �2 Z 1

�1

Z 1

�1
dX dY e�2ðX 2þY 2Þ

�
Z

d2ce�
1
2
jcj2 e

ffiffi
2

p
cðXþiY Þhcjmiinhmj

ffiffiffi
2

p
ðX � iY Þiin

�
Z

d2be�
1
2
jbj2 e

ffiffi
2

p
b�ðX�iY Þhmjbiinh

ffiffiffi
2

p
ðX � iY Þjmiin;

ð24Þ

where we have used the normalized probability
distribution of Eq. (19). Furthermore, the thresh-
old fidelity is calculated by integrating out the
parameters of b and c in Eq. (24) and using the
standard Aular integrating formulae,

Fthreshold ¼
ð2mÞ!

22mþ1ðm!Þ2
: ð25Þ

Eq. (25) creates the boundary between the
classical and quantum domains in the teleporta-
tion of fock states. It is obviously for the fock state
input the criterion of teleportation is different from
that obtained for coherent state input. The
threshold fidelity depends on the photon numbers
of input fock states. Fig. 1 shows the dependence
of the fidelity given in Eq. (25) on the photon
numbers. When m ¼ 0 it gives Fthreshold ¼ 1=2
which is the boundary for teleportation of coher-
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ent states. In the case of m > 0 the fidelity always
satisfies Fthreshold < 1=2, especially note that for
very large input photon numbers, the threshold
approaches to zero, it gives the fact that the
F > 1=2 is no longer the severe condition for
quantum teleportation. For different state input
there is the different criterion for evaluating the
efficiency of teleportation.

4. Conclusion

In conclusion, we have analyzed the quantum
teleportation of quantum states using the theory
of quantum-mechanical measurement in
Schr€oodinger picture. According to the state evo-
lution equation, the average fidelity is deduced
directly from the original definition and the cri-
terion is created for teleportation of fock states.
It is shown that the criterion is different from that
for coherent state input. We believe that the re-
sults obtained in this paper are important to de-
velop the quantum communication system since
the transfer of any quantum state especially for
non-classical state is inevitable in quantum com-
munication system.
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