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by frequency doubling in a two-port resonator
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Multicolored multipartite entanglement is of great importance in quantum communication and quantum in-
formation networks. In this paper, we calculate the quantum fluctuations of the fundamental frequency pump
beam and second-harmonic beams in a two-port frequency doubling resonator, and investigate the tripartite
continuous-variable entanglement generated by this device for the first time, to our knowledge. The quantum
correlation among fundamental frequency pump beam and two harmonic beams is studied using a necessary
and sufficient criterion for Gaussian entanglement states, the positivity under partial transposition. It is found
that two-color tripartite entanglement exists in a large range of pump intensities and analysis frequencies.
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Entanglement, which is probably the most special one of
all the quantum phenomena, is considered to be the basic
resource of quantum information processing. Experimen-
tal and theoretical works about bipartite entanglement
were performed in diverse systems, such as optical para-
metric amplifier or optical parametric oscillator [1,2],
combination of two squeezed lights with a beam splitter
[3], and frequency doubling in a resonator with two out-
put ports [4,5]. The bipartite entanglement has already
been applied in quantum teleportation [6-8], dense cod-
ing [9], cryptography [10], and tomography of state [11].
Now, entanglement between more than two parties is go-
ing to be the key ingredient for advanced quantum com-
munication, for example, quantum teleportation network
[12], telecloning [13,14], and controlled dense coding
[15,16]; and the multipartite entangled beams with differ-
ent frequencies will be more important since it will be
necessary for the quantum networks and the message
storage, in which the wavelengths are connected with fi-
ber window, air window, and different atom transition
lines. Research on the multicolored multipartite quantum
entanglement has been developed. The generation of
continuous-variable tripartite entanglement by cascaded
nonlinear interaction has been proposed theoretically in
an optical parametric oscillator cavity with parametric
downconversion and sum-frequency [17]. Villar et al. dem-
onstrated theoretically that the quantum entanglement
exists among the three output fields (pump, signal, and
idler) of a triply resonant nondegenerate optical paramet-
ric oscillator operating above threshold [18]. Zhai et al.
then demonstrated the tripartite entanglement in a pro-
cess of type-II second-order harmonic generation (SHG)
with a triply resonant optical cavity [19,20]. Furthermore
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two- and three-color optical quantum correlations have
been observed, respectively, in experiment recently by
Grosse et al. and Coelho et al. [21,22]. They opened a way
of generating the multicolored entangled beams.

In this paper we report a generation of tripartite quan-
tum entanglement with two frequencies in the SHG pro-
cess with a dual-port cavity. The quantum correlations
among the fundamental frequency field and two output
harmonic beams are discussed versus the pump intensity
and analysis frequency using the positivity under partial
transposition (PPT) criterion.

Figure 1 shows the dual-ported SHG cavity that can
provide two harmonic outputs and a fundamental fre-
quency field. The cavity is resonant at the fundamental
frequency, and both mirrors are transparent for the
second-harmonic field. The pump fundamental frequency
beam enters the cavity at the input-output coupler 1 and
oscillates in cavity. The forward fundamental frequency
field traverses the crystal from left to right; thus one har-
monic field (SH1) is generated and output completely at
coupler 2, indicated as output 1. Then the backward fun-
damental frequency field traverses the crystal from right
to left in cavity, and the second-harmonic field (SH2) is
generated. Both the output fundamental frequency field
and a second-harmonic field (SH2) are output at coupler
1, indicated as output 2. Both second-harmonic waves
SH1 and SH2 are generated by the same fundamental
frequency field in forward and backward processes, re-
spectively; they are correlated with each other and also
correlated with fundamental wave under appropriate con-
ditions.

The intra-cavity fundamental frequency and harmonic
field are self-consistent at the steady state condition, and
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Fig. 1. Dual-port cavity of single resonant SHG: Outputl, one
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pump field.

C
Pump beam I 1

I .

1

Nonlinear Crystal

Y
Y
2 et—

2

the intra-cavity field annihilation operators at the right of
input-output coupler 1 ;- can be written as

Gic(t + 7) = P tEN(L)TatEN(£)aic(t) + tibyy (2)
+ P tEN (L) tabio(t) — v tiN(Ly)rarkb s(2)
- rlrffi’ixi(t)- (1)

Here i=1,2 are the corresponding fundamental and har-
monic frequency fields, respectively, and these subscripts

are used in the whole paper. Bij(t) are the annihilation op-
erators of vacuum for frequency i at mirror j (j=1,2 cor-
respond to couplers 1 and 2, respectively, while j=3,4 cor-
respond to residual intra-cavity losses due to the
absorption of the crystal and the reflections at crystal two
surfaces, respectively; these subscripts are also used in
the whole paper). 7is a cavity round trip time. Nonzero
diagonal elements of the 4 X 4 matrix for two output cou-
plers’ transmission and reflection are quoted as

tj = dlag( \‘/T_lja \J/T_Qj, \“”T—lj’ \’/T_Z]) 5 (23)

I'j = diag(\fl - le, \;”1 - sz, \e”l - le, \s”l - T2]) (Zb)

Here T;; denote the power transmittance for frequency i
at mirror j. N({) is the transformation matrix of single-
pass traversing the crystal; it embodies a gain in second-
harmonic generation with arbitrary interaction length ¢;
[23-25]. The expressions of N({;) are given in Appendix A
[23,24]. The interaction length ¢{; can be given by {;
=[(n1/no)\Ner1EnLiPin ]2, Lo=[(n1/n)\eoEN2Pin]"2. Here
we have introduced conversion efficiencies &y=Pq;/P;,,
g9=Pyy/P;,. Py; and Pyy are the harmonic powers gener-
ated by forward and backward fundamental frequency
waves, respectively, and P;, is the fundamental frequency
pump power. Ey;,; and Eypy are the single-pass conver-
sion efficiencies of two second-harmonic waves, respec-
tively, which can be measured in experiment. n; (ny) is
the fundamental (second-harmonic) refractive index. Re-
sidual intra-cavity losses are described by coefficients L;;,
which are taken into account as vacuum introduced by
the artificial ports (beam splitters 3 and 4) at two ends of
the crystal, and corresponding to the transmission and re-
flection matrices (tJ»L,rJ-L) are defined as

t} = diag(\1 - Ly;,\1-Lyj\1-Ly;,y1-Ly), (3a)

rt = diag(\Ly;, Ly Ly, L) (3b)

The Fourier transforms of Eq. (1) are 4(t+7)=a(w)e'",
a(t)=a(w). So we obtain the steady state self-consistent
equation in the frequency domain:
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Gic(@)e'” = 11 tiN (L) ot 5N (G)dic(w) + b6 (o)
+ P tEN (L)t (©) — 11N (L) rarbis(w)
- rl’"{léiz;(w)- (4)

Using the definitions of the amplitude and phase quadra-
tures,

xiC(w) = aic(w) + a?g(w)’ in(w) == i[aic(w) - a:‘c(w)]’

uj(w) = bij(w) + bijjw), vi(w)==-i[bjw)-bjw)], (5)
we can get the amplitude and phase quadratures of all
fields. As the components, the amplitude and phase
quadratures of the fundamental frequency and harmonic
fields can form the vector X¢=(x1¢0,%20,y10,Y2c)!- The
amplitude and phase quadratures of vacuum at mirror j
correspond to the vector v;=(u1j(w),ugj(w),v1j(w) ,vzj(w))T.
w is the analysis frequency. With these definitions and as-
sumption, Eq. (4) can be written as

Xc = DrtiN(£)rthN(Z)Xe + D[tvy + ritiN(L)tavs
-1 tiN (L) rorivs - rirgv,], (6)

where we have introduced a diagonal matrix D
=diag(e i@/l emi0/ws gio/vel p-iolg)  which means the
phase shift acquired in one cavity round trip. Here v,;
=1/7=c/(2Lcayity+ 2niLerystal) is the cavity free spectral
range, c is the speed of light in vacuum, Lcgyity is the
length of air in the cavity, Lyystal is the length of the crys-
tal, and i=1,2 correspond to the fundamental frequency
and SHG, respectively.
The vector of output quadratures is defined as

X, = (X1, Xy, Y1, Yy)". (7)

Using boundary condition, the output quadratures can be
written as

X;= tZtéN(gl)XC —TgVy — t21'§V3, (8)

X2 = t1XC/Dr1 - Vl/rl . (9)

In the case of single resonant fundamental frequency,
the second harmonic transmits completely at output cou-
plers, i.e., T91=T99=1 and T;9=0, and the intra-cavity
losses of fundamental frequency fields L3 and L4 at mir-
rors 3 and 4 are nonzero, but the harmonic loss can be ne-
glected, which means Lg3=Ly,=0. In fact, all harmonic
losses can be merged with the detectors. Finally, the out-
put harmonic quadratures, i.e., the element in the vector
X derived from Egs. (8) and (9), can be written as

Xo1(0) = frau11(@) + f1stt13(w) + f1au14(0) + forter(w)

+ fagltao(w), (10a)

Yo1(0) = g11011(w) + g13013(0) + 814014(®) + g21091(w)

+ ZogUos(w), (10b)

Xoo(w) = hyyuq1(0) + hyguq3(w) + Aigttga(w) + hojtig(w)

+ hogtigg(w), (10¢)
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Yoo(w) = k11011(w) + k13013(0) + k14014(0) + koqvg1(w)

+ kogvgs(w). (10d)

Xio(@) = myjug1(w) + mygtq3(w) + mygtty4(w) + Mmojtig;(w)

+ Mool go(w), (10e)

Yio(@) = n11011() + 113013(0) + n14014(®) + Ng1091 ()
+ NggUge(w). (106)

The coefficients (f,g,h,k) have been given in [4], and
they are shown here again in Appendix A. The coefficients
m and n are calculated as

eiﬂ/ufl\,’/l —ng\/l - L14 - \J’]- - Tll
myy = 7 ,  (11a)

VL1s\1 = L1sN1y (8)\T1;
F b

mig=~— (11b)

T [
VLT,

P (11c)

mis=-—

e"e2\[1 ~ L13\1 = L1,N13({)N1o(8)\ Ty
moy1 = )

F

(11d)

V1= LN15({)\ T
Moo = , (11&)
F

eiwmc1 \ 1- L13\y'1 - L14N33(§2)N33(§1) -V 1- Tll

n]_l = G 3
(12a)
VL15\1 = L1yNss(&)\T1y
nig=-— ’ (12b)
G
r',L_ /’T—
V14V 4 11
Piu=- e (12¢)
™2\[1 ~ L13\1 = L14N33()Nag({)\ Ty
ng1 = G )
(12d)
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V1 = L14N3y({o\T11
Ngg = . (126)
G

In the above expressions, we have introduced the defini-
tions of F' and G:

F=1-¢%1\1-T;\1-Ly3\1-LNy1({)N1i(L),
(13a)

G=1-e"Y%1\1-Ty;\1-Li3y1 - L14N33(£1)N33(L2).
(13b)

As a sufficient and necessary criterion for Gaussian en-
tanglement states, the PPT is used to test the tripartite
entanglement by the symplectic eigenvalues [26,27]. The
covariance matrix of this system can be written as

X X X
Cloiz 0 clogr 0 cClpe O

y y y
0 cloig 0 Claor 0 cloge

o2 0 €1 0 Chypy O (14)
ag= .
0 312 0 chigr O chig

X X X
Coo12 0 €991 0 e O

y y y
0 9912 0 chaor O g9

All the elements c,, are the correlation coefficient be-
tween amplitude quadratures of output beams (p,q
=12,21,22), while ¢, correspond to those of phase
quadratures. They are defined as c;q=%<XpX; +X*qu), g
=§<YPY’;+Y;Yq) and can be calculated from Egs. (10). A
new covariance matrix ¢’ is given by the congruence
transform ¢’ =STaS, where S is the symplectic transfor-

mation,

1 1
— 0 — 0
Iy o
\e’2 \;’2
1 1
0 — O —
. & &
= 1
1 D 1 1 ) ( 5)
— 0 -— 0
Iy P
\’2 \r’2
1 1
0 — 0 -—
’E \”

with I; being the 2 X 2 identity matrix [28]. Generally, the
positivity of the partially transposed matrix can be inves-
tigated by the smallest eigenvalue; minimum eigenvalues
will show the entanglement of three modes. At first, we
can focus on the first block matrix of ¢’ and consider the
transposition of the fundamental frequency pump mode,
and find the smallest one among four eigenvalues

s flox x x 2 x x x x x 2y 1y
E= m1n{5(02121 + Co009 \/(02121) +4C5199C5991 — 2€3191C3990 + (C3999)7), 5(‘32121

+ Choop * \/(%121)2 +4Ch199Ch091 — 2C5191Ch990 + (C§222)2)}- (16)
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Fig. 2. Lines about symplectic eigenvalues are plotted as func-
tions of P;, when Q=0. (i) Transposition of the fundamental fre-
quency field, (ii) transposition of SH1, (iii) transposition of SH2.
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Fig. 3. Lines about symplectic eigenvalues are plotted as func-
tions of () when P;,=1.5 W. (i) Transposition of the fundamental
frequency field, (ii) transposition of SH1, (iii) transposition of
SH2.

Then, other symplectic eigenvalues can also be simply cal-
culated by the same way of partial transposition. Here,
we choose a 1 cm length KNbOg3 as the nonlinear crystal
and the optimum focusing is 21.1 um as in [4]. The pa-
rameters are given as Eynp1=Enp2=0.015 W1, n;=n,
=2.2, d=11 pm/V, T11=0.01, and L13=L14=0.005 at a
fundamental wavelength of A=860 nm. Three curves
about minimum symplectic eigenvalues versus the pump
power are obtained when =0 in Fig. 2. Here Q=w/v,y
and the total loss coefficient is y=0.01, which corresponds
to T1;=0.01 and L;3=L14=0.005. Three curves about
minimum eigenvalues versus the analysis frequency are
given when P;,=1.5 W in Fig. 3. Each curve of minimum
symplectic eigenvalues in Figs. 2 and 3 corresponds to a
partial transposition with respect to one of the three
fields: curve i, transposition of the fundamental frequency
field; curve ii, transposition of SH1; and curve iii, trans-
position of SH2.

It is obviously found that the all of the eigenvalue
curves are below 1 in Figs. 2 and 3, demonstrating the full
inseparability of the three fields. The curves vary with the
pump power and analysis frequency smoothly, and the
values of curve i are smaller than those of curves ii and
iii. We can see that the entanglement saturates with the
pump power, and the maximum entanglement is at zero
analysis frequency. Besides, there is a small difference be-
tween the curves ii and iii in the range of bigger pump
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power or smaller analysis frequency; because of the fun-
damental frequency field pump depletion in the cavity, in-
evitably, the backward field is slightly weaker than the
forward field by a small conversion between fundamental
field and SHG in the first pass through the crystal [4], but
it is balance for the endless input beam at the steady
state condition.

In conclusion, we have theoretically demonstrated that
the entanglement exists among two harmonic beams and
a fundamental frequency beam generated in a frequency
doubling process with a dual-port resonator. We believe
that such an optical device might be used to produce four
or more party entanglements. It will be very useful in the
quantum information networks.

APPENDIX A: COEFFICIENTS OF MATRIX
ELEMENTS AND OUTPUT QUADRATURES

The nonzero elements of the propagation matrix [4,23,24]
are

1-¢tanh ¢ -2 tanh ¢
Nu() = Teosh? Nyo(9) = Teosh?
1
Nyi(9) = Tg(tanh {+{sech®{), Nyy({)=sech?{,
V’
1
N3s(Q) =sech {, N3y(0)=- TQ(Sinh {+{sech (),
\’

Ny()=\2tanh {, Nuy()=1-{tanh¢,

ny —_— ny e
G1=\| —VeiENtPin,  {o= \| —Ve2EN12Din-
ny ny

The coefficients appearing in Egs. (9) and (10) are

. —_—
" Y"e1T 1Ny (41)

fll= F >

e \[1 = Ty1\L13\1 = LNy ({)N11(8)

f13= F 5

e\ T- T\ L1uNoi(80)

fla=- 7 )

Nao(&y) — €711 = Ty1\1 - L1g\1 - L1yN5t

21= F |
ei“/ycl\’/1——7'111\5”1_—IMN21(§1)N12(§2)
foa= | o
F
where N¢2=N1;1(£5)[N11(£1)Nao(Z1) ~N1s(£)Na1 (£)];
eiQ/Vcl\,’fT_llN43(§1)
811 = ¢
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e ¥%e1\[1 ~ Ty1\L13\1 = L14N45()Nas(Lo)

813=— G ’
ein/”cl\,!l - Tll\/L_MN‘B(gl)
814=— G ’
N44(§1) _ eiQ/VCIV/l _ Tll\’/l - L13\r/1 - L14N§%
821= G ’
lQ/Vcl T11y1- 14N43(§1)N34(§2)
822= (42

G

where N§3=N33(£5)[N33(£1)Nua($1) ~N3a(L)N 38D

i q\/ Z 11(&)N21(&o)

hll_ F ’

VL15N 1 (8y)
F b

3=~

e \[1 — Ty1\1 = L13\L14N11({)Noy(£)

h14 =- F B
V1 = Ly3N15(£1)N21(L5)
h21 = F )
Nao(Z) — €11 = T13y1 = L1311 - L1,N§
22 =

F b
(A3)
where N$1=N11(£)[N11(£2)Naa(¢2) ~N1a(L2)Na1(£2)]; and

v T11\r’1 1= L13N35(81)Ns(8)
k11= G )

\"TMN 43(Z2)

kiz=- G )

eiQ/V”l\' 1-Tyy1- L13V"L—14N33(§1)N43(§2)

k14 =- G >
V1 = L13N34(£1)N45(45)
k21 = G ’
Nug(L) — €11 = T13y1 - Ly3\1 - L1,N3}
22 = G )

(A4)

where N55=N33(£1)[N33(£2)Nya(¢2) —N3g(£2)Nys(L2) 1.
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