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We propose two interesting methods of generating the four-phétatate. These methods use parametric
down-conversion processes, linear optical elements, and commercial photon detectors, which are readily fea-
sible under current technology. They can also be used to generate the three\phstae, the three-photon
Greenberger-Horne-Zeilinger state, and the three-photon maximally entangled photon-numlertgtacel
photon-number entanglement syaby simply changing some experimental components or their parameters.
Moreover, assuming we have photon number-resolving detectors, these methods can develop into methods that
generate a generatphotonW state. They are expected to become powerful tools for experimental investiga-
tions of multipartite entanglement and its applications to quantum information processing.
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[. INTRODUCTION and quantum key distributiof25,26 have been proposed.
fFor W-class states, quantum teleportatif2iv—33, dense
coding[33], quantum telecloning34,35, quantum key dis-
tribution [36], and generation of the universal entangled state

Entanglement has a key role in not only fundamental
quantum physic§l,2] but also various quantum information
processing, including quantum cryptograp[8~6], dense
coding [7], teleportation[8,9], and quantum computation [37] have been proposed.

[10]. Quite recently, multipartite entanglement has been well, Th.ere are quite a few experimental !nvestigations of mul-
studied theoretically and experimentally. Dét al. [11] tipartite entanglement. The three-qubit GHZ state and the

showed that a genuine three-qubit pure entangled state | ree-qubitW state have been demonstrated using photons

either equivalent to the maximally entangled Greenberger[ 874q' atoms[41], NMR [42,43, and iong[44]. Th? four-
Horne-Zeilinger(GHZ) state, qubit GHZ state has also been demonstrated using photons

[45,49 and iong[47]. Also another four-qubit state has been

1 demonstrated and proven its nonlocali#g], which belongs
GHZy) = \y_§(|000> +11D), (1) to the GHZ class. However, there is no experimental realiza-
tion of four-qubit entangled states which does not belong to
or to theW state, the GHZ class, especially, the four-qubit state.
1 There is another type of entanglement in photonic qubit
|Wa) = ’_§(|OOD +]010 +|100), (2)  region, namely, photon-number entanglement. A typical
v

photon-number entanglement is the maximally entangled

under stochastic local operations and classical communicdhoton-numbe(NOON) state, which has the form

tions (SLOCO. In the same way, pure four-qubit systems 1

can be classified into nine classes under SLOC®. The INOON) = —=(|N)[0) + [0)|N)), 5
four-qubit GHZ state, V2

3) whereN and 0 denote the photon humber in each mi@is.
The NOON state is useful for high-resolution phase measure-
ment at the Heisenberg lim[{50] or quantum lithography

1
|GHZ,) = ,—E(|OOOQ +[111D),
\‘J

and the four-qubitV state, [51]. Experimental demonstrations have been performed for
1 N=2 [52] and 3[53).
|W4>:§(|0001>+ |0010 +|0100 +[1000),  (4) In this paper, we show two experimental proposals for

generating the four-photow state. They are composed of

belong to different classes from each other, as in the thregparametric down-conversiai?DC) processes, linear optical
qubit case. elements, and commercial photon detectawhich cannot

Multipartite entanglement has significant importance in itsresolve the photon number of detectioQubits are encoded
fundamental aspects, such as violation of nonlocalityin polarization of photons typically a®)—|H), |1)—|V).
[13-15. Differences between the GHZ state and Wiestate  They do not require single photon sources or photon number-
have also been discussgib—19. There are also many pro- resolving detectors as in Ref®4,55, thus are readily fea-
posals for applications of multipartite entangled states. Fosible under current technology. Simultaneously they can be
GHZ-class states, quantum teleportat{@d], dense coding used to generate the three-photdhstate, the three-photon
[21], quantum cloning22], quantum secret sharirj@3,24, GHZ state, and the three-photon NOON state only by chang-
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Brewster windows are inserted in modeTheir total trans-
mission coefficient for horizontglvertical) light, ty (t), is
set to bet,,/ty=1/3.Thus we obtain the four-photd state:

type-II Brewster windows

IF
PDC a = A,

Bﬂlniep |H>a|H>k|H>I|V>m + |H>a|H>k|V>I|H>m+ |H>a|v>k|H>l|H>m
‘ + V)l H)H) ). (9)
type-1 In this state, the first three terms represent the three-
PDC photonW state with respect to modésl, andm. Thus if we

recognize the detector in mo@eas a trigger and select the
FIG. 1. The schematic of proposal 1; 8BS,, BS,, nonpolar-  case where it detects a horizontally polarized photon, the
izing beam splitter; IF, narrow-band interference filter. three-photon\V state can also be observed.

ing a few experimental components or their parameters. Es- B. Three-photon GHZ state and three-photon NOON state
pecially, one of them has the highest success probability of
generating the polarization three-photd state within
former proposals. Generation of genemadjubit W state as-
suming photon number-resolving detectors is also discusse

Next let us see how to generate the three-photon GHZ
state and the three-photon NOON state using the same setup
s the former one. To observe them, another type-I crystal
hould be inserted just after the first one and the axis is

Il. PROPOSAL 1 directed so that it generates vertically polarized photon pairs
collinearly [58,59. The two type-I crystals are pumped by a
A. Four-photon W state and three-photonW state pulsed laser with a certain linear polarization. The detector in

The schematic of the first experimental proposal is showrmodea works as a trigger and we select the case where the
in Fig. 1. We utilize well-known parametric down- trigger detects a horizontally polarized photon. Then the
conversion (PDC) processes, which generate two-photonfour-photon generation process which can be detected by co-
pairs. They occur in nonlinear crystals in the presence of éncidence events of four detectors is described as
strong pump light field which is now assumed to be from a .
femtosecond pulse laser. Especially in this scheme degener- [H)V)b(cos 2]HH)c +sin 20VV)o), (10
ate noncollinear type-I[56] and collinear type-I[57-59  where ¢ is the angle of polarization direction of the pump
configurations are used. In their processes, for the first-ordetith respect to the horizontal line. Again we select the case
term, a polarization entangled state and a two-photon staighere the three photons in modesindc appear in model
with definite polarization is produced, respectively. Now weafter the beam splitter BSThen the state is transformed into
focus on the case where each nonlinear crystal generates one —
photon pair. By setting the polarization of the pump beams |H)a(cos |HHV)4 + V3 sin 26VVV)y). (11

properly, such a state can be written as Here we change the basis in modeinto that of +45°/

(JHYalV)p + [V)alH)p) [HH), (6)  —45° _polarization, where the eigenvectors ai®)
=(IN2)(JH)+|V)) and|M)=(1//2)(—=|H)+|V)). When§ is set
so that cos 2=3 sin 2, i.e., 6=9.22°, the statg1l) is
equivalent to

where subscript®, b, and ¢ denote three different spatial
modes, andH (V) denotes one photon with horizonfaler-
tical) polarization. The normalization coefficient was omitted
for simplicity, which holds for all the following descriptions. [H)2(|PPP)g+ [MMM)y). (12

Note that this description is valid only for the photons trans-_ = )
mitted through narrow-band interference filters before detec] NiS is the three-photon NOON state with respect to mide

tors, whose bandwidths are narrower than that of the pum9&in the three photons in modkeare split by Bg and BS.

field, as in Fig. 1[60]. The same discussion is applied to all If We select the case where one photon goes into each 5
the following parts of this paper. The photons in mobesd detector in modeg, I, andm, the statg12) is converted to

c are mixed by the nonpolari_zipg beam spliti@S,). We IHYA(| PYIPY P + MY MY M), (13)
select the case where all the injected photons tg @&Sout

to one output mode nametl Then the total state becomes Where the three-photon GHZ state is generated in mkdes

= andm.
[H)alHHV)g + V3|V)o HHH)g. )

The three photons on modkare split by the nonpolarizing C. Discussion and further improvements

beam splitters BSand BS. Here we again select the case | this section several characteristics of the proposed
where one photon exists in each of the output mddésand  gcheme are described. First let us discuss the detection effi-

m. Hence the stat€/) is converted into ciency of the scheme above. The success probability of de-
[HY A )W H V) m + [HY Al YWV HDY m + [H) o VI HY [ HDm tecting the four-photorW state can be represented by the
transmission coefficients of the beam splitters;,BS as
*+ 3V)alH)dH) [H)m,. (®) 413(1-te)t3(1—t))t,(1-tp). This has the maximum valugs
In order to set all the coefficients in E¢8) to be equal, =0.0219 Wherloztlzé,tf% [61]. This value is comparable
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with that of the previous experimental work of generating the (a) — . (b)

three-photon'v state,:%6 ~0.0278[40]. This fact implies that POC type-I F

the proposed scheme has enough feasibility with respect t IF PDC

measurement time. Moreover, as shown below, this value caipuise Pa+¢ IF

be greatly improved. pure IF pulse —iy
The success probabilities of the three-photdistate, the o x4 B pump 333 IIF- )

three-photon GHZ state, and the three-photon NOON state  poc  _ | ™" W multeort)

are also calculated. Their values arél 3to)t3(1-t,)ti(1 ypel Ty

~to)ty, 2(1-tt3(1-tPE(1-tr)t,, and E(1-t)t3, respec- — — HOG

tively. WhentO:tlzé, tZ:%, they also have maximum values

ﬁ%0.0lGS 1%0.0198, and%%0.0889, respectively. FIG. 2. The improved schemes of the first proposal using mul-

Next '4|0|5d. il . | : t ftiport elementsP(7+¢), P(-¢), birefringent phase shifter which
ext we will diSCUSS possIbie Errors In real expenment oty o5 rejative phasg(™¢ e7¢, respectively, in each vertically

the proposed scheme. Consider the other four-photon genergs,. -4 photon.
tion processes. The probabilities that four photons are gener-

ated from one crystal are of the same order as that considered

in the scheme above. However, one can easily see that sullf€&-PhotonW state, the three-photon GHZ state, and the

unwanted processes are never detected by fourfold coinc here;p_glti]:ctjon NOON state, the same required condition can

dence events of the detectors, and thus is neglidifla.the il d ibe the i £ th |
other hand, higher-order processes in which more than foyr NeXt we will describe the improvement of the proposal.

photons are generated also exist. In real experiment, the gor the improvement of the success probabilities, we utilize

ficiency of generating two photons per pulse from PDC pro-nx n optical multiport element§62,63. The transformation

cess is typicallyy~ 10 Then the efficiency of four- and matrice; of symmetric ones far=3 and 4 are described
six-photon generation from PDC is?~108 and 53  espectively as
~10712 respectively. Therefore the six-photon generation

rate is~10"* times lower than that of four-photon generation 11 1 11 1|
and is almost negligiblg61]. Another error is the dark count 1 1 e% e%ﬂ 1 1 € -1 -¢?
of detectors, but that of current detectors is quite small so \5 i o ' 1 -1 1 -1
that they are negligible in multiphoton coincidence experi- 1 e3 e3 i ib
. . ' 1 -¢e? -1 ¢
ments. From the discussions above, we find that no error
prevents our scheme. (16)

For real implementation of the proposed scheme, it is im- ) )

portant to adjust the timing of the injection between two Where the internal phasg can have an art_)lt_rar_y value. They
inputs into the beam splitter BSAt least it should be within act on vectors whose eIemen_tg are annlhll_at|on operators of
the coherence time of the photons, which is determined b€ input modes. When we utilize 244 multiport element,

the bandwidth of the interference filters used. If we suppos@'0desb and c are injected to two of the input modes as
that the above condition is fulfilled and a little change of Shown in Fig. 2a). In addition, the Brewster windows are
timing occurs, a certain phase fac@®appears in one of the émoved and birefringent phase shiftéts) (x=m+¢,-¢)
injection modes, e.gJH).— €9H).. Then the initial four- e inserted in two of the output modes, which cause relative

photon stat&6) becomes phase shiftx on vertical polarization agH)—[H), [V)
_ — €%|V). Then the four-photolV state(9) can be obtained in
(IHYaV)p + [V) o H)p) €9 HH)... (14  modea and the three of the output modes of the multiport

element, with the success probabilityg# 0.125. This value

However, this phase shift modifies only the global phase facig more than five times higher than that of the scheme before

tor on the final four-photoWV state:

improvement.
i When we utilize a X 3 multiport element, the collinear
€ (|H>a|H>k|H>I|V>m+ |H>a|H>k|V>I|H>m+ |H>a|v>k|H>I|H>m type-l PDC is replaced by the noncollinear C{I@—GH as
+ Vol )W H) [H) ), (15  shown in Fig. Zb). This process emits photon pairs in dif-

ferent spatial modes from each other and all emitted photons

.e., the state does not change at all as long as we see onye one definite polarizatiofwhich now we assume to be
these modes. In other words, the position stability along th‘ﬁorizonta}. Its two spatial modes and one mode of the non-

beam, which determines the injection timing of photons into.qjinear type-1l PDC are each injected into three different

BS,, is required to be only within the coherence length. Suchnput ports of a 33 multiport unit. We detect each one
a condition has been satisfied in many multiphoton experiz

) > i photon in modea and the three output port of the multiport
ments[9,38,4Q, and is easily achieved. For the case of the it Then the four-photoi state(9) is obtained in these

modes. The success probability of this scheme 52;3
In Refs. [54,59, if the single photons are replaced by outputs ~0.0741, which is more than 3.3 times higher than that of
from down-conversion, other unwanted terms always exist. Thushe scheme before improvement. In real experiment, fused
their schemes cannot be carried out by only using down-conversiofiber multiport couplers are useful as multiport elements. Es-
processes but require single photon sources. pecially for the case ofi=3, the experimental investigations
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type-II I|F
PDC a = 1
pulse’
pump

pulse
laser

FIG. 3. The developed scheme of the first proposal for generat-
ing the generah-photon W state. Detectors are photon number- £ 4. The schematic of proposal 2; HWRWP,, half wave

resolving ones. plate for down-converted photons; PBS, polarizing beam splitter.
have been performed into the validation of the use of a fiber
. . . H) (Vi [H - [H) + [H) [V - -+ |H
multiport coupler as an ideal multiport elemé¢68,69. Thus [H)a( >k1| >k2 | >kn | >k1| >k2 | >kn
they are surely available for our use. + o+ |H>k1|H>k2"' V). (20
n

Changing the amplitude or the relative phase of each term
of the W state or the GHZ state is easily accomplished by
inserting Brewster windowéor changing the amplitudeor
birefringent phase shifterdor changing the relative phase
into modes to be detected. As a result, starting from\the A. Four-photon W state and three-photonW state
states, we can also generate the states as

Ill. PROPOSAL 2

The schematic of the second experimental proposal is
2 1 1 shown in Fig. 4. As in proposal 1, two crystals are pumped
§|H>k|H>||V>m— TE|H>k|V>I|H>m_ T?S|V>k|H>I|V>m by pulse lasers and generate photon pairs via PDC processes.

v v Here the collinear type-l and the collinear typefn2,73
(17) configurations are used. The collinear type-Il PDC process is
the one by which photon pairs are generated in one spatial
mode and photons in one pair have orthogonal polarization
CUWIH) - -+ [HY + o H)| V) -« - [H) + - -+ +C[HYH) - -+ |V), with each othe(which now we assume to be horizontal and
(18) vertical). There are different types of four-photon generation
process, i.e.(i) four photons from the type-1l PDGji) two
where the coefficientsc; satisfy both =L, ¢;=0 and photons from both the type-I1 and the type-Il processis,
>, |c|?=1. The former state is used as a resource of telefour photons from the type-I PDC. Their processes are de-
cloning protocol[34,35. The latter one is called the zero scribed as

sum amplitude state, which isused to generate the universal

entangled statE37]. Thus our scheme also has the possibility [HHHH) |0y, + [HH) 4 HV)y + [0 HHV V), (21)

of contributing to various quantum information processing.

_This discuss_ion hold_s for proposal 2, which will be describednere we assumed that the type-1 PDC and the type-1l PDC

in the following section. have the same efficiend$8]. The photons in modesandb

pass through the half wave plates H\&hd HWRB, respec-
tively. Their corresponding fast-axis angles with respect to
the horizontal line are denoted Iy and 6,. Now, for gen-
The proposed scheme can develop into that of generatingrating the four-photolV state and the three-photdvi state,
generaln-photonW states as in Fig. 3. For the development, ¢, is set to zero. Therefore the photons in mddandergo

we assume the detectors to be photon number-resolving ongdase shift through HWPas |H)—|H), |[V)——|V). On

[70,71. In addition, type-I PDC can be replaced by generathe other hand, polarization of the photons in madare

tion of a coherent staigaser output Here we select the case rotated via HWR as |H)— cos 20;|H)+sin 26,|V), |V)

where there is one horizontally polarized photon in made — sin 26;|H)—cos 2,|V). Then the photons are injected into
andn photons in model. Such a state is the polarizing beam splittdiPBS), which transmits horizon-
\HY,[H -+ HV) tally polrized photons and reflects vertically polarized pho-
a_ T tons. The output modes denoted dyndd are the counter-
n-l (19 parts of modesa and b, respectively. We select the case
where then-1 horizontally polarized photons in mode  Where there are three photons in mad&nd is one photon in
originate from the coherent state. The photons in nbdee ~ Moded. The state of such a process before the PBS is
split by the beam splitters B$i=1, ... ,n—1) and we again

or

D. Generating generaln-photon W states

select the case where there is one photon in each of output sin 46;|HHHV)|0), — [HH)[HV)p,. (22
modesk; (i=1,...,n). Then the stat¢19) is converted into
the generah-qubit W state with respect to modds After the PBS, this state is converted into
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sin 46,/ HHH)([V)q = [HHV)[H)q. (23)
The photons in mode are split by B$ and BS. Again we E:l;ygg-n
consider the case where there is one photon in each of outpt - IF IF
modesk, |, andm. Then the state which is detected by coin- HWP1 b G2 k I IF
cidence events of four detectors in modesl, m, andd M NaN7PBS ¢ mimyA,
becomes typue i I 7Bs:  “Bs: .
’ 1A
= i
V3 sin 46;|H)y H)i[H) | Vg = [H)HY V) H) g REE ﬂ\ DIIVI IF
pulse
= [HWUVIH) | HYg = VI H)[H) il H) . (24) pump

When 6, is set as sin &=-1/13, i.e., 6,=-8.82°, the state
(24) becomes the four-photoW state:

[H)WH) [ H)m Vg + [HYHI V)l HD g + [HIW W) [H) | H) g
+ [V)i/H)[H)m H)g. (25

When 0,=0, the stat€24) becomes the three-photd¥ state
with respect to modek, |, m:

(V) H)H)m + [HOW V) [HYm + [HOWH) V) [H)g.  (26)

FIG. 5. The improved scheme of the second proposal using a
Sagnac interferometer; PBS, polarizing beam splitter which works
for both pump and down-converted light; HWHHWP,, half wave
plate for down-converted light, which do nothing for pump light;
DM, dichroic mirror which reflects down-converted light and trans-
mits pump light.

in each photon of one mode. Hence the initial state becomes

e"HHHH) |0), + €[HH) [HV), + [0) HHV V).

B. Three-photon GHZ state and the three-photon (30

NOON state ) )
Here different phase factors appears in each term. For the

Next we will show how to generate the three-_photon GHZfour-photonW state, the three-photon GHZ state, and the
state and the three-photon NOON state. The difference from,ree-photon NOON state, two terms of the initial state are
the generation of theV states is in the values @h, 6,. Now o ired, thus the final states change with respect to phase
we set6;=0. Then the state which contains one photon ingactors of each term. This fact means that the position stabil-
moded and three photons in modebecomes ity along the beam, which determines the injection timing of

\g photons into the PBS, needs to be within the wavelength
|[HHV)[H)q = ——sin 46,|VV V) |H)q. (27)  order. Such a situation is more difficult to be realized than
2 the case of coherence-length order stability as in proposal 1.
When we setd, as 4,=—2/3, i.e., 6,=-7.03°, the state However, there are several experimental studies under such
(27) becomes the three-photon NOON state along thé&onditions[75,76, thus they are considered to be sufficiently
+45° |-45° polarization basis in moae feasible. Moreover, our new scheme can utilize a Sagnac
interferometef77] as shown in Fig. 5, which has excellently
(IPPP)c+ [MMM))|H)q.

high stability. On the other hand, for the three-photdh
The photons in mode are split by the beam splitters BS state, only the second term in E80) contributes to the final
and BS. If we select the case where one photon go out tQ

state, hence the phase factor becomes merely a global one on
cach of e ouput modd |, andm, the siarez8) 1 (o e 1 e ol st dose ot hange: Trereor
converted into the three photon GHZ state: y y 9

in proposal 1.
(IPYWIPHIPYm+ [M)M) M) [H)g.

(28)

(29)
D. Generating generaln-photon W state

C. Discussion and further improvements The second scheme can also be extended to that of gen-

In the second scheme, the success probabilities of geneffating & generaf-photon W state as in Fig. 6. Again we

ating the four-photoiW state, the three-photow state, the ~aSSume photon number-resolving detectors and replace the

three-photon GHZ state, and the three-photon NOON statiyPe-! PDC by generation of a coherent state. Then in the
are calculated a%iJr@xO 0611 2~0.222 280115 Same manner as in proposal 1, we can obtain the general
62781 Y 19T Yees, 553 YL,

and ;—‘7‘%0.519, respectively. These values are higher tharp-qublthtate in modet; (i=1,....n):
those of the proposal 1. Especially, the value for the three-
photonW state,g, is the highest one compared with previous
works of generating the polarization three-photdhstate +HY [H)k. - V).
including proposal$40,54,55,61,7¢ v "
Consider the injection timing of the two input modes into  Compared with proposal 1, this scheme has a higher suc-
the PBS. Suppose that the timing is within the coherenceeess probability. This is because all photons from the coher-
time order and changes a little. Then a phase factor appeaesit light pass through the PBS and there is no loss of photon.

[H)a([Vi,[HDk, === [Hi, + [HDi [V, === [H) + -+
(31)
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of the three-photohV state, the three-photon GHZ state, and
the three-photon NOON state only by changing some experi-
mental components or their parameters. Especially using the
second proposal, the highest success probability of generat-
ing the polarization three-photoW state can be achieved.
We have discussed some problems for experimental realiza-
tion of the schemes and shown that they can be improved,
thus they are strictly feasible under current technology. Us-
ing photon number-resolving detectors, they can develop into
FIG. 6. The developed scheme of the second proposal for thihose of generating genenalphotonW state.
generation of the generalphoton W state. Detectors are photon
number-resolving ones.
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