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Abstract

As an important parameter, von Neumann entropy has been used to characterize the entanglement between atom and light field. We
discussed the entanglement and nonclassicality evolution of an atom in a squeezed vacuum—a typical nonclassical field, and compare it
with that of the coherent state. It shows that the atom-field entanglement in squeezed vacuum is much stronger and stabler than that in
coherent state, whereas the nonclassicality of the light field depends on its initial status. This investigation is trying to find a new insight
into the relation between entanglement of atom-field system and nonclassicality of light fields. The result shows that the entanglement
between the atom and the field can be maintained well in the squeezed vacuum and this implies better control of atom and photon
mutually.
� 2007 Elsevier B.V. All rights reserved.
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Quantum entanglement is a physical phenomenon
emerging among the subsystems of a multi-system and it
is now becoming a key word in the quantum information
processing (QIP) [1]. Qualifying quantitatively the quan-
tum entanglement is an important issue of describing the
nonclassical properties of a quantum system. In principle,
measuring one subsystem, the rest of the system will be
affected. By using nonlinear optical processes, people have
already generated some useful entangled states in optical
domain, such as EPR states [2–4], multipartite entangle-
ment [5,6]. They have been the workhorses of quantum
information science based on pure optics. Another system
of quantum entanglement is the atom–photon system. As
the atom–photon interaction has been reached to the
strong-coupling region by cavity quantum electrodynamics
system [7], atom–cavity–photon becomes a good and reli-
able system for the generation of controllable quantum
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entanglement. The basic interaction between a single two-
level atom and a single-mode quantized field was described
by Jaynes–Cummings model (JCM) [8], and it has been dis-
cussed in detail from various points of view [9–13], and it is
well known that the behaviors of the atom-field interaction
is strongly related to their initial states. Once an atom and
a light field are strongly entangled with each other, the
atom can be fully controlled by photon. It is thus impor-
tant to investigate the quantum entanglement of atom-field
system. On the other hand, nonclassicality of light field also
plays an important role in QIP and quantum measurement.
The squeezed vacuum state, which can be produced in
experiments and used for EPR states [14], is the typical
nonclassical state. It has been found that the atom in non-
classical field shows some behaviors different from that in
classical field [15–18]. To get a new insight into the relation
between quantum entanglement of the atom-field system
and nonclassicality of the light field, it is useful to investi-
gate the atom-field entanglement under the nonclas-
sical environment. Furuichi and Abdel-Aty discussed the
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entanglement in a squeezed two-level atom [19], and
showed the entanglement is sensitive to the squeezing
parameter, but they did not analyze its evolution systemat-
ically. There are several definitions of quantum entangle-
ment [20], but for a bipartite pure system composed here
of the atom and the field, all these definitions are equivalent
[21]. The von Neumann entropy [22] has been widely used
to characterize the quantum entanglement of a multipartite
system [20,23,24]. It has been pointed out that the intrinsic
decoherence will make the field entropy enhanced but no
change with the atom entropy [24]. In this paper we inves-
tigate the evolution of the atom-field entanglement about
an atom in a pure squeezed vacuum state and compare
the results to that in the coherent states (CS). It is shown
that the atom-field entanglement in squeezed vacuum can
be maintained at maximum for a long time and easily to
reach the maxima, which means that the squeezed vacuum
field can improve the quantum entanglement. This also
implies that one can easily and mutually control such a
quantum system in SVS environment.

Let us consider the basic model of an atom interacts
with a field. Practically a nearly pure single-mode squeezed
state can be generated [25] and can be treated approxi-
mately as a single-mode. Under the rotating-wave (RW)
approximation, the Hamiltonian can be written as [26]

H ¼ �hxarz þ �hxLaþaþ �hgðrþaþ aþr�Þ; ð1Þ
where xa is the atomic transition frequency and g is the
atom-field coupling constant, rz and r± are the atomic
inversion and transition operator, respectively. This Ham-
iltonian gives rise to the following time-involution operator
in the interaction picture [27]:
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If the atom is initially in the excited state, the initial atom-
field state can therefore be written as

jwafð0Þi ¼ j/fi � jei: ð3Þ
The time-evolved atom-field state is then given by

jwafðtÞi ¼ bC j/fi � jei þ bS j/fi � jgi; ð4Þ
where we have defined the operators

bC ¼ cos
ffiffiffiffiffiffiffiffi
aaþ
p

gt
� �

; bS ¼ �iaþ
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ffiffiffiffiffiffiffiffi
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After taking a trace over the atom coordinates, we get the
reduced density operator of the field accordingly:

qfðtÞ ¼ jcihcj þ jsihsj; ð6Þ
where jci ¼ bC j/fi and jsi ¼ bS j/fi are the states that opera-
tors bC and bS act on the initial state of the field, respectively.

The atom-field quantum entanglement can be discussed
by using Von Neumann entropy which is defined as [23]

S ¼ �Trðq ln qÞ; ð7Þ
where q is the density operator. For a pure state this entro-
py vanishes, S = 0; whereas for a statistical mixture the en-
tropy is nonzero, S 5 0. It was proved that the total
entropy of a system remains constant when the system is
governed by the time-dependent Schrödinger equation [9].
What we are interested is thus the partial entropy of a
sub-system, such as the field or the atom. From the reduced
density matrices of the atom and field we get the partial en-
tropy [23,28]

SaðtÞ ¼ �Tra½qaðtÞ ln qaðtÞ�; SfðtÞ ¼ �Trf ½qfðtÞ ln qfðtÞ�:
ð8Þ

Unlike the entropy of complete system, the partial entropy
varies with time. According to the following triangle
inequality for two interacting sub-system demonstrated
by Araki and Lieb [29]

jSðqAÞ � SðqBÞj 6 S 6 SðqAÞ þ SðqBÞ; ð9Þ
if the system is a pure quantum state at initial time, the par-
tial entropies of the subsystems will be equal all the time
after, which means if the atom and the field do not interact
with each other at the beginning, their partial entropies will
keep equal during the interaction process.

Let us consider an atom in a squeezed vacuum. As we
have known, the density operator of squeezed vacuum state
(SVS) jni is

qfð0Þ ¼
X
n;n0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2nÞ!ð2n0Þ!

p
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j2nih2n0j; ð10Þ

where n = rexp(ih), r and h are the squeezing parameter
and the squeezing angle, respectively. Obviously the density
operator of the squeezed vacuum is not diagonalized and in
order to diagonalize it for entropy investigation, its eigen-
values are needed [23]. Note that an eigenstate of (6) must
be of the form:

jwi ¼ wcjci þ wsjsi: ð11Þ

Consider the action of qf on jwi:

qf jwi ¼ ðjcihcj þ jsihsjÞðwcjci þ wsjsiÞ

¼ hcjci þ ws
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ð12Þ

Consequently for jwi to be an eigenstate of qf it must
satisfy

hcjci þ ws

wc

hcjsi ¼ hsjsi þ wc

ws

hsjci: ð13Þ

Write hcjsi = jhcjsijexp(i/) and suppose that

wc ¼ �wc expði/=2Þ; ws ¼ �ws expð�i/=2Þ; ð14Þ

then Eq. (13) becomes

jhcjsijðw2
c � w2

s Þ ¼ ðhcjci � hsjsiÞwcws: ð15Þ
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For SVS, we can easily get
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where

P 2n ¼ jh2njnij2 ¼ ðtanh rÞ2nð2nÞ!
cosh rðn!2nÞ2

; ð17Þ

is the probability of finding 2n photon in the state and
P2n+1 = 0 (n: integer).

Since wcws = 0, the eigenvalues are

p1 ¼ hcjci; p2 ¼ hsjsi: ð18Þ
Then the partial entropy of the field is given by

SfðtÞ ¼ �p1 ln p1 � p2 ln p2: ð19Þ
There are several quantities to investigate the nonclassi-

calities of light fields, such as quadrature squeezing, sub-
Poissonian photon statistics and the negativity of the Wig-
ner function [30] of a state. Without loss of generality, here
we consider the photon statistics and the quadrature
fluctuation.

Sub-Poissonian photon statistics is a typical nonclassical
effect. For a single mode light field, it can be expressed by
the Mandel Q parameter:

Q ¼ ha
þaaþai � ðhaþaiÞ2

haþai � 1: ð20Þ

Q = 0, Q > 0 and Q < 0 correspond to the Poissonian,
super-Poissonian and sub-Poissonian statistics of the light
field. The quadrature squeezing means

ðDX iÞ2 <
1

4
ði ¼ 1 or 2Þ; ð21Þ

where X1, X2 are two quadrature components of the field
which are defined as

X 1 ¼
1

2
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1

2i
ða� aþÞ; ð22Þ

where a(a+) is the annihilation (creation) operator of the
field. Generally, if the squeezing angle h is nonzero, we
can define the rotate quadrature components Y1 and Y2,
which satisfy

Y 1 þ iY 2 ¼ ðX 1 þ iX 2Þ expð�ih=2Þ; ð23Þ
and their fluctuations can be given by
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If one of the components satisfies ðDY iÞ2 < 1
4

(i = 1 or 2),
the field is quadrature squeezed.

Using the reduced density operator of the field expressed
by Eq. (6) we can get the Mandel Q parameter and the
quadrature fluctuations of the field.

Let us first consider the entanglement evolution. Fig. 1
shows the atom-field entanglement evolution in the
squeezed vacuum (black line) and coherent state (grey line)
with the mean photon number 16 (Fig. 1a) and 0.5
(Fig. 1b).

From Fig. 1a we can see that for the coherent state the
partial entropy of the field reaches the maximum at the
beginning and then gets back to its minimum gradually
and after that it returns back and oscillates regularly during
the ‘‘revival’’ period. In the ‘‘collapse’’ period, the system
tends to return the initial pure state. As for SVS, the partial
entropy of the field reaches the maximum quickly from the
very beginning and then oscillates randomly around the
maximum entanglement but it does not return the initial
pure state anymore. This indicates that, compare to the
case of the coherent state, the atom and the field in
squeezed vacuum environment can easily maintain strong
entanglement. The insets are the results in the range of
gt = p, and it shows that to get the similar entanglement,
the requirement for interaction coupling gt is much smaller
in SVS than that in CS, which implies that SVS may be
helpful to establish quantum entanglement. As we will
see later, the nonclassicality of SVS is reduced or even dis-
appeared in this process. Fig. 1b is the results when the
mean photon number is 0.5. Obviously, lower mean pho-
ton number means lower intensity and weaker squeezing,
and in this case maintaining the maximum entanglement
becomes more difficult. But still it is more regular and
has more chances to reach the maximum entanglement
for SVS than that for CS.

In order to see the difference more clearly, we show the
partial entropies versus mean photon number for different
coupling in Fig. 2. It indicates that the atom-field entan-
glement in SVS is not so sensitive to the interaction
coupling gt and it goes to the maximum very rapidly.
For CS, the entanglement also varies with gt but the
proper couplings are required in order to get the maxi-
mum entanglement.

To see how the field changes in the process, let us now
consider properties of the light field after the interaction.
Fig. 3 is the evolution of the Mandel Q parameter in the
SVS and CS with the mean photon number 16 (Fig. 3a)
and 0.5 (Fig. 3b). There shows the strong super-Poissonian
statistics for SVS, and for CS it shows sub-Poissonian sta-
tistics occasionally, but usually the photon statistics is close
to Poissonian. Lower photon excitation results in deeper
sub-Poissonian statistics. It is easy to understand since
SVS itself is a two-photon coherent state which appears
strong super-Poissonian statistics usually.

With the same parameters as in Fig. 3, we show the results
of the evolution of two quadrature fluctuations in Fig. 4.
From Fig. 4a we can see that for the CS the squeezing will
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Fig. 1. Evolution of partial entropy for initial mean photon number 16 (a) and 0.5 (b) (Black: SVS case; Grey: CS case).
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Fig. 2. Field partial entropy versus mean photon number with different coupling.
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exist only in the X1 component. And for the SVS the initial
squeezing in X1 disappears quickly and will not reappear
anymore. This indicates that when a SVS interacts with
an atom, its initial nonclassicality (the squeezing) will lose
whereas the quantum entanglement of the system will be
enhanced. When the mean photon number is 0.5 (see
Fig. 4b), the light field will show squeezing only in X1 in
the case of CS but asynchronous in X1 and X2 in the case
of SVS. Such squeezing depends on its initial parameter
when an atom is in a SVS: if the initial squeezing is strong,
the field will show strong super-Poissonian statistics and
also strong entanglement, and its initial squeezing will dis-
appear very soon; if the initial squeezing is weak enough,
the field will show weak sub-Poissonian statistics and also
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low entanglement, while its initial squeezing will be main-
tained. Again, the results imply that the SVS environment
can improve the entanglement in such interaction process.

The different behaviors of the entanglement between
the SVS and the CS are related to the nonclassicality of
the states. Actually, the single mode SVS, also called
two-photon coherent state [31] can be generated from
the degenerate parametric oscillator (DPO), and it is the
bunched entangled photon beam [32] which only consists
twin photons. With a beamsplitter and one or two
squeezed vacuum states one can produce entangled states
[14,33]. Such nonclassical feature is characterized by the
squeezing [34]. In the experiment situation, higher squeez-
ing means higher entanglement of the degenerate EPR,
and perfect squeezing means ideal EPR state for continu-
ous variables. It has been shown that the entanglement
can be transferred from field to atoms [35] and the results
discussed here could be regarded as a kind of entangle-
ment transfer from the bunched entangled photon pairs
to the atom–photon system. As was pointed out, when
considered the cavity decay and the atomic decay, due
to the decoherence, the entanglement will be decreased
[35,36]. We also investigated the corresponding result
for the coherent squeezed state which includes coherent
component and found that the entanglement is expected
between the SVS and the CS. Again, better squeezing cor-
responds to better entanglement.

In conclusion, we have investigated the evolution of the
atom-field entanglement and the field nonclassicality when
an atom interacts with a SVS or a CS, including photon
statistics and quadrature fluctuations. It is found that the
atom-field entanglement in squeezed vacuum environment
is much stronger than that in coherent environment under
the same conditions. Strong and stable quantum entangle-
ment can be obtained with the SVS. The possibility of
keeping entanglement longer and intenser by the nonclassi-
cal SVS implies that one can use the nonclassical light field
to realize better control of the atom–photon interaction
processing.
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