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Generation of continuous-variable tripartite entanglement using cascaded nonlinearities
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It is theoretically shown that tripartite entanglement with different wavelengths can be generated by cas-
caded nonlinear interaction in an optical parametric oscillator cavity with parametric down conversion and
sum-frequency generation. A sufficient inseparability criterion for continuous-variable tripartite entanglement
proposed by van Loock and Furusawa was used to evaluate the degree of the quadrature-phase amplitude
correlations between the three modes. The dependences of correlation on the cavity parameters and pump
intensity are discussed.
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I. INTRODUCTION tangled states by interlinked interactions iny® medium
Quantum entanglement is the basic resource in quanturtﬁas been addressed and the preliminary_experimental results
communication and computation. The generation of quanturf@ve been presented t¢&9]. Based on it, we propose a
entanglement becomes an essential research of quantum fE1€Me to produce tripartite entangled states via parametric
formation science and attracts many interests. There are sey2W1 CONVersion (PDC) ‘and sum-frequency generation
eral kinds of experimental realization of entangled states, i§>F @ in @ ¥ medium in an optical parametric oscillator.

which the optical parametric process is one of the most efficompared to the scheme described above in Réfl, the

cient techniques. For example, the bipartite entangled staté§Senant optical cavity is used to improve nonlinear coupling
which have been used in quantum teleportafiea3] and efficiency and the output field is a state with correlated
dense coding4] are generated by optical parametric ammi_quadrature—phase amplitude quctuatlons.. Fur_thermore, the
fier (OPA). Recently other interesting means have been prothree light modes of the entangled state with different wave-
posed to produce a two-mode entangled state using the tripfg‘”gths are acquired. Such phase-matching conditions for
resonant type-Il second-harmonic generatiShG) system oth mte.ractlons can also hopefully be reqllzeq b_y plaglng
[5,6]. Besides its application in quantum teleportation andWO Nnonlinear optical crystals or one quasiperiodic optical
dense coding, the entanglement shared by two parties h3sPerlattice crystal into a cavif18,20. The dynamical be-
also been realized as a valuable resource for cryptographjAVior of a self-phase-locked OPO induced by two compet-
[7,8], tomography of statf9,10], etc. With the development N9 nonlinearities in periodic poled I|th|_umn|0b_a(é’_PLl\l)

of science and technology, entanglement between more thdlS Peen demonstrated, and the potential application of such
two particles is going to be the key ingredient for advanced®mMPeting nonlinear process to produce multipartite en-
multiparty quantum communication of quantum teleportationi@nglement has also been analy2d].

network[11], telecloning[12,13, and controlled dense cod-

ing [14,15). Il. EQUATIONS OF MOTION AND THE SOLUTION

Continuous-variabl€éCV) tripartite entanglement was ap- OF OUTPUT FIELD
plied in the quantum teleportation experiment in 1998
van Loock and Braunstein showed theoretically that using The system consists of a one-sided cavity with three
single-mode squeezed states and linear optics suffices to prtodesay, a,, 8; and one crystal, which provides the two
duce a trulyN-partite entangled stafel1], and the experi- interactions of parametric down conversion and sum-
mental accessible criterion to verify the full inseparability of frequency generatio(Fig. 1). The input and output fields of
entangled state is thus proposed in their widrk] and other ~ cavity are coupled through the mirrbt. Pumpa, is incident
published workg16,17). In addition, a method to produce a upon the optical medium to create fieldg and a; by the
three-mode entangled state of bright optical field by distrib-
uting a two-mode squeezed state using beam splitters has
been demonstratdd 4,15.

Quite recently, the generation of multipartite entangle- pump
ment in a nonlinear optical material with parametric process a™ ™, a,™
draws much attention. It is shown theoretically that concur-
rent interaction in a second-order nonlinear medium placed
in an optical resonator can generate multipartite entangle-

. . FIG. 1. Sketch of the OPQy,, a5 are pump beams. Pumg
ment[18]. The generation of full inseparable three-mode €N reates fieldsy andas by the process of parametric down conver-

sion, and simultaneously pumas and field a; produce sum-
frequency fielda,. & (j=1,2,3 are the incoming fieldsa}’“t are the
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process of parametric down conversion, and simultaneously 100 \"271 0 0
the other pumpes interacts with fielda; to produce sum- lo 10 | o 5w 0
frequency fielda,. The frequencies of the pump beams are = , B= V27, '
degenerated, their polarizations are chosen according to the 001 0 0 \"27’1
phase-matching conditions. The energy-matching conditions
are wy= w1+ w3, wo= w3t ws. A+in(— Q)
The interaction Hamiltonian for this system is given by N {

[22] ANQ) = ANQ)

~ ) ) Ain

H, = (ificalale o + ihdgdle o) + He. (1) As(Q)

K p are proportional to the nonlinear susceptibility and pump

intensity[19] and are taken to be real commonBa3]. 1. QUANTUM CORRELATIONS AMONG THE
Following the standard procedure in the Heisenberg pic- QUADRATURE-PHASE

ture[24], the quantum Langevin equations of motion for the AMPLITUDES OF THE THREE MODES

three cavity modes can be expressed as - )
y P To study the entanglement characteristics of fields, we

dar need to look at the fluctuations of quadrature amplitude and

Tt - 78] + K188 ~ ] + V230", phase components defined by
5 XOU(2) = A= ) + A(Q),
7% = 0y, + KBS = 5+ V27,8, §9(0)) = i[A7U(- ) - A%)]. @)
dag . i o . Then we rewrite Eq(3) as
T o waTdgt rayen e - K288 5 = y183 + V21183, X2U(Q) = G, (Q)XNQ) = g(Q)XD(Q) + h(Q)XD(Q),

)

where 7 is the cavity round-trip timey=2L/c, L is the ef-
fective cavity length, and is the speed of light in vacuum. | N N N
We assumer is the same for all three fielda" (j=1,2,3 are X$U(Q) = h(Q)XT(Q) = F(Q)XT(Q) + G5(Q)X5(Q),
the operators corresponding to input fields to the cavyitia
the damping rate. For simplicity, supposing all of the internal Qout(Q,) -G (Q/)Qm(Q,) + g(Q,)Qin(Q,) _ h(Q,)Qin(Q,)
losses of the system are leakage via milvbwith damping ! ! ! 2 3 '
constantsy; which are related to the amplitude reflection . s i i i
coefficientsr; and the amplitude transmission coefficietyts Y2'(Q") == g(Q)YT(Q") + G(Q)YZ(Q) + f(Q")Y5(Q),
approximately, rj=1-v;, t;=\2y;. Considering the two
modesa,, az are nearly frequency degenerate, we assume{(gut(gr) = -h(Q)YNQ) - f(Q)HYNQ) + Gs(Q/)?i:?(Q/)
the damping rates to be identicg|=7ys.

In order to solve Eq(2), we transform it into a rotating (5)
frame[23] and use the Fourier transformation, then the relawith
tionship between the output quantities and the input quanti-

ties can be calculated from the boundary conditiaiji’éit
+A}“:\EZT/J-AJ- at the mirror[22],

X3UH(Q) = g(Q)XI(Q) + G(Q)XB(Q) + F(Q)XN(Q),

Gi(Q) = [¥yal1 + 0P+ Q%) + $E(1-1Q)
+ IQ'),?(]_ +O’2+Q’2)]/A,

A() = [B(iQrl - M) !B - I A™(), ) Go(Q)=[(V3Q = oy (i + Q)2 —iy3e(-i+ Q')
with +([i 730" ~ %y d?)/A,
A;(- Q) Ga(Q) = [~ IRET+ Q) + (%, +13Q) (1 +0?
AUy = A@Q) |, +Q'2JA,
AHO) 9Q) = 2062\ 7y,
Q7+ 1y 0 ~ Ky h(Q') = 2920 (v, +imQ))IA,
M= 0 iQr+7y, -k ,

- K1 K> Q7+ 7y,

f(Q") = 29,8y + iy Q' Wy yalA,
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A= 8y +i1Q") = B (ya+i1,Q")
+(y + i’YlQ’)Z(Yz +iy Q).

VariablesQ)', o, ¢ are defined a$)' =Q 7/ vy, 0=kl vy, &
=Ko/ y1. ) is the normalized frequency: is the pump pa-
rameter including both pump power and nonlinear coefficient
x? for down conversiong=1 corresponds to the threshold o T s a3
point. ¢ is the pump parameter of the sum-frequency process. o

If we seté=0, that means the model is just a double reso-
nating nondegenerate PDC and no SFG. The g&if($))
and G5(Q)) of the two fieldsa;, a; depend on the pump
strength and can be extremely large as the threshold is a|

proached(c— 1) and Q' —0. Actually, if o—1 and Q' V:n(;iczzs 0.03,0=0.6,&=1. g has been chosen to minimize the
—0, the two modes of down conversion are perfectly en-

tangled. Wherg+ 0, it is a process with both PDC and SFG, _ ~ ~ ~ ~

the partial energy conversion from thgfield to thea, field. %‘;@l,,yzwa ={[g,Y3"( Q') + YIU(Q') + YU Q) [g, YU Q)
And the tripartite entanglement should be obtained.

FIG. 2. The quantum correlation spectra@l“t X A%llj\t(l+Y2+Y3
t t

[curve (a)], —x2+ “+Y2+gsy3 [curve (b)], and —x3+ l11+92Y2+Y3

&urve (c)] versus normalized frequenc'(Q)' =w7/y;) for y;

+Y3Q) + 3@ T

IV. FULL INSEPARABILITY OFSTHE OUTPUT LIGHT =9,G1(Q") - g(Q") = h(Q") >+ |g,9(Q")
FIELD
+Go(Q) = f(Q)|? +]- g:h(Q) + ()
A sufficient inseparability criterion for CV tripartite en- +G4(Q)[2
tanglement has been proposed by van Loock and Furusawa 3 ’
[16]: . . A - -
v, = (YRHQ) + g Y3 + Y3 Q)IIYE Q)

(X1 = X)) + (Y1 + Yo+ 0a¥a)) < 4, .
< ( 1 2)>+< ( 1t 2+g3 3)>< +nggu[(Q,)+Ygu[(Q/)]+>

(Ko = X3)) + (3401 Y1 + Yo+ Ya)) < 4, =|G1(Q) = g29(Q") - h(Q)* +[g(Q")
+0,Go(Q) — Q)P+ |- h(Q') + g,f(Q)
(8%(Xq = X)) + (S2(Y1 + Gp¥p + V) < 4, (6) +G3(Q)P?,

where g4, g,, g3 are scaling factors. Choosing adjustable ~
scaling factors can minimize the quantities of the left side.
The satisfaction of any pair of the inequalities is sufficient
for full inseparability of three-party entanglement. The

Uvraer, = (YRHQ) + Y3HQ) + go¥3Q YY)

+Y3U(Q) + gaY3H(Q) T

smaller the values of the left-hand side of the inequalities =|G1(Q) = g(Q) = gsh(Q) 2+ g(Q') + G(Q)

are, the larger the correlation degree that we will obtain. 2 , ) 2
So to quantify the degree of the correlation, we introduce = af (") + |- h(Q") + f(Q") + gsG3(Q")[*.

the correlation spectra of the total phase quadratures of three- (7)

mode and relative amplitude quadratures: : .
P g The spectra for the three correlation functions of the three

_ /roout ou ou ou modes described in Ed7) vs normalized analyzing fre-

‘Xz () = XEHQNIBENQ) - X8 HQNT) quency are plotted in Fig. 2 at=0.6 andé=1. The curves

=[G(Q") - g(Q) 2 +]g(Q) + Go(Q") P+ () (@), (b), and (c) are for the correlation degrees &f!,

= (@), +%11J‘t(1+Yz+Y3’ S&lit‘xz-'-Sgliﬁsz"ngs’ $lit‘xs-'-S.’;liﬁfgz’/f’/a’ respec-
tively. It can be seen that all of the three correlation values
are below the limit 4, which shows that the correlations for

—Xg_ <[XOUI(Q )= XOUI(Q ][XOUt(Q )= XOUt(Q )1 three modes always exist in a wide frequency range, and the
- " _ NE " _ NE / large correlations can be achieved at low analyzing fre-
Go(€2) 2h(Q JF+ 1) = g(@)*+ [h(€) quency. Figure 3 shows the dependences of the three corre-
-Ga(Q)]%, t t Sout
A lation spectr —X3+%1Y1+Y2+Y3 $u 3 T Sy praavsr SKoxg
R 1+g2Y2+Y3 on pump parameter for £=1 and()’'=0.8. The
oy = = ([X2U(Q") = X3HQ)TXSHQ) - XSU(Q)]%) inseparability criterion is satisfied for the pump power at
_ , 2 , 2 , threshold and below threshold. The best correlations
=19(Q") = h(Q)[F+[Go(Q) + F(QN)[* +[F(Q") for all three modes can be obtained roughly ce¢=0.7.
- G5(Q)%, The three correlation spectr@”_x3 %1Y1+Y2+Y3 X,
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FIG. 3. The quantum correlation spectra%t_x3+§5;‘{(1wzw3 FIG. 4. The quantum correlation spectra as functions of pump
[curve (@], SPLy, + jiyz+gsys [curve (b)], and S,}‘l“_xs+ gy, parameter €(¢é=rolyy) for $,=0.02,%,=0.03,0=0.7, and Q'
[curve (c)] as functions of pump parameter(o=xi1/y1), 1= =0.8. (3) ”@ut_x 4 Wy (D) 3 u +C u rgurs © s ut
=0.02,7,=0.03,£=1, andQ)’ =0.8. 0=1 corresponds to the oscil- +§$U‘ 278 S12ns 172 T1TT27EsTs 1773
lation threshold. PR

S out Sout . fout of the three output fields is verified theoretically, and the

Y0y XXt Sy rgyv,ey, VEISUS pump parametef  correlations of quadrature phases between three modes are

for 0=0.7 and()’'=0.8 are displayed in Fig. 4. The correla- discussed. The experimental realization of this scheme is de-

tion degree between the two modes produced by parametrigirable with a compact OPO in which twg®? nonlinear

down conversion is largest f@g=0, meanwhile the correla- mediums or a PPLN crystal is used. On the other hand, the

tions between the other two modes do not exist. The correentangled three output fields can be in different frequency.

lation between the two modes produced by parametric dowp\|| of these properties make the scheme very significant for

conversion is smaller and the correlations between the othehe application in quantum communication.

two modes are larger with the increasing of pump parameter

& The largest entanglement is acquired §caround 1. And

from both Figs. 2 and 3, we can see that the degree of cor- ACKNOWLEDGMENTS
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V. CONCLUSIONS
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