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The quantum fluctuations and correlations of the output signal and idler beams from a type-II polarization
nondegenerate optical parametric amplifier �NOPA� inside an optical cavity are investigated theoretically,
which is driven by the different kinds of quantized fields such as the two-mode thermal field, the phase-
conjugate state, and a pair of EPR beams at the signal and idler frequency. Spectral line shapes due to quantum
interferences between the input quantum fields and the generated down-converted subharmonic fields of NOPA
are studied by scanning the length of the NOPA cavity. The entanglement degree of the EPR entangled beams
injected into the NOPA as signal and idler beams can be increased or decreased, which are realized by
controlling the relative phase between the pump beam and the injected beams for the NOPA. The results
demonstrate coherent phenomena of NOPA in the quantum regime and show phase-sensitive manipulations of
quantum entanglement for quantum information processing.
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I. INTRODUCTION

It is well known that the parametric interactions generate
optical fields which have important quantum properties.
There have been much recent interests in the quantum fea-
tures displayed in the output fields of the parametric process.
The two-mode quadrature squeezed state of light and the
quantum correlated twin beams have been generated directly
from continuous type-II nondegenerate optical parametric
oscillators �NOPO� operated below and above the oscillation
threshold, respectively �1,2�. Some quantum information
protocols such as quantum dense coding �3�, unconditional
entanglement swapping �4�, have been realized by employ-
ing the type-II nondegenerate optical parametric amplifier
�NOPA�. The parametric process inside a cavity is a very
efficient method to generate quantum optical field and be-
comes very fruitful in continuous-variable �CV� quantum
communication and information. Another important aspect is
the manipulating quantum states of light through the optical
parametric amplifier �OPA�, which is important for the quan-
tum information propagation and communication. An OPA
can be used to amplify nonclassical states such as squeezed
states and single-photon states. This process is proved to be
essential in the implementations of discrete-variable and CV
quantum information processing, such as optimal quantum
cloning machines �5�, quantum nondemolition measurements
�6�, and CV all-optical quantum teleportation �7�.

Recently, a series of phenomena on the interference in the
type-I OPA inside an optical cavity has been studied experi-
mentally with the injection of the coherent signal beam �8,9�.
Later, Agarwal �10� generalized the observation of classical
interference phenomena in the type-I OPA system injected
with the coherent signal beam �8� to the quantum domain
and studied theoretically the interferences of the quantum

fluctuations from a type-I OPA when the cavity is driven by
a quantized field. Recently, such quantum interference phe-
nomenon was demonstrated experimentally in the phase-
sensitive type-I OPA system inside an optical cavity with an
injected squeezed vacuum state �11�.

In this paper, we theoretically investigate the quantum
fluctuations and correlations of the output signal and idler
beams from a type-II polarization nondegenerate OPA inside
an optical cavity, which is driven by the different kinds of
quantized fields such as the two-mode thermal field, the
phase-conjugate state, and a pair of EPR beams at the signal
and idler frequency. Spectral line shapes due to quantum
interferences between the input quantum fields and the gen-
erated down-converted subharmonic fields are studied by
scanning the length of the NOPA cavity. We show how the
quantum fluctuations and correlations of the input states can
be modified and controlled by the NOPA inside an optical
cavity. Especially, we demonstrate the degree of the correla-
tion of input entangled beams can be improved by the proper
choice of the relative phase between the pump field and the
injected fields. This scheme can be straightforwardly imple-
mented with a setup that is at present experimentally
accessible.

This paper is arranged as follows. In Sec. II we present
how the NOPA without the cavity phase sensitively manipu-
lates the different kinds of the input two-mode states. In Sec.
III the quantum fluctuations and correlations spectra of the
output signal and idler beams from a NOPA inside an optical
cavity are studied by scanning the length of the cavity. These
results demonstrate that the NOPA inside a cavity can give
the new phenomenon and present the novel spectral line
shapes, which are caused by the interference between the
harmonic pump field and the subharmonic seed field in
NOPA in cooperation with the absorptive and dispersive re-
sponses of an optical cavity. A brief summary of the paper is
presented in Sec. IV.
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II. PHASE-SENSITIVE MANIPULATION OF QUANTUM
CORRELATIONS AND ENTANGLEMENT BY

NOPA

First, we consider the simple NOPA process without con-
sidering cavity to investigate the quantum fluctuations and
correlations with different kinds of quantized input fields.
The quantum states we consider in this paper are described
with the electromagnetic field annihilation operator

â= �X̂+ iŶ� /2, which is expressed in terms of the amplitude X̂

and phase Ŷ quadrature with the canonical commutation re-

lation �X̂ , Ŷ�=2i. The phase-sensitive type-II polarization
nondegenerate parametric amplifier can be expressed by the
simple interaction Hamiltonian

HI = i���ei�pâ1
†â2

† − e−i�pâ1â2� . �1�

Here, â1 and â2 are the annihilation operators of the signal
and idler fields of the NOPA, which have the frequency �s
+�i=�p with orthogonal polarization. �=g� is a nonlinear
coupling coefficient proportional to the nonlinear susceptibil-
ity g of the medium and to the amplitude � of the pump field.
�p is the phase of the pump field relative to signal field �here
the idler field has the same phase with the signal field with-
out the loss of generality�. Note that we assume that the
nonlinear medium is pumped with the second-harmonic
wave of �p and the pump field is undepleted and of sufficient
intensity that it may be modeled classically. From Eq. �1�,
the creation and annihilation operators of the output modes
of the NOPA after an interaction time T with the medium can
be given by

â1
o = â1

in cosh r + â2
†inei�p sinh r ,

â2
o = â2

in cosh r + â1
†inei�p sinh r , �2�

where r=�T and â1
in and â2

in are the annihilation operators of
the signal and idler input fields of the NOPA. The quadrature
phase amplitudes of the output modes of the NOPA can be
expressed by

X̂1
o = X̂1

in cosh r + X̂2
in�p sinh r ,

Ŷ1
o = Ŷ1

in cosh r − Ŷ2
in�p sinh r ,

X̂2
o = X̂2

in cosh r + X̂1
in�p sinh r ,

Ŷ2
o = Ŷ2

in cosh r − Ŷ1
in�p sinh r . �3�

Here, X̂i
�p = âie

−i�p + âi
†ei�p and Ŷi

�p =−i�âie
−i�p − âi

†ei�p�. To
measure the degree of correlation between the two modes,
we consider the variance v�� ,��= ��2�X1

�−X2
���. If v�� ,��

=0, then X1
� is perfectly correlated with X2

�. This means a
measurement of X1

� can be used to infer a value of X2
� with

certainty. Of course, X1
� and X2

� are uncorrelated when
v�� ,���2. The nonseparability criterion in terms of measur-
able squeezing variances of two-mode states

��2�X̂1
o 	 X̂2

o�� + ��2�Ŷ1
o 
 Ŷ2

o�� � 4. �4�

This is a sufficient criterion for nonseparability for any two-
mode entangled state, which puts in the form suitable for
experimental verification �12,13�. This inequality can be
tested by the method called local measurement for the en-
tanglement, for example, with a single polarized beam split-
ter. The polarized beam splitter provides the suitable quadra-
ture combinations of the signal and idler fields for amplitude
and phase quadrature simultaneously detectable at the two
output ports. However, instead of simultaneous detection of
the relevant quadrature combinations �local measurement�,
another method, called nonlocal measurement, can check the
inequality. The signal and idler fields may be sent to two
remote stations, respectively, then detected by two homo-
dyne detections. It requires switching the two local oscillator
phases from amplitude to phase quadrature measurements.
This sequence of detections requires preparing an ensemble
of identical states.

From the Eq. �3�, the difference and the sum of the am-
plitude phase quadratures of the output modes of NOPA can
be obtained

X̂1
o − X̂2

o = �X̂1
in − X̂2

in�e−�+�r,

Ŷ1
o + Ŷ2

o = �Ŷ1
in + Ŷ2

in�e−�+�r,

X̂1
o + X̂2

o = �X̂1
in + X̂2

in�e+�−�r,

Ŷ1
o − Ŷ2

o = �Ŷ1
in − Ŷ2

in�e+�−�r, �5�

where the minus and plus symbols outside or inside round
brackets at exponent correspond to NOPA operated at ampli-
fication ��p=0� or deamplification ��p=��, respectively.
When �p=0, the NOPA is operated at the parametric ampli-
fication in which the injected subharmonic signal and har-
monic pump fields are in phase. When the injected subhar-
monic signal and harmonic pump fields are out of phase, i.e.,
�p=�, the NOPA is operated at the parametric deamplifica-
tion.

Case 1. Consider the vacuum states as the signal and idler

input fields with ��2X̂1
in�= ��2X̂2

in�= ��2Ŷ1
in�= ��2Ŷ2

in�=1. When
the NOPA is operated at parametric amplification, the vari-
ances of the signal and idler output fields are expressed by

��2X̂1
o� = ��2X̂2

o� = ��2Ŷ1
o� = ��2Ŷ2

o� =
e−2r + e2r

2
�6�

and the correlated variances are given by

��2�X̂1
o − X̂2

o�� = ��2�Ŷ1
o + Ŷ2

o�� = 2e−2r

��2�X̂1
o + X̂2

o�� = ��2�Ŷ1
o − Ŷ2

o�� = 2e2r. �7�

In the limit of r→, the perfect correlation with quadrature
amplitude correlation and quadrature phase anticorrelation is
achieved and each beam of the signal and idler output fields
has infinite energy. When the NOPA is operated at the para-
metric deamplification, i.e., �p=�, the two output modes are
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EPR entangled beams with quadrature amplitude anticorrela-
tion and quadrature phase correlation

��2�X̂1
o + X̂2

o�� = ��2�Ŷ1
o − Ŷ2

o�� = 2e−2r,

��2�X̂1
o − X̂2

o�� = ��2�Ŷ1
o + Ŷ2

o�� = 2e2r. �8�

This case is a usual way to generate EPR entangled beams
�1�. Since the signal and idler input fields are the vacuum
states which are isotropic in phase space, the output fields of
the NOPA have the same entangled degree, which is inde-
pendent of the relative phase with the pump light. By select-
ing the proper phases of local oscillators, we can achieve the
same entanglement. Figure 1 shows the schematic of the cor-
relation and the quadrature components of the signal and
idler output fields in the phase space by injecting the input
vacuum states into the NOPA.

Case 2. Consider the two uncorrelated thermal optical

fields as the input signal and idler modes with ��2X̂1
in�

= ��2X̂2
in�= ��2Ŷ1

in�= ��2Ŷ2
in�=e2r0. When the NOPA is operated

at parametric amplification, the variances of the signal and
idler output fields are expressed by

��2X̂1
o� = ��2X̂2

o� = ��2Ŷ1
o� = ��2Ŷ2

o� =
e−2r + e2r

2
e2r0 �9�

and the correlated variances are given by

��2�X̂1
o − X̂2

o�� = ��2�Ŷ1
o + Ŷ2

o�� = 2e2�−r+r0�,

��2�X̂1
o + X̂2

o�� = ��2�Ŷ1
o − Ŷ2

o�� = 2e2�r+r0�. �10�

When the NOPA is operated at parametric deamplification,
the quantum correlation variances between the output modes
can be expressed by

��2�X̂1
o + X̂2

o�� = ��2�Ŷ1
o − Ŷ2

o�� = 2e2�−r+r0�,

��2�X̂1
o − X̂2

o�� = ��2�Ŷ1
o + Ŷ2

o�� = 2e2�r+r0�. �11�

The output fields of the NOPA with the two uncorrelated
thermal input fields are similar as the input vacuum states,
which are also independent of the relative phase with the
pump light. The schematic of the correlation and the quadra-
ture components of the signal and idler output fields in the
phase space with the injection of the input uncorrelated ther-
mal optical fields into the NOPA is shown in Fig. 2.

Case 3. Consider the phase-conjugate states �â1
in�= � 1

2
�x+ ip�� and �â2

in�= � 1
2 �x− ip�� as the input signal and idler

modes injected into the NOPA. The variances of the signal
and idler input fields are expressed by

��2X̂1
in� = ��2X̂2

in� = ��2Ŷ1
in� = ��2Ŷ2

in� = e2r0,

and the correlated variances are given by
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FIG. 1. �Color online� Schematics of the correlation and the
quadrature components of the signal and idler output fields in the
phase space with the input vacuum states for a NOPA. �a� and �c�
are the quantum correlations of the input signal and idler fields; �b�
and �d� are the quantum correlations of the output signal and idler
fields; �e� and �f� are the input and output quadrature components of
the signal and idler fields.
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FIG. 2. �Color online� Schematics of the correlation and the
quadrature components of the signal and idler output fields in the
phase space with two input uncorrelated thermal optical fields for a
NOPA. �a� and �c� are the quantum correlations of the input signal
and idler fields; �b� and �d� are the quantum correlations of the
output signal and idler fields; �e� and �f� are the input and output
quadrature components of the signal and idler fields.
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��2�X̂1
in − X̂2

in�� = ��2�Ŷ1
in + Ŷ2

in�� = 2,

��2�X̂1
in + X̂2

in�� = ��2�Ŷ1
in − Ŷ2

in�� = 4e2r0 − 2. �12�

It is has been shown that a pair of phase-conjugate states
carries more information than a pair of identical coherent
states �14�. This property enables one to achieve better fideli-
ties with a cloning machine admitting phase-conjugate input
coherent states compared to the conventional case with iden-
tical input copies. Based on the above properties, Cerf and
Iblisdir derived a CV cloning transformation �15� that uses N
copies of a coherent state and N� copies of its complex con-
jugate as input states and produces M optimal clones of the
coherent state and M�=M +N�−N phase-conjugate clones
�anticlones or time-reversed states�. A much simpler and ef-
ficient CV phase-conjugate input �PCI� cloning machine
based on linear optics, homodyne detection, and feed for-
ward was proposed �16,17� and implemented experimentally
�17�. In fact, the phase-conjugate coherent states are an en-
semble of quasiclassical states which are neither squeezed
nor entangled and nevertheless show some kind of nonlocal-
ity �18�. For the NOPA operated at the state of amplification,
the variances of the signal and idler output fields are ex-
pressed by

��2X̂1
o� = ��2X̂2

o� = ��2Ŷ1
o� = ��2Ŷ2

o� =
e2r

2
�2e2r0 − 1� +

e−2r

2

�13�

and the quantum correlation correlated variances are given
by

��2�X̂1
o − X̂2

o�� = ��2�Ŷ1
o + Ŷ2

o�� = 2e−2r,

��2�X̂1
o + X̂2

o�� = ��2�Ŷ1
o − Ŷ2

o�� = �4e2r0 − 2�e2r. �14�

The schematic of the correlation and the quadrature compo-
nents of the signal and idler fields in the phase space with a
pair of phase-conjugate input states for the NOPA operated at
the state of amplification is shown in Fig. 3. We find the
output signal and idler fields in Eq. �14� always satisfy the
criterion of nonseparability when the NOPA is operated at
the state of amplification with r�0. However they are not
the minimum uncertainty states as shown in Fig. 3. The vari-
ances of the signal �or idler� output fields always increase
with the increase of the parametric gain.

When the NOPA is operated at the state of deamplifica-
tion, the variances of the signal and idler output fields are
expressed by

��2X̂1
o� = ��2X̂2

o� = ��2Ŷ1
o� = ��2Ŷ2

o� =
e2r

2
+

e−2r

2
�2e2r0 − 1�

�15�

and the quantum correlation correlated variances are given
by

��2�X̂1
o − X̂2

o�� = ��2�Ŷ1
o + Ŷ2

o�� = 2e2r,

��2�X̂1
o + X̂2

o�� = ��2�Ŷ1
o − Ŷ2

o�� = �4e2r0 − 2�e−2r. �16�

The schematics of the correlation and the quadrature compo-
nents of the signal and idler fields in the phase space with a
pair of phase-conjugate input states for the NOPA operated at
the state of deamplification are shown in Fig. 4. The vari-
ances of the signal �or idler� output fields will first decrease
to reach the minimum value ���2X̂1

o�min= ��2X̂2
o�min

= ��2Ŷ1
o�min= ��2Ŷ2

o�min=�2e2r0 −1� then increase with the in-
crease of the parametric gain. Comparing Eqs. �14� to Eqs.
�16�, we know that the output fields of the NOPA will have a
different degree of the entanglement at the same parametric
gain, which depends on the relative phase with the pump
light due to the anisotropic property of the input fields in
phase space for the phase-conjugate states as shown in Figs.
3 and 4.

Case 4. Consider an EPR entangled beam as the input
signal and idler modes of NOPA, which have the quantum
correlation, i.e., both their difference-amplitude quadrature

variance ��2�X̂1
in− X̂2

in��=2e−2r0 and sum-phase quadrature

variance ��2�Ŷ1
in+ Ŷ2

in��=2e−2r0, are less than the quantum
noise limit, where r0 is squeezing factor. The output modes
of the NOPA operated at parametric amplification are given
by

��2X̂1
o� = ��2X̂2

o� = ��2Ŷ1
o� = ��2Ŷ2

o� =
e−2�r+r0� + e2�r+r0�

2
,
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FIG. 3. �Color online� Schematics of the correlation and the
quadrature components of the signal and idler fields in the phase
space with a pair of phase-conjugate input states for the NOPA
operated at the state of amplification. �a� and �c� are the quantum
correlations of the input signal and idler fields; �b� and �d� are the
quantum correlations of the output signal and idler fields; �e� and �f�
are the input and output quadrature components of the signal and
idler fields.
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��2�X̂1
o − X̂2

o�� = ��2�Ŷ1
o + Ŷ2

o�� = 2e−2�r+r0�,

��2�X̂1
o + X̂2

o�� = ��2�Ŷ1
o − Ŷ2

o�� = 2e2�r+r0�. �17�

Figure 5 shows the schematic of the correlation and the
quadrature components of the signal and idler fields in the
phase space with an EPR entangled input beams for the
NOPA operated at the state of amplification. Obviously, the
correlation degree of the input EPR entangled beams can be
improved further by the nonlinear interaction r of the NOPA.

When the NOPA is operated at the state of deamplifica-
tion, the quantum correlation variances between the two out-
put modes are obtained from Eqs. �3�,

��2�X̂1
o − X̂2

o�� = ��2�Ŷ1
o + Ŷ2

o�� = 2e2�r−r0�,

��2�X̂1
o + X̂2

o�� = ��2�Ŷ1
o − Ŷ2

o�� = 2e−2�r−r0�. �18�

It is obvious that if r�r0, the input quadrature amplitude
correlation and quadrature phase anticorrelation will be re-
duced by phase-sensitive NOPA. The quadrature amplitude
correlation and quadrature phase anticorrelation will be
changed into amplitude anticorrelation and quadrature phase
correlation with the increase of r and r�r0. When r=r0, the
signal and idler output fields become the vacuum states. Fig-
ure 6 shows the schematic of the correlation and the quadra-
ture components of the signal and idler fields in the phase

space with an EPR entangled input beams for the NOPA
operated at the state of deamplification. From Eqs. �17� and
�18�, we find that the entangled degree of the output fields of
the NOPA is different at the same parametric gain, which
depends on the relative phase with the pump light.

III. OUTPUT SPECTRA OF QUANTUM CORRELATION
OF NOPA INSIDE AN OPTICAL CAVITY

Now we consider the NOPA inside an optical cavity,
which is pumped by harmonic wave of frequency 2�0 and
injected by two subharmonic waves with frequency �1+�2
=�p but orthogonal polarization. The mirror M2 is mounted
on a piezoelectric transducer �PZT� to scan the NOPA cavity
length. The output signal and idler beams combine with the
local oscillator beam to be measured by the balanced homo-
dyne detector, respectively, as shown in Fig. 7. The two int-
racavity subharmonic fields are described by â1 and â2 and
the subharmonic input and output fields are denoted by â1

in,
â2

in and â1
o, â2

o, respectively. We suppose that there are iden-
tical losses for the intracavity fields â1 and â2. So we denote
� as the decay rate of the signal and idler modes due to
transmission of the input-output coupler mirror M1 and �c
due to all other intracavity losses, respectively. We denote by
ĉ1, ĉ2 as the vacuum modes that are coupled into the signal
and idler modes through the leakage loss �c.

The equations of motion for the intracavity signal and
idler modes are as follows:
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FIG. 4. �Color online� Schematics of the correlation and the
quadrature components of the signal and idler fields in the phase
space with a pair of phase-conjugate input states for the NOPA
operated at the state of deamplification. �a� and �c� are the quantum
correlations of the input signal and idler fields; �b� and �d� are the
quantum correlations of the output signal and idler fields; �e� and �f�
are the input and output quadrature components of the signal and
idler fields.
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FIG. 5. �Color online� Schematics of the correlation and the
quadrature components of the signal and idler fields in the phase
space with an EPR entangled input beams for the NOPA operated at
the state of amplification. �a� and �c� are the quantum correlations of
the input signal and idler fields; �b� and �d� are the quantum corre-
lations of the output signal and idler fields; �e� and �f� are the input
and output quadrature components of the signal and idler fields.
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dâ1

dt
= − i�â1 − �� + �c�â1 + �â2

† exp�i�p� + �2�â1
in + �2�cĉ1,

dâ2

dt
= − i�â2 − �� + �c�â2 + �â1

† exp�i�p� + �2�â2
in + �2�cĉ2,

�19�

where �p is the phase of pump light and � is cavity detuning.
Here we assume that the pump field is undepleted and de-
scribed by a constant which is included in the coupling co-
efficient �. We will take � to be real without the loss of
generality. Without loss of generality, the annihilation opera-
tors can be expressed in terms of a steady state and fluctuat-
ing component as âi=�i+�âi. By linearizing Eqs. �19�, we
obtain the fluctuation dynamic equations

d

dt
�â1 = − i��â1 − �� + �c��â1 + ��â2

† exp�i�p� + �2��â1
in

+ �2�c�ĉ1,

d

dt
�â2 = − i��â2 − �� + �c��â2 + ��â1

† exp�i�p� + �2��â2
in

+ �2�c�ĉ2. �20�

In order to calculate the quantum correlation of the signal

and idler modes, we define d̂1= 1
�2

�â1+ â2� , d̂2= 1
�2

�â1− â2�
and their quadrature components are expressed by

X̂d1
=

1
�2

�â1 + â2 + â1
† + â2

†� = �X̂a1
+ X̂a2

�/�2,

Ŷd1
=

1
�2i

�â1 + â2 − â1
† − â2

†� = �Ŷa1
+ Ŷa2

�/�2,

X̂d2
=

1

�2
�â1 − â2 + â1

† − â2
†� = �X̂a1

− X̂a2
�/�2,

Ŷd2
=

1
�2i

�â1 − â2 − â1
† + â2

†� = �Ŷa1
− Ŷa2

�/�2. �21�

Thus the equations of motion for the quadrature components
fluctuations of the quantum correlation of the signal and idler
mode can be obtained through Eqs. �20� and �21�,

d

dt
�X̂d1

= ��Ŷd1
− �� + �c��X̂d1

+ �X̂d1

�p + �2��X̂d1

in

+ �2�c�X̂c+
,

d

dt
�Ŷd1

= − ��X̂d1
− �� + �c��Ŷd1

− �Ŷd1

�p + �2��Ŷd1

in

+ �2�c�Ŷc+
,

 !"#

#$ "$

#$ "$

%&'' )*+,-
,*./0

#$ "$

#$ "$

1+,-%2 3+4556 ,0+0-,

1+,-72 0*-86+9 /.-9:,

1+,-;2 )*+,- 4<=>5?+0- ,0+0-,

1+,-@2 A"B -=0+=?9-: C-+6,

D=)50 ,0+0-,

 !"#

E<6<:F=- :-0-40<8 E<6<:F=- :-0-40<8

G! G!

"56)

H)-40856
+=+9FI-8

$%

 G

in
a1ˆ

in
a2ˆ

o
a1ˆ

o
a2ˆ

"JK

$7

FIG. 7. �Color online� Schematics of the NOPA inside a cavity
and the four different kinds of the input states. NL: type-II phase-
matched nonlinear crystal; LO: local oscillator; M1: input-output
coupler mirror; PM: phase modulator; AM: amplitude modulator;
PZT: piezoelectric transducer; â1

in and â2
in are the injected signal and

idler fields with degenerate frequency but orthogonal polarization;
â1

o and â2
o are the output fields of the NOPA.
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FIG. 6. �Color online� Schematics of the correlation and the
quadrature components of the signal and idler fields in the phase
space with an EPR entangled input beams for the NOPA operated at
the state of deamplification. �a� and �c� are the quantum correlations
of the input signal and idler fields; �b� and �d� are the quantum
correlations of the output signal and idler fields; �e� and �f� are the
input and output quadrature components of the signal and idler
fields.
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d

dt
�X̂d2

= ��Ŷd2
− �� + �c��X̂d2

− �X̂d2

�p + �2��X̂d2

in

+ �2�c�X̂c−
,

d

dt
�Ŷd2

= − ��X̂d2
− �� + �c��Ŷd2

+ �Ŷd2

�p + �2��Ŷd2

in

+ �2�c�Ŷc−
, �22�

where

X̂d1

in =
1
�2

�â1
in + â2

in + â1
in† + â2

in†� ,

Ŷd1

in =
1

�2i
�â1

in + â2
in − â1

in† − â2
in†� ,

X̂d1

�p =
1
�2

�â1e−i�p + â2e−i�p + â1
†ei�p + â2

†ei�p� ,

Ŷd1

�p =
1

�2i
�â1e−i�p + â2e−i�p − â1

†ei�p − â2
†ei�p� ,

X̂c+
=

1
�2

�ĉ1 + ĉ2 + ĉ1
† + ĉ2

†� ,

Ŷc+
=

1
�2i

�ĉ1 + ĉ2 − ĉ1
† − ĉ2

†� ,

X̂d2

in =
1
�2

�â1
in − â2

in + â1
in† − â2

in†� ,

Ŷd2

in =
1

�2i
�â1

in − â2
in − â1

in† + â2
in†� ,

X̂d2

�p =
1
�2

�â1e−i�p − â2e−i�p + â1
†ei�p − â2

†ei�p� ,

Ŷd2

�p =
1

�2i
�â1e−i�p − â2e−i�p − â1

†ei�p + â2
†ei�p� ,

X̂c−
=

1
�2

�ĉ1 − ĉ2 + ĉ1
† − ĉ2

†� ,

Ŷc−
=

1
�2i

�ĉ1 − ĉ2 − ĉ1
† + ĉ2

†� . �23�

Since the spectra of the quadrature variances of the output
fields are measured and analyzed, we make the Fourier trans-

formation Ô���= 1
�2�

	dtÔ�t�e−i�t for the operators in Eqs.

�22�, with the commutation relation �Ô��� , Ô�����=���
−���. With the boundary condition ai

o���=�2�ai���

−ai
in���, the spectra of the quantum correlation of the output

signal and idler mode in terms of the input fluctuation can be
obtained

�X̂d1

o ��� = 
��� + �c 	 � + i���� − �c 	 � − i��

− �2��X̂d1

in ��� + 2���Ŷd1

in ���

+ 2���c�� + �c 	 � + i���X̂c+
���

+ 2����c�Ŷc+
����

/��� + �c 	 � + i���� + �c 
 � + i�� + �2� ,

�Ŷd1

o ��� = 
��� + �c 
 � + i���� − �c 
 � − i��

− �2��Ŷd1

in ��� − 2���X̂d1

in ���

+ 2���c�� + �c 
 � + i���Ŷc+
���

− 2����c�X̂c+
����

/��� + �c 	 � + i���� + �c 
 � + i�� + �2� ,

�X̂d2

o ��� = 
��� + �c 
 � + i���� − �c 
 � − i��

− �2��X̂d2

in ��� + 2���Ŷd2

in ���

+ 2���c�� + �c 
 � + i���X̂c−
���

+ 2����c�Ŷc−
����

/��� + �c 	 � + i���� + �c 
 � + i�� + �2� ,

�Ŷd2

o ��� = 
��� + �c 	 � + i���� − �c 	 � − i��

− �2��Ŷd2

in ��� − 2���X̂d2

in ���

+ 2���c�� + �c 	 � + i���Ŷc−
���

− 2����c�X̂c−
����

/��� + �c 	 � + i���� + �c 
 � + i�� + �2� ,

�24�

where the plus and minus symbols at superscripts or sub-
scripts correspond to the state of NOPA operated at amplifi-
cation or deamplification, respectively. Subsequently, we can
calculate the quantum correlation variance of the signal and
idler beams

��2X̂d1

o ���� = 
��� 	 ��2 − �c
2 + �2 − �2�2 + 4�c

2�2�

���2X̂d1

in ���� + 4�2�2��2Ŷd1

in ����

+ 4�2��c��2Ŷc+
���� + 4��c��� + �c 	 ��2

+ �2���2X̂c+
����/
��� + �c�2 + �2 − �2 − �2�2

+ 4�2�� + �c�2� ,
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��2Ŷd1

o ���� = 
��� 
 ��2 − �c
2 + �2 − �2�2 + 4�c

2�2�

���2Ŷd1

in ���� + 4�2�2��2X̂d1

in ����

+ 4�2��c��2X̂c+
���� + 4��c��� + �c 
 ��2

+ �2���2Ŷc+
����/
��� + �c�2 + �2 − �2 − �2�2

+ 4�2�� + �c�2� ,

��2X̂d2

o ���� = 
��� 
 ��2 − �c
2 + �2 − �2�2 + 4�c

2�2�

���2X̂d2

in ���� + 4�2�2��2Ŷd2

in ����

+ 4�2��c��2Ŷc−
���� + 4��c��� + �c 
 ��2

+ �2���2X̂c−
����/
��� + �c�2 + �2 − �2 − �2�2

+ 4�2�� + �c�2� ,

��2Ŷd2

o ���� = 
��� 	 ��2 − �c
2 + �2 − �2�2 + 4�c

2�2�

���2Ŷd2

in ���� + 4�2�2��2X̂d2

in ����

+ 4�2��c��2X̂c−
���� + 4��c��� + �c 	 ��2

+ �2���2Ŷc−
����/
��� + �c�2 + �2 − �2 − �2�2

+ 4�2�� + �c�2� , �25�

where ��2X̂c+
����= ��2Ŷc+

����= ��2X̂c−
����= ��2Ŷc−

����=1
since they are vacuum input fields. The variances of the sig-
nal and idler output fields are expressed by

��2X̂a1

o ���� = ��2X̂a2

o ���� =
��2X̂d1

o ���� + ��2X̂d2

o ����

2
,

��2Ŷa1

o ���� = ��2Ŷa2

o ���� =
��2Ŷd1

o ���� + ��2Ŷd2

o ����

2
.

�26�

Case 1. We first study the NOPA by injecting vacuum
states at the signal and idler fields. When the pump field is
blocked, the parametric process is not active and the quan-
tum correlation variances of the output modes correspond to
the shot-noise limit �SNL� as shown in Figs. 8�a� and 8�c�.
When the pump field is injected into the NOPA, we fix the
phase of the pump field �p=0 and select the suitable phases
of local oscillators to measure the quadratures of the signal
and idler fields, respectively. Let us examine the quantum
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FIG. 8. �Color online� The noise power spectra of the quantum
correlation and the quadrature components of the signal and idler
fields of the NOPA injected with the vacuum state as a function of
the cavity detuning for different pump powers. Quantum noise is
analyzed at the sideband frequency of �=2 MHz. �a� and �b� for

the �X̂1
o+ X̂2

o� /�2 �or �Ŷ1
o− Ŷ2

o� /�2�. �c� and �d� for �X̂1
o− X̂2

o� /�2 �or

�Ŷ1
o+ Ŷ2

o� /�2�. �e� and �f� for the amplitude or phase variances of the
signal or idler modes of the NOPA.
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FIG. 9. �Color online� The noise power spectra of the quantum
correlation and the quadrature components of the signal and idler
fields of the NOPA injected with two uncorrelated thermal optical
fields, as a function of the cavity detuning for different pump pow-
ers. All other parameters for the calculation are same as the Fig. 8.

�a� and �b� for the �X̂1
o+ X̂2

o� /�2 �or �Ŷ1
o− Ŷ2

o� /�2�. �c� and �d� for

�X̂1
o− X̂2

o� /�2 �or �Ŷ1
o+ Ŷ2

o� /�2�. �e� and �f� for the amplitude or
phase variances of the signal or idler modes of the NOPA.
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correlation variance of the signal and idler beams at �
=2 MHz as a function of the cavity detuning. All the param-
eters are chosen in units of the total decay rate �+�c of the
cavity. Figures 8�b�, 8�d�, and 8�f� show the noise power
spectra of the quantum correlation and the quadrature com-
ponents of the signal and idler output fields with the input
vacuum input state at the different pump levels 0.2�th and
0.5�th, where �th= ��+�c� /g is the OPO threshold ampli-
tude. As the pump power is increased, the degrees of the

amplitude correlation and the phase anticorrelation �X̂1
o− X̂2

o

and Ŷ1
o+ Ŷ2

o� are greatly increased at the resonance, while the

quantum correlation variances of the X̂1
o+ X̂2

o and Ŷ1
o− Ŷ2

o be-
come much noisier, which is a requirement of Heisenberg
uncertainty relation. When we check the signal �or idler�
output fields, the conjugate pairs of quadratures are all higher
than SNL, which correspond to the thermal state. As one can
see, the shoulders appear peak �dip� for both the amplitude
correlation �or the phase anticorrelation, Fig. 8�d�� and the
amplitude anticorrelation �or the phase correlation, Fig. 8�b��
spectra just outside the resonant, which indicate that small
deamplification can occur when the cavity is detuned from
the resonance even for the amplified operation at resonance.

The spectra at the detuning far from the cavity resonance
correspond to the noise of input fields because the input
fields do not interact with the pump field by nonlinear crys-
tal.

Case 2. Now consider the two uncorrelated thermal fields
as the input signal and idler fields. The thermal states can be
generated at sidebands of bright laser modes. These side-
bands, originally in the vacuum state, are excited by the use
of amplitude and phase modulators driven by four indepen-
dent and uncorrelated signal generators as shown Fig. 7. By
fixing an arbitrary phase of the pump light and selecting the
proper phases of local oscillators, the noise power spectra of
the quantum correlation and quadrature components of the
output signal and idler fields of the NOPA are shown in Fig.
9. Figures 9�a� and 9�c� show the quantum-correlated vari-
ances without pump beam, which all are above the SNL.
When the pump beam is turned on with different pump pow-
ers 0.2�th and 0.5�th, the quantum correlation variances de-
pendent of cavity detuning are shown in Figs. 9�b� and 9�d�.
It is shown that the shape of the spectra of quantum correla-
tion variances with input thermal fields is similar as the input
vacuum states. The difference exists in the background level
above the SNL for input thermal states.

Case 3. Now let us concentrate on the NOPA injected with
a pair of phase-conjugate states as the input signal and idler
light. The phase-conjugate states can be generated by the use
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FIG. 10. �Color online� The noise power spectra of the quantum
correlation and the quadrature components of the signal and idler
fields of the NOPA injected with a pair of phase-conjugate states as
a function of the cavity detuning for different pump powers. The
NOPA is operated at the state of amplification. All other parameters

for the calculation are same as the Fig. 8. �a� and �b� for the �X̂1
o

+ X̂2
o� /�2 �or �Ŷ1

o− Ŷ2
o� /�2�. �c� and �d� for �X̂1

o− X̂2
o� /�2 �or �Ŷ1

o

+ Ŷ2
o� /�2�. �e� and �f� for the amplitude or phase variances of the

signal or idler modes of the NOPA.
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FIG. 11. �Color online� The noise power spectra of the quantum
correlation and the quadrature components of the signal and idler
fields of the NOPA injected with a pair of phase-conjugate states as
a function of the cavity detuning for different pump powers. The
NOPA is operated at the state of deamplification. All other param-
eters for the calculation are same as the Fig. 8. �a� and �b� for the
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o� /�2 �or �Ŷ1
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o� /�2�. �c� and �d� for �X̂1
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o� /�2 �or �Ŷ1
o

+ Ŷ2
o� /�2�. �e� and �f� for the amplitude or phase variances of the

signal or idler modes of the NOPA.
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of amplitude and phase modulators driven by two indepen-
dent and uncorrelated signal generators as shown Fig. 7. One
of the phase modulators was driven by a � out of phase with
respect to the other one using one of the signal generators to
ensure the production of phase-conjugate beams. In contrast,
the amplitude modulators are driven in phase by another sig-
nal generator. When the pump beam for the NOPA is
blocked, the spectra of the quantum correlation variances and
the individual quadrature components are shown in Figs.
10�a�, 10�c�, 10�e�, 11�a�, 11�c�, and 11�e�. These spectral
shapes are induced by the absorption and dispersion proper-
ties of the “empty cavity” �19�. These figures are used as a
reference level to examine the effect of the NOPA inside
cavity on the input states.

First, we consider the NOPA operated at the state of am-
plification with pump powers of 0.2�th and 0.5�th, respec-
tively �Figs. 10�b�, 10�d�, and 10�f��. Figure 10�d� shows the
degree of the amplitude correlation and the phase anticorre-
lation is greatly increased at the resonance due to the para-
metric process. Correspondingly, the variances of the ampli-
tude anticorrelation and the phase correlation become noisier
than the input fields as shown in Fig. 10�b�. The quantum

fluctuations of the conjugate pair of quadratures of the output
signal �or idler� fields are all higher than that of the input
fields �Fig. 10�f��. The shoulders in the spectra are also
changed by the parametric process. When the NOPA is op-
erated at the state of deamplification, the spectra of the quan-
tum correlation variances and the individual quadrature com-
ponents are shown in Figs. 11�b�, 11�d�, and 11�f�. The
amplitude anticorrelation and the phase correlation are
changed from very noisy initially to possess nonlocal corre-
lation at the resonance with the increase of the parametric
gain �Fig. 11�b��. However, the amplitude correlation and the
phase anticorrelation will be changed from nonlocal correla-
tion to very noisy �Fig. 11�d��. The quantum fluctuations of
the conjugate pair of quadratures of the signal �or idler� out-
put fields will first decrease and reach the minimum value
�above the SNL�, then increase with the increment of the
parametric gain �Fig. 11�f��. From the above analysis, we
find that the degree of the correlation of the output modes of
the NOPA injected with a pair of phase-conjugate states de-
pends on the phase of the pump light.

Case 4. Let us now examine the situation with a pair of
EPR beams possessing the feature of quadrature amplitude
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FIG. 12. �Color online� The noise power spectra of the quantum
correlation and the quadrature components of the signal and idler
fields of the NOPA injected with a pair of EPR entangled states, as
a function of the cavity detuning for different pump powers, when
the NOPA is operated at the state of amplification. All other param-
eters for the calculation are same as the Fig. 8. �a� and �b� for the

�X̂1
o+ X̂2

o� /�2 �or �Ŷ1
o− Ŷ2

o� /�2�. �c� and �d� for �X̂1
o− X̂2

o� /�2 �or �Ŷ1
o

+ Ŷ2
o� /�2�. �e� and �f� for the amplitude or phase variances of the

signal or idler modes of the NOPA.
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FIG. 13. �Color online� The noise power spectra of the quantum
correlation and the quadrature components of the signal and idler
fields of the NOPA injected with a pair of EPR entangled states, as
a function of the cavity detuning for different pump powers, when
the NOPA is operated at the state of deamplification. All other pa-
rameters for the calculation are same as the Fig. 8. �a� and �b� for

the �X̂1
o+ X̂2

o� /�2 �or �Ŷ1
o− Ŷ2

o� /�2�. �c� and �d� for �X̂1
o− X̂2

o� /�2 �or

�Ŷ1
o+ Ŷ2

o� /�2�. �e� and �f� for the amplitude or phase variances of the
signal or idler modes of the NOPA.
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correlation and quadrature phase anticorrelation, i.e.,
��2�X̂1

in− X̂2
in��= ��2�Ŷ1

in+ Ŷ2
in��=2e−2r0 and ��2�X̂1

in+ X̂2
in��

= ��2�Ŷ1
in− Ŷ2

in��=2e2r0, as the input signal and idler light.
Figures 12�a�, 12�c�, 12�e�, 13�a�, 13�c�, and 13�e� show the
spectra of the quantum correlation variances and the indi-
vidual quadrature components of the output signal and idler
fields without pump light. These spectral shapes are induced
by the absorption and dispersion properties of the “empty
cavity” �19�, which are similar as that for the input phase-
conjugate states.

First, let us look at the quantum correlation variance of
the output signal and idler modes by setting the pump phase
�p=0 �the NOPA is operated at the state of amplification�.
The quadrature amplitude correlation and quadrature phase
anticorrelation of output signal and idler fields are shown in
Fig. 12�d� with the different pump powers 0.2�th and 0.5�th.
We can see that the degree of the quantum correlation at the
resonance can be improved by the NOPA. This indicates a
further increase of the quantum correlation by the NOPA
inside a cavity. While fixing the pump phase and choosing
the proper phase of the local oscillators, the quantum corre-

lation variances of X̂1
o+ X̂2

o �or Ŷ1
o− Ŷ2

o� are shown in Fig.
12�b�. The central peak is significantly amplified, which cor-
responds to the degree of its conjugate correlations �the
quadrature amplitude correlation and quadrature phase anti-
correlation� are improved at the resonance as shown in Fig.
12�d�. The quantum fluctuations of the conjugate pair of
quadratures of the signal �or idler� output fields will increase
at the resonance and decrease a little at the two detuning
shoulders with the increment of the parametric gain �Fig.

12�f��. When the NOPA is operated at the state of deampli-
fication, the spectra of the quantum correlation variances and
the individual quadrature components are shown in Figs.
13�b�, 13�d�, and 13�f�, which are similar as that for the input
phase-conjugate states. It is important that investigating the
quantum correlation variances and the individual quadrature
components should be compared to SNL.

IV. CONCLUSION

In summary, we have studied theoretically quantum inter-
ferences between different kinds of input quantized fields
and generated quantum fields from the NOPA operated inside
the cavity. Spectral line shapes due to quantum interferences
are investigated by scanning the length of the NOPA cavity.
The results indicate that the NOPA inside an optical cavity
can be used as an amplification device for the degree of the
correlation when the relative phase between the pump beam
and the injected EPR entangled beams is chosen properly.
This manipulation of quantum fluctuations by a phase-
sensitive optical amplifier is essential in quantum informa-
tion processing and quantum networking �20�.
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