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Continuous-variable telecloning with phase-conjugate inputs
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We propose a scheme for continuous-variable telecloning with phase-conjugate inputs (PCI). Two cases of
PCI telecloning are considered. The first case is where PCI telecloning produces M clones nonlocally and M
anticlones locally, or vice versa. This kind of PCI telecloning requires only one Einstein-Podolsky-Rosen
(EPR) entangled, two-mode squeezed state as a resource for building the appropriate multimode, multipartite
entangled state via linear optics. The other case is a PCI telecloning protocol in which both clones and
anticlones are created nonlocally. Such a scheme requires two EPR entangled states for the generation of a

suitable multipartite entangled state. As our schemes are reversible, optimal cloning fidelities are achieved in

the limit of infinite squeezing.
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I. INTRODUCTION

Arbitrary quantum states cannot be copied perfectly ac-
cording to the quantum mechanical no-cloning theorem
[1,2]. However, there are optimal quantum cloning protocols
that lead to imperfect, approximate copies resembling the
input state just as much as allowed by quantum theory. This
quantum cloning plays an important role in quantum infor-
mation and quantum communication. For instance, it has
been shown that quantum cloning might improve the perfor-
mance of some computational tasks [3]. Quantum cloning
also represents a potential eavesdropping attack in quantum
cryptographic protocols [4].

An approximate, optimal quantum cloning machine was
first considered by BuZek and Hillery [5]. Their cloner oper-
ates in the domain of discrete variables and acts upon qubit
states. Later, quantum cloning was extended to the
continuous-variable (CV) regime by Cerf et al. [6].
Continuous-variable quantum cloning has been extensively
studied in recent years. This interest has been partly moti-
vated by the fact that preparing and manipulating optical,
Gaussian, CV quantum states is relatively easy compared to
other implementations. There are various theoretical propos-
als for an experimental realization of CV quantum cloning
[7-9]. These first proposals rely upon linear optics and, in
addition, on the optical amplification of the input states. The
cloned states in these schemes are produced locally, from a
number of identical copies of the signal state. We refer to this
kind of quantum cloning as local, conventional cloning. A
more recent experimental realization of local, conventional
cloning of optical coherent states was achieved without am-
plification, using only linear optics, homodyne detection, and
feedforward [10]. According to another interesting proposal
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of this kind of cloning [11], approximate copies of an optical
quantum state appear in two atomic ensembles.

There has also been a lot of interest in quantum nonlocal
cloning (telecloning), which is a combination of quantum
cloning and teleportation to more than just one receiver. The
aim of telecloning is to broadcast information of an unknown
quantum state from a sender to several spatially separated
receivers exploiting multipartite entanglement as a multiuser
quantum channel. For continuous variables, the first proposal
for optimal 1— M telecloning of coherent states is based
upon an M+1 partite entangled multimode Gaussian state
[12]. The protocol itself, similar to one-to-one quantum tele-
portation [13], uses beam splitters, homodyne detection, and
feedforward. In this case, the anticlones (phase-conjugate
clones, or time-reversed state) are lost; thus, optimal tele-
cloning can be achieved by exploiting nonmaximum, effec-
tively Dbipartite entanglement produced from finitely
squeezed light via linear optics. This scheme (see also
[14,15]) is regarded as the CV irreversible telecloner, analo-
gous to the irreversible telecloner in the domain of discrete
variables [16]. Recently, irreversible telecloning of optical
coherent states was demonstrated experimentally [17].

In addition, CV reversible telecloning was proposed [18],
in which the information of an unknown quantum state is, in
principle, transferred without loss from a sender to several
spatially separated receivers, again exploiting multipartite
entanglement as a multiuser quantum channel. However, in
this case, optimal reversible telecloning requires maximum
bipartite entanglement; hence infinite squeezing would be
needed to build the corresponding multimode entangled state
[12].

An important work on quantum state estimation has re-
vealed that more quantum information can be encoded in
antiparallel pairs of spins than in parallel pairs [19]. Subse-
quently, a similar result was obtained in the CV regime,
where a pair of conjugate Gaussian states carries more infor-

*Corresponding author. jzhang74 @yahoo.com; mation than a pair of identical coherent states [20]. These
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TABLE I. Summary of earlier work and existing results on quantum cloning.

Local cloning Conventional cloning Discrete
with identical inputs variables
Continuous
variables
Local cloning with Discrete
(antiparallel) phase- variables
conjugate inputs Continuous
variables
Nonlocal cloning Conventional nonlocal Discrete
cloning (telecloning) variables
with identical inputs
Continuous
variables
Nonlocal Discrete
cloning (telecloning) variables
with (antiparallel) Continuous
phase-conjugate inputs variables

BuZek and Hillery [5]; Lamas-Linares et al. (experiment) [31];
De Martiniet al. (experiment) [31]
Cerf et al. (theory) [6]; D’ Ariano e al. (theory) [7]; Braunstein
et al. (theory) [8]; Andersen ef al. (experiment, irreversible) [23]
Fiurdsek (theory) [21]

Cerf and Iblisdir (theory, reversible) [22]; Chen and Zhang (theory,
irreversible and reversible) [23]; Sabuncu et al. (experiment,
irreversible) [24]

Brug et al. (theory, irreversible) [16];

Diir (theory, irreversible) [16];

Murao et al. (theory, reversible) [16]; Zhao et al. (experiment) [32]

van Loock and Braunstein (theory, irreversible) [12];
Zhang et al. (theory, reversible) [18];

Koike er al. (experiment, irreversible) [17]

Current work

machine admitting antiparallel input qubits or phase-
conjugate input coherent states, compared to the conven-
tional case with identical input copies. Based upon the above
properties, FiurdSek et al. proposed a cloning machine for
antiparallel spin states [21]. Similarly, Cerf and Iblisdir de-
rived a CV cloning transformation [22] that uses N copies of
a coherent state and N’ copies of its complex conjugate as
input states, and produces M optimal clones of the coherent
state and M'=M+N' - N phase-conjugate clones (anticlones,
or time-reversed states). This is the first scheme for a local,
phase-conjugate input (PCI) cloner of continuous variables.
Nonetheless, an experimental realization of the proposed PCI
cloner is difficult, as it requires “online” optical parametric
amplification. Recently, a much simpler and efficient CV PCI
cloning machine based on linear optics, homodyne detection,
and feedforward was proposed [23,24] and implemented ex-
perimentally [24]. Note that the production of an infinite
number of clones (M — =) coincides with optimal or perfect
state estimation [25]. The case of M clones and M -2 anti-
clones from two identical replicas gives the optimal teleclon-
ing fidelity of 2/3 for M — o and the maximally Einstein-
Podolsky-Rosen (EPR) entangled state. This is consistent
with the standard optimal value of 2/3 for 1 —2 cloning of
coherent states that was obtained in Ref. [6]. However, the
PCI telecloner yields the better fidelity of 4/5 owing to the
added information in the phase-conjugate input state. The
result of the increased fidelity of 4/5 for coherent states with
phase-conjugate input modes indicates that the added infor-
mation in the input state must be equivalent to the 1—2
cloning of a single-mode coherent state with known phase,
where the fidelity is also 4/5 [26]. A summary of the various
quantum cloning schemes and their realizations is shown in
Table 1.

In this paper, we propose a protocol of CV reversible
telecloning of coherent states with phase-conjugate input

modes. The N+N—M+M quantum telecloning machine
yields M identical clones and M identical anticlones from N
copies of a coherent state and N phase-conjugate copies.
Here, we consider two cases of PCI telecloning. In the first
case, PCI telecloning produces M clones nonlocally and M
anticlones locally, or vice versa. Alternatively, both clones
and anticlones may be created nonlocally through PCI tele-
cloning. Optimal cloning fidelities of this PCI telecloning
require perfect EPR entanglement, i.e., infinite two-mode
squeezing as a resource. However, similar to the conven-
tional (irreversible) CV telecloning scheme [12], no “online”
optical parametric amplification is needed. As shown in
Table I, PCI telecloning of qubit states has not been investi-
gated yet. Hence our protocol represents a nice example,
where a CV quantum information protocol is proposed be-
fore its qubit counterpart.

II. PCI TELECLONING WITH NONLOCAL CLONES
AND LOCAL ANTICLONES, 1+1-M+M

The quantum states we consider in this paper are de-
scribed with the electromagnetic field annihilation operator

d:()A( +i13)/ 2, which is expressed in terms of the amplitude X
and phase P quadrature with the canonical commutation re-
lation [X, P]=2i. Without loss of generality, the quadrature
operators can be expressed in terms of a steady state and
fluctuating component as A=(A)+AA, with variances of V,
=(AA% (A=X or P). The input coherent state and its phase-
conjugate state to be cloned will be described by |a;,)
=|%(xin+ipm)> and |a?n>=|%(xin—ipm)>, respectively, where
Xx;; and p;, are the expectation values of )A(in and ISin. The

cloning machine generates many clones of the input state
characterized by the density operator p,,. and the expecta-
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tion values X o and pgone- The quality of the cloning ma-
chine can be quantified by the fidelity, which is the overlap
between the input state and the output state. It is defined by
[27]

Input coherent
state ¢,

2

F= <ain|ﬁclone|a/in> = \/

Xexp(—

In the case of unity gains, i.e., xgoe=Xi,, the fidelity is
strongly peaked and becomes

(1 + Az)?clone)(l + Azﬁclone)
(xclone _ xin)z _ (pclone _ pin)2

N
2(1 + Azchlone) 2(1 + A2Pclone)

2

F= = — 2
\/(1 + A2Xclone)(l + A2Pclone)

The essence of quantum telecloning is the multipartite en-
tanglement shared among the sender and the receivers. With-
out multipartite entanglement, it is only possible to perform
the corresponding two-step protocol: The sender produces
clones and anticlones locally, and then (bipartitely) teleports
them to each receiver. The two-step protocol would require
2M -1 bipartite entanglement for teleportation. Continuous-
variable PCI telecloning with nonlocal clones and local an-
ticlones only requires one resource of bipartite entanglement.
The bipartite entangled state of CV is a two-mode Gaussian
entangled state (EPR entangled state), which can be obtained
directly by type-II parametric interaction [28] or indirectly
by mixing two independent squeezed beams on a beam split-
ter [27]. The EPR entangled beams have a very strong cor-
relation property such that both their sum-amplitude quadra-

+X,  )¥=2¢% and their difference-

EPRI 4gpr2 1 i
phase quadrature variance (&(P Py .))=2e" are

ture variance (5()A(a

9EPRI1

i
Vi 4

b,
]
Mb | b Anticlone, |

Anticlone,

J

below the two-mode vacuum noise limit, where r is the
squeezing parameter. Let us first illustrate the protocol in the
simple case of 14+1—M+M PCI telecloning, as shown in
Fig. 1. One of the EPR entangled beams dgpg; is held by the
sender and the other dgpg, is distributed among M remote
parties via (M —1) beam splitters with appropriately adjusted
transmittances and reflectivity’s. The modes 0; , are in the
vacuum state. The EPR entangled mode dgpg, is mixed with
U1in at the beam splitter BS;. The mode d,; contains the EPR
entangled mode dgpg, up to a factor of 1/M. The output ¢,
is split at BS, and so on, until it arrives at the last beam
splitter BS,,_;. The transformation performed by the jth

beam splitter can be written as
. [ | M—-j .
di=\|————Ci,+\| =70
/ M—-j+1 7" M—-j+1 7

. [ M-j [ 1 3)
Civ1,a= . Cja— — . UVja
i+, M-j+1 7" M—j+1 7

where ¢ ,=dgpro and dy=¢y . It is clearly shown that each
mode d; contains a V1/M portion of the EPR entangled
mode dgpr, and a (M —1)/M portion of vacuum.

At the sender station, the input coherent state ¢;, and its
phase-conjugate state ¢ are prepared by an amplitude
modulator and a phase modulator, respectively. The modu-
lated signals on the amplitude modulators are in phase and
the modulated signals on the phase modulators are out of
phase. The input phase-conjugate state ¢;, is combined with
the EPR entangled beam dppg; via a variable beam splitter
BS, with transmission rate T and reflectivity rate R. The
transmitted field ¢;,=VT¢, —VRdgpr, is divided into M
modes {b,,b,,....by} via (M—1) beam splitters, which is
the same as for the EPR entangled beam dgpg, [see also Eq.
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(3)]. The reflected output 61,=\J’§CATH+ VTéagpg; is combined
with input mode ¢, at a 50/50 beam splitter. Then we per-
form homodyne measurements on the two output beams in
order to obtain the amplitude and phase quadratures simulta-
neously. The measured quadratures are

A 1 A A A

Xm = TE(\”RXC_* + V/;VXEPRI +XC- ),
v in in

I (P .

P, = ,_E(N’RPCi* + \TPgpri — P, ). (4)
v in in

The sender then conveys the measured results x,, and p,, to

the local modes éj and the remote ones d;. After receiving

the measurement results, each receiver diéplaces his corre-
sponding mode by means of a 1/99 beam splitter with an
auxiliary beam, the amplitude and phase of which have been
modulated via two independent modulators using the re-
ceived x and p signals with the scaling factors g,=-g,=g,

for modes d;, and g,=g,=g, for modes I;_,;, respegtiAvely [24}]
Corresponding to the transformation A— D'AD=A+(X,,

+if’m)/ 2 in the Heisenberg representation, the displaced
fields of the remote parties can be expressed as

Bm | — |
/ M-j+17¢ M-j+1 7%
| M- | 1
Al Al A
Citla™= M—j+ lcj,a_ M—j+ 1vj,a’ (5)

ot o M s .
VRE, + &1 E\’l — Ragpg; + dgpro

where

A

! —
Cla=81

SIE

+ 81\ 5 Cin» (6)

N

Ay =Cra )

The displaced local modes can be expressed as

L 1 N M_] A
b; = T Cipt - Ujb
M-j+1 M—-j+1
. M-j [ 1
C;+I,b: M—j+1c';’b_ M—j+1vj’b’ (8)

~(VR-gan X \T=R)a M. ©
A &2 2\ agpri t+ &2 zcm’
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By choosing g;=v2/M(1-R) and g,=+2R/M(1-R), the
displaced fields ¢, and ¢}, are given by

\E 1
Al V Akt A At A
Cla= C; r Cin+ (Appg) +dppra),  (11)
a \/1—R n V1-R "
1 \e”E
Al Ak AT
Cip= \”/] —Rcin \”,1 _RCin. (12)

We can see that Egs. (11) and (12) include a phase-
insensitive amplification with gain G=1/(1-R).

Note that both terms ¢;, and &}/ in Eq. (11) contribute to
ther total coherent signal with a fm of | 1/V1-R
+VR/\1-=R and noise variances with V1+R/\V1—-R, and in
Eq. (12) they contribute to the total conjugate coherent signal
with a factor of 1/\V1-R+ V”R/\r’ﬁ] and noise variances
with V1+R/\1-R. Since each output cloner a ]' and anticlone

l;]' should include one part of the input coherent and the
conjugate state, R must satisfy

—
1 VR

7 + =1.

VM(1-R) VM(1-R)

(13)

The parameter R can be easily determined by solving the
above equation,
(M-1)°

T M+ 1) (14)

According to Egs. (5), (8), and (14), the variances of the
clones and anticlones can be written as

(M-1)> 272
Y,

k]

A2)A(a{ = Azﬁa( =1+
J J

11+R M-1 (M =1)?
— =1+ .

MRy = APy = R T " 2M?
(15)
The fidelity can be obtained via Eq. (2),
Fc];)ne - 4M?
(1 HM) AM? + (M = 1)* +4Me™"
. G (16)
(1 HM) AM* + (M - 1)?

This scheme produces M anticlones locally and M clones
nonlocally. The fidelity of the anticlones is optimal and in-
dependent of the entanglement. However, the fidelity of the
clones does depend on the entanglement. An optimal fidelity
of the clones requires a maximally EPR entangled state, r
— . Now we compare M clones and M anticlones from the
phase-conjugate input modes with M clones and M —2 anti-
clones from the two identical replicas. The fidelity of the
standard 2-to-M + (M —-2) telecloning is given by [18]
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In the special case M =2, the standard telecloner can produce
clones perfectly with fidelity equal to 1 (r—0) and no anti-
clones, while the PCI telecloner yields two clones and two
anticlones with fidelity equal to 16/17 (r— o). Obviously,
the PCI telecloner yields a better fidelity than the standard
cloning when M =3. In the limit of large M — >, we see

1 i . .

F ((: v ;le =FZ(HI[3 =;i compared with the standard telecloning
e

F;li"; F;‘foo—- (r— ). This shows that more information

can be encoded into a pair of conjugate coherent states than
by using two identical states, which was shown in Refs.
[20,24]. This scheme can be easily modified in order to re-
alize PCI telecloning with local clones and nonlocal anti-
clones; simply the inputs of the coherent state and its phase-
conjugate state must be swapped.

III. PCI TELECLONING WITH NONLOCAL CLONES
AND LOCAL ANTICLONES, N+N—M+M

We now generalize the 1+1—M+M case to N+N—M
+M PCI quantum telecloning, which produces M clones
nonlocally and M anticlones locally from N copies of a co-
herent state and N copies of its complex conjugate, as illus-
trated in Fig. 2. First, we concentrate N identically prepared
coherent states |®) described by {di, ;} (=1,...,N) into a
single spatial mode ¢, with amplitude VN®. This operation
can be performed by interfering N input modes in N—1 beam
splitters, which yields the mode

(19)

ain,l

||M2

o
6 =7
Y

and N—-1 vacuum modes. The same method can be used for
the generation of the phase-conjugate input mode ¢, with
amplitude VN®* from the N copies of |®*) stored in the N
modes {am’,} (I=1,...,N), which is expressed as

Cr= —E i,

VN

(20)

Then, ¢, and é, are sent into the cloning machine (see Fig.
1). The displaced fields [Egs. (11) and (12)] become

—
. VR . 1
¢l \’/—1 —RC + \',_1 — ¢+ (a]t:PRl +dgpra),  (21)
1 R
n n N n
Clp="] Crt é (22)
© NJ1-R V1-R

The terms with ¢, and c2 in Egs. (21) and (22) contrlbute to
the total coherent signal with a factor of \N(l/\l R
+VR/N1- R) and noise variances with y/(1+R)/(1-R). Since

each output cloner d@; and anticlone b' should again include

one part of the input coherent and conJugate state, R must

satisfy
VR )
+ = =
VM(1 -R)

The parameter R can be easily determined by solving the
above equation,

(23)

— 1
\’N( -
VM(1 =R)
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The variance and fidelity of the (]NV)H(%) PCI telecloner is

now given by

0e " (M=N)? 277
MKy =8Py =1r oy T T
J J
. . M -N)*
2%y =8By =1+ S
J j 2M*"N
Fclone 4M2N
N M\ = S
(N HM) 4M?N + (M = N)* + 4MNe™
Fanti 4M2N (25)
N M\=—"—"F5 " _5-
(NHM> 4M?N + (M - N)?

Obviously, Eq. (16) can be obtained from Eq. (25) with N
=1. This result also coincides with that obtained in Refs.
[22,29]. However, the output anticlones are lost in that
scheme. The advantage of dealing with N pairs of complex
conjugate inputs can be most easily illustrated in the limit of
an inﬁnite number of clones, M — oo; from Eq. (25) we

obtain F( ) (M) 4N+1 and F?N) (M) while the stan-

4N+1 ’

dard teleclonlng fidelities are FENHM (M- 2N)_21v+1 and

antl
Fon—mem—am = 2N+1 (r—w).

IV. PCI TELECLONING WITH BOTH CLONES
AND ANTICLONES NONLOCAL

We now consider 1+1—M+M PCI telecloning, which
nonlocally produces at the same time M clones and M anti-
clones from a coherent state and its phase conjugate using
multipartite entanglement, as shown in Fig. 3. The case of
N+N—M+M is easily obtained from the case of 1+1
— M+M in a similar way to the discussion of the preceding
sections.

Here, two pairs (dgpr;.dgpry) and (bgpr;.bgpry) of EPR
entanglement are utilized with squeezing r; and r,, respec-
tively. One of the EPR entangled beams dgpg, is distributed
among M remote parties {d;,d,,...,dy} via (M—1) beam
splitters similar to Eq. (3). One of the other EPR entangled
beams I;EPRI is combined with the EPR entangled beam
agpr; at a beam splitter BS, with transmission rate 7=1-R
and reflectivity R=(M—1)?/(M+1)>. The transmitted field

Cy= \e’?l;EpRl - \e’ﬁdEpRl is also divided into M remote modes
{by,b,, ... by} by (M—1) beam splitters, similar to the EPR
entangled beam dppr,. The reflected output ¢;,= \E'RBEPRI

+ \GdEpRl and l;EpRZ are held by the senders 1 and 2, respec-
tively. Sender 1 combines the reflected output mode ¢, with
input mode ¢;, at a 50/50 beam splitter and sender 2 does the

same thing with the EPR entangled beam l;EpRz and the
phase-conjugate input mode. Note that the modes dgpgro, ¢y

¢y, and ISEPRQ form a genuine four-mode entangled state,
whose properties are different from CV Greenberger-Horne-
Zeilinger and cluster states discussed in Ref. [30]. Next the
senders perform homodyne measurements on the two output
beams of the 50/50 beam splitters to obtain two amplitude
and phase-quadrature measurement results (x;,p;), (x,,p,) to
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be conveyed to the remote parties. The measured quadratures
are

A T . .
X;= E(VRXbEPRl AT 9EPR1 +Xcm)’
A - )
Pl = E(\RPbEPRl + \/TPaEPRI - Pcin)’
~ 1 . ~
X2 = VTE(XIJEPRZ + XC;) s
n 1 - ~
Py= \J’_E(PbEPRZ - Ps). (26)

After receiving the measurement results, each party in the set
{d,d,,...,d4,} combines these results,

1 [ R A N
Xs.a = 8x1,aX1 + 8x2,a%X2 = \’/_M< 1— RXc:"n + X“EPR]
| A R N A
+ 1— RXCin + M(1-R) (XbEPRl +XbEPR2)’

1 [ R 4 A
ps,azgpl,apl"'ng,apZ:_V_ﬂ( l_RPC;Fn-'-PaEPRI
1 . R A~ ~
- 1 _RPCin + M(l —R) (PbEPRZ - PbEPRl)’

(27)

where gxl,az_gpl,u=gx2,u/Vlﬁ:_gpla/ VJ’E: \'2/M(1_R)’ and

finally displaces the corresponding entangled mode. The out-
put fields are the clones of PCI telecloning with the variances
and fidelity given by

(M-1)? 2e721
5 e

clone 41‘42
M\ = .
X HM) AM? + (M = 1)*(1 + e722) + 4Me™>"1

(28)

Similarly, each party in the set {b,,b,, ... by} combines the
measurement results,

1 1 A A
X5 b= 8x1,b%1 + 8x2,p%2 = W( V1-zr RX"i*n +VRX, o
R 1 .
+\/ T X. + 77—
1 _R in \"1 _

R A
RXbEPR2> + \r/M(l _R)XbEPRl’
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1 1 . .
Psp = 8p1.P1 + &p2 P2 = T\ N1og" +\RP, .
N _R_5
- — _——— + s
1—-R Cin \“"1 R bepro \"M(l _ R) bEpR1

(29)

where  g.1,=8,1,=V2R/M(1-R) and g, ,==8€np
=2/M(1-R), and finally displaces the corresponding en-
tangled mode. Now the output fields are the anticlones of
PCI telecloning with the variances and fidelity

(M-1) (M+1)*
+ e 2

A2X, = AP, =1+
b b 2M? 2M?

i

Fanti 4M2
1 M\ = .
(1)~ ) = a2 =17+ (M 12

(30)

This protocol produces nonlocally M clones and M anti-
clones at the same time. The fidelity of the clones and anti-
clones depends on the entanglement. Clearly, an optimal fi-
delity of the clones and anticlones, in agreement with the
results of Refs. [22,29], requires a perfectly entangled state,
ry, rny— oo,

V. CONCLUSION

In conclusion, we have proposed a protocol for CV tele-
cloning of coherent states with phase-conjugate input modes.
Two kinds of PCI telecloning are considered. In the first
scheme, the PCI telecloning produces clones nonlocally and
anticlones locally. Realization of this kind of PCI telecloning
requires a single EPR (two-mode squeezed) entangled state
as a resource, arrays of beam splitters, homodyne detection,
and feedforward. Through the alternative scheme, both
clones and anticlones are produced nonlocally at the same
time. This scheme requires two EPR entangled states as a
resource. The protocols described here may be applicable to
various quantum communication scenarios, e.g., to an eaves-
dropping attack in quantum key distribution.
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