Chin. Phys. B Vol. 23, No. 3 (2014) 030307

The duality of a single particle with an nn-dimensional
internal degree of freedom”

Jia Ai-Ai(BT9E %)V")7, Huang Jie-Hui(#545:#5)¢), Feng Wei(id 1)),
Zhang Tian-Cai(3k K74, and Zhu Shi-Yao(2k1358)»P)

a) The State Key Laboratory of Quantum Optics and Quantum Optics Devices, Institute of Opto-Electronics,
Shanxi University, Taiyuan 030006, China

b)Beijing Computational Science Research Center, Beijing 100084, China

©) College of Physics and Communication Electronics, Jiangxi Normal University, Nanchang 330022, China

(Received 29 July 2013; revised manuscript received 22 September 2013; published online 14 January 2014)

The wave—particle duality of a single particle with an n-dimensional internal degree of freedom is re-examined theo-
retically in a Mach—Zehnder interferometer. The famous duality relation D> +V?2 < 1 is always valid in this situation, where
D is the distinguishability and V is the visibility. However, the sum of the particle information and the wave information,
D?+V?2, can be smaller than one for the input of a pure state if this initial pure state includes the internal degree of freedom
of the particle, while the quantity D + V2 is always equal to one when the internal degree of freedom of the particle is

excluded.
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1. Introduction

The principle of complementarity, proposed by Bohr in
1928, ies at the heart of quantum mechanics. Complemen-
tarity emphasizes equally real but mutually exclusive proper-
ties, such as those in the wave—particle duality. For two com-
plementary properties, an observation of either one precludes
the simultaneous observation of the other. Young’s double-
slit experiment provides a good example of wave—particle
duality.>>! Besides the all-or-nothing cases, some interme-

3101 with partial which-path

diate situations actually exist, |
knowledge and reduced interference visibility. An inequal-
ity, D> +V? < 1, theoretically derived by Jaeger et al.!'!) and
Englert,!'?! can be used to quantify the wave—particle duality,
where D is the distinguishability and V is the visibility. This
duality relation is valid even in a delayed-choice manner, and
the setup for Wheeler’s delayed-choice experiment!!3!4] is
shown in Fig. 1(a). A particle is sent into a Mach—Zehnder in-
terferometer (MZI) and split into two paths after the first beam
splitter (BS1). The second beam splitter (BS2) is randomly ei-
ther inserted or removed after the particle is already inside the
interferometer. By inserting or removing BS2, we can observe
the wave or particle behavior. The duality (complementarity)
relation was confirmed experimentally.'>] Recently, a theoret-
ical proposal!'®! suggested that the second beam splitter, in-
stead of being randomly inserted or not, can be controlled by
an ancillary state |@) = &]0), + 1), (with |&> + (&> = 1
and ,(0|1), = 0); see Fig. 1(b). The second beam splitter is
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present (absent), when the ancillary state is |1), (]0),). That
is to say, the second BS is in a superposition of presence and

(16,171 The second BS is also called a quantum beam

absence.
splitter (Q-BS). The final state is a superposition of the particle
and wave states, and consequently, we can test the particle and
wave behaviors of the particle at the same time.[!7-19]

In Fig. 1(b), the ancillary state can be considered to be
the two dimensions of the internal degree of freedom of the

e.l1”.18] The control of the presence and absence of the

particl
BS2 can be realized by controlling the two-dimensional in-
ternal degree of freedom. That is to say, we can use a 2 X 2
transformation matrix to describe the action of the Q-BS. For
alossless beam splitter, the matrix is unitary. The second beam
splitter in Fig. 1(a) will be replaced by a new device, U, which
transforms paths 1 and 2 to paths 1’ and 2'; see Fig. 2.

The two-dimensional internal degree of freedom of the
ancillary state can be extended to an n-dimensional (7 > 2) in-
ternal degree of freedom. In this paper, we share an-account
of our theoretical study of the duality relation with an ancil-
lary system involved, and we discuss the duality relation for a
single particle with a general n-dimensional internal degree of
freedom (components) that is sent to an MZI setup which has a
U device. The U device can change both the paths and the in-
ternal degree of freedom, and can be represented by a 2n x 2n
unitary matrix if the lossis neglected. We confirm the duality
relation D> 4-V? < 1 theoretically and find that this relation is
still valid in the general situation.
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Fig. 1. (color online) (a) A schematic wave—particle duality experiment. By inserting or removing BS2, we can observe the wave or particle behavior,
respectively. (b) Schematic diagram of a wave—particle duality experiment with a Q-BS, where the presence or absence of the second beam splitter is
represented by the ancillary state |¢), which is a superposition of its presence and absence (the second beam splitter itself is represented by a Hadamard

operation Hy).

° : path 1

in 50:50 BS

PZT(p) \ path 2

Fig. 2. (color online) The Mach—Zehnder interferometer setup. BS is
a 50:50 beam splitter, PZT is a piezoelectric transducer, M is a mirror,
U stands for an unknown device, and P; and P, are the single-photon
detectors.

2. Duality of a single particle with an n-
dimensional internal degree of freedom

In a Mach—Zehnder interferometer, the distinguishability
used to quantify the particle-like behavior has two different

(121 First, the a priori distinguishability, also called the

aspects.
predictability, measures the which-way knowledge carried in
the initial state of the single particle. Second, the a posteri-
ori distinguishability measures the which-way knowledge we
actually obtained in an experiment. This a posteriori distin-
guishability can be measured either by creating an entangle-
ment between the particle and a which-way marker, > or
by using an interferometer with an output beam splitter. 5]
Here we choose the second case to study the duality for a sin-
gle particle with an n-dimensional internal degree of freedom;
see Fig. 2. And we use the definition of distinguishability (D)

given in Ref. [15] as

D +D
D="""2 (1a)
2
D1 = |p11 — p12]|path 2 blockeds
Dy = |p21 — p22|lpath 1 blockeds (1b)

where p,, is the probability that the particle follows path
u (the other path is blocked) and is detected by detector v
(u,v=1,2). The factor 1/2 in Eq. (1a) is due to the 50% prob-
ability, as one of the two paths is blocked.

Defined in Ref. [15], the visibility V of the interference
pattern, used to describe the wave-like information, is deter-
mined by the maximum and the minimum intensities of the
interference fringes

V= M7 )
Pmax + Pmin
where the maximum and the minimum values are obtained by
scanning the phase @ (via a piezoelectric transducer, PZT).

For the MZI in Fig. 2, a single input particle with an
n-dimensional internal degree of freedom is split by a 50:50
beam splitter into two paths. In path 2, a phase shift ¢ is intro-
duced by the PZT. All particles from the two paths are sent to
an unknown lossless device, which has two output paths, and
finally detected by two detectors Py and P,, which are used to
record the particle numbers in paths 1’ and 2’. The initial state
of the input particle with an n-dimensional internal degree of
freedom is assumed to be a direct product of its internal degree
of freedom and path state

ly) = (iiciai>> 11)in]0)u, (3)

n
where Y |c;|> = 1, n is an integer, and |og) (i = 1,2,---,n)
i=1

denote n orthogonal bases of the internal degrees of freedom,
for example, horizontal polarization and vertical polarization:
The subscripts in and u denote the paths. After the 50:50 BS
and the PZT, the state of the single particle becomes

1) = \% (;CilaJ) (I[0)24e'?[0)11)2), (4
where the 2n basis

{lan)[1)1]0)2,[02)[1)1]0)2; - ., [0} [ 1)1]0)2, [01)[0)1]1)2,
|02)[0)1]1)25 [ 06:)[0)11)2}

can be rewritten as {|a1), |a2), ..., |a)}.

The unknown device, described by a unitary transforma-
tion U in the following, can be a simple beam splitter, a Q-
BS,[17-18] or the like. Its role is to exchange or mix the paths
and the internal degree of freedom. Note the device U must
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be a unitary matrix for a lossless device, which is a 2n X 2n
matrix. The output state after the U device is

F) =

In the bases of the output state, {|b;),|b2), ...,
actually represent the bases

UlI). (%)

|b2,) }, which

{UB1)110)2r, 1B2)[1)17]0)2r, - ., [Ba) [1)17]0) 2,
1BI0) 1| 1)ar, 1B2)|0) 1| D)oy, [Ba) [0) /[ 1)},

with |B;) (i=1,2,...,
ternal degree of freedom of the particle, and the final state in

n) being n orthogonal bases of the in-

Eq. (5) can be rewritten as

[F) =UlI)
i8 i8 i5 i6 i6 i
uppe ' uppe 1 e ugpetlon | Ly yygy@ PN Uy (py0)€ 02 e “1(2n)6152a" c
. 4 , A . . !
wre e uypel®n oy, el | |y g e P 1y e P sy, el ¢
2
i§ i6) is i85 i85 i
1 Upl € 7] Up€ O ... Upp €© Toy un(nJrl)e o un(n+2)e O ... un(Zn)e 52(1,1 Cn
= —0 i8] i8] i8] i8] 5 5} ie
1 1 1 c1€
V2 _1"1(;1+1)e‘6,m1 _’/‘l(rz+2)e'60{2 st —Upop) € 1/"‘" Mue‘;"xl ulge‘;aa -o- U éan clei(p
i i id i i id 2
—Up(ny1)€ N —Up(ny2)€ 12 et —Uppn)€ 1O || upi€ U uppe 2 - uppe 2o
ip
i3] i8] 18! 18] 155 i8] €7 nxi
Un(nt1)€ % —Up(nt+2) € 2 . —Un(2n) € ton |\ upr€ =1 Upp€ =92 - Upp€ 20 X2
by
by
= ] (6)
bz” 2nx1

The expression of U can be found in Appendix A, Eq. (AS).

2.1. Visibility

The wavelike information of the light field is obtained by
measuring the visibility of the interference. Since the detec-
tors record the number of particles regardless of their internal

degree of freedom, the probability of particles at detector 1 is

Zlb ?

Y (|4 +|Bif*) + VM? + N2 cos(9 — 1), (7)
i=1

n

Z(b |F)(F|b;)

P1

[\J

where A;, Bi, M, N, and y are some parameters associated with
the elements of matrix U

Ai: Zuijeialafcj, Bi: Zui(nﬂ)elazafcj, (73)
Jj=1 J=1
n n

M= Z |A;||Bi|cos 6;, N = Z |A;||Bi| sin 6;,
i=1 i=1

AiBf = |Aj||Bi|e'%, (7b)

N
cosy= , Siny = ———, (7¢)
M?+N? M? +N?
Y (AP +1Bi) (7d)

=1
Equation (7d) has been proven (see the details in Appendix B).

When all particles are detected by detector 1, an interfer-
ence pattern can be observed, as the length of path 2 is varied.

The maximum and the minimum values can be obtained by
adjusting the phase ¢@. Then we obtain the visibility V for the
single particle with an n-dimensional internal degree of free-
dom

_ Plmax — Plmin
Plmax + P1min

n—1 n
=2 ZIA PBi?+2Y. ). |AillBil|As||Bs|cos(6; — 6r).
i=1i'=i+1

(®)

We obtain the same visibility if we detect all particles by de-
tector 2.

2.2. Distinguishability

In order to obtain the distinguishability D, we block one

path of the interferometer and measure the probabilities of par-

[15]

ticles on detectors Py and P,.!">! The two paths cannot be dis-

tinguished at all if D = 0, and can be fully distinguished if
D = 1. First, we block path 2 after the 50:50 BS'in Fig. 2. The
states before and after U, respectively, become

[y = (Zc,|a,> 11102,

b
U U b/z
[F)=Ull=| . : ©)
b/zn 2nx1
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with |b] |2+ |b5|> + -+ + |, |* = 1. The probabilities of par-
ticles being detected by detectors 1 and 2 (via path 1) can be
obtained, with the probabilities p1; and pi, being

Z|b/|2

Z b, P (10)

n
p11:Z<bi|F F|b
i=1

(agE

p12="Y (byiil F')(F'|bysi) =

—_

By substituting Eq. (10) into Eq. (1b), we have

(2]

For D5, a similar measurement is implemented when path 1 is

D = Y

blocked,
< 2
— (Y BP) - (12)
i=1
By using Eq. (7d), we obtain the distinguishability
D+ D, + Dy I
D= =X (l4d* —[B*) (13)
i=1

2.3. Duality

The combination of Egs. (8) and (13) leads to the follow-
ing complementarity relation:

(D*+V?*) —1
n 2
= (D> +V?) = |} (|4 +|Bi)
i=1
- 2 2
= —4 Y |APIBy|
i,i'=1(i'#i)
n—=1 n
+SZ Z ‘AiHB,'HAi/HBi/|COS(9i7Gi/). (14)
i=1i'=i+1

Here, we discuss it from two aspects. First, if all the parame-
ters |A;], |Bi| # 0, we have

(D*+V?) -1
n
<-4 Y (AillBl-laslIBi)? <0, (152)
ii'=1 (i'£i)
with the equal sign holding for
0; — 6y = 2km (k is an integer), |A;||By|—|Ay||Bi| =0
(i, = 1,2, .m; i£1). (15b)

Second, if one or more than one of the parameters |A;], |B;]

(i=1,2,---,n)isequal to 0, such as |A ;| = 0, we have

(D*+V?3) —1
n
=—4 Y |APB
L' =1(1#1,i#))

n—1

+8 ) Z

=10 ) i=i+1(I#))
< —4B;* Y AP
i=1(i))

n

4 Z

i =1(i'#i})

|Ai]|Bi||Ay||By| cos(6; — )

(1A||By| — |Ay||Bi])* <0 (162)

with the equal sign holding for
n
Bj> Y, |4>=0
i=1(i#})
|Ail|By| — Ay ||Bi] = 0
6; — 6y =2k,

(i’ #i+# j, kis an integer).
(16b)
Equations (15a) and (16a) tell us that the duality relation
D*+Vv?<i1 (17)

is still valid for a single particle with an n-dimensional inter-
nal degree of freedom. Please note that we can have D? 4 V?
smaller than one even though the input state before the device
U is a pure state (with the internal degree of freedom).

If the input particle is at one state of the internal de-
gree of freedom, we can prove that D> +V? = 1 is still
valid. Let us assume that the state of the input particle is
at internal degree of freedom state |o) (c; =1 and ¢; =
0 (j > 1), I1) = oa)(|1)1]0)2 + e™2[0)1[1)2)/v2. From
Eq. (7a), we have |A;| = il = [Uj(ng1)l, and 6; =
Olo; — S2ey (i =1,2,...n). According to Eq. (B5), we get
|u,-1|\u,-/(,,+1)| = |ui(n+1)|\ui/]\ (i,i' =1,2,...,n; i#1), which
leads to |A;||By| — |Bi||A#| = 0. According to Eq. (15b), we
have D> +V? =1.

Now let us consider a simple example (a single particle

with a two-dimensional internal degree of freedom). Assume
the input state and the U matrix to be

1 1 1 i
1) = V2 (ﬂ'aﬁ + ﬁ%)) (11)1]0)2 + e'?10)1]1)2),
1 . 1 .
76161& 0 7616206 0
V2 V2
0 1 0 0
U: )
_Leié{a 0 18 0
V2

which leads to |A;].=
0, 61 = diq
D*+Vv?
is a pure state.

—0q,, and 6, = 0. Consequently, we have
=10.5, which is less than 1 even when the initial state
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3. Quantum beam splitter (Q-BS)

The U device Q-BS is a special case of a particle with
a two-dimensional internal degree of freedom,[!7-18] as shown
in Fig. 3. A particle is sent into an MZI setup and split into
two paths after the first beam splitter (BS1). The first half-
wave plate (HWP) is used to rotate the polarization in path 1
and path 2 by the same angle «. Then the particles are split
by the first polarization beam splitter (PBS) into two compo-
nents. One component goes through a closed MZI setup (with-
out BS2), while the other goes through an open MZI setup
(with BS2). In the end, they are recombined by the second
PBS. Then the particles are detected by detectors P; and P5.
Here, vertical polarization and horizontal polarization are the
two dimensions of the internal degree of freedom.

/ beam splitter

mirror

| mHwP U 74
| |pBs 4 8
BS1
. 19| .
w0
)} Tt—= 7
PZT(p) @

Fig. 3. (color online) Schematic diagram of a particular Q-BS. A parti-
cle is sent into an MZI setup and split into two paths after BS1 (50:50
beam splitter). The first HWP is used to rotate the polarization in path 1
and path 2 by the same angle ¢. Then the particles are split by the first
PBS into two components. One component goes through a closed MZI
(without BS2), and the other is reflected to the other direction and goes
through an open MZI (with BS2, which has reflectivity R and transmis-
sivity 1 — R). Finally, they are recombined by the second PBS.

For this Q-BS scheme, the state before the Q-BS is

1
—=(cosat|H) +sina|V))

V2
x(

where |H) and |V) denote the horizontal polarization and the

1) =

1)1]0)2+ €'?(0)1]1)2), (18)

vertical polarization, respectively, and the subscripts denote
the paths. The expression of U for this Q-BS is shown in Ap-
pendix C. Then the final state becomes

|F) =U|I) = cosoa|P)|H)+sina|W)|V), (19a)
with
W) = S5l (VR4 VRSO 1),
~ e (VR— VT=Rel@H0)) 1), ],
P) = [ty +<?Ina.

After tracing out the internal degree of freedom, the final state
becomes

P = Tringernal|[F) (F| = sin® a|W)(W| +cos® a|P) (P|. (19b)

We detect the probability of particles at detector Py or P>. Ac-
cording to Eq. (2), the visibility can be obtained as follows:

1
p1 =1 (1|p|1)y =5+ +/R(1—R)cos(9 + &) sin’ a, (20a)
1
p2=x{l|p|1) =5= V/R(1—R)cos(¢ + &) sin a,(20b)
V =2/R(1—R)sin’ a. (21)

For distinguishability, we block one path after BS1 in Fig. 3
and detect the probabilities of particles at detectors Py and P5.
Thus we obtain D; by using Eq. (1b), and D, can be obtained
in the same way when we block the other path. According to
Eq. (1a), the distinguishability is

Dy = |1 —2Rsin’ at],

D{+D
D:%:“

Dy =|1—2Rsin’a|, (22a)

—2Rsin’ at]. (22b)

Consequently, we have the inequality for the duality of Q-BS
D*>+V?=1—4Rsinacos’a < 1. (23)

For R =0 or cosa = 0 or sina = 0, we have the equal sign.
For R = 0.5, the BS2 in Fig. 3 is a 50:50 beam splitter. Thus
we have D?> 4 V2 = sin* a +cos* & < 1. Figure 4 shows the re-
sults for D?, V2, D? +V? as a function of angle . Please note
that the curve in Fig. 4 of Ref. [18] is D+ V (not D*+ Vz).

/(%)

Fig. 4. (color online) For R = 0.5 in the Q-BS device, we obtain
D? 4+ V2 <1 for all angles. The red, blue, and black lines show the
respective results for VZ, D2, D? + V2 as functions of angle a.

Here, equation (19b) is not the superposition state of [W)
and |P), because (H|V)
state of |W) and |P) with constant coefficients, an additional

= 0. In order to have the superposition

device for polarization (as a projection) is needed, which re-
sults in-the superposition state of |W) and |P) with certain
probability. However, the projection results in particle loss
(with certain probability). Consequently, the records at the
two detectors will not be related to the distinguishability and

visibility.
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4. Conclusion

The duality of a particle with an n-dimensional internal
degree of freedom passing through an MZI setup with a quan-
tum device U is studied. The duality relation D*> +V? < 1 is
always valid, regardless of the state of the internal degree of
freedom. The experiments performed with Q-BS!!7-181 are a
particular case of the U device with n = 2. It is well known
that for any pure state input without the internal degree of free-
dom, we have D> +V? = 1. However, with the internal degree
of freedom, we find that D* + V2 can be smaller than one for a
pure state input. The case of a two-dimensional internal degree
of freedom is a particular case of an n-dimensional internal de-
gree of freedom, and the duality relation D> 4+ V2 < 1 is still
valid for an internal degree of freedom with more than two
dimensions.

Appendix A: The expression of U

Let us consider the expression for the U matrix, whose
role is exchanging or mixing of the paths and the states of the
internal degree of freedom. This will be easy by considering
the transfer of the annihilation (or creation) operators. The
device of U is lossless. Let us consider the annihilation opera-
tors before the U device, which are ayq;, aze, (i =1,2,...,n),
(afai\0> = |og)|1); with j = 1,2), while the annihilation op-
erators after the U device are ayq, ayq, (i =1,2,...,n),
(a}ai|0) = |og)[1) 7 with j' =1, 2). Here the subscripts of
the operators represent the path and the internal information,
A (path)(internal)- FOr the U device in Fig. 2, these operators sat-
isfy the following transformation:

al’(xl alle
al'O{z alaz
ay a
1oy, —U loy, , ( Al)
a2’a1 aZal
a2’0{2 azotz
@' o, D,

which can be generally written as follows:

ayey
= (unne"ayg, + 1y P arg,)
+ (u126i61“2a1a2 + Ui(n+2) eisMZazaz) +---
+ (u1nei51°‘”ala,, + Uy (2n) 0152“"“2%),
aye,
= (uy ei‘s“xlala] —|—u2(n+1)ei52‘11 a2a,)
+ (M22ei6m2a1az tUn+2) eiszaz a2a2) +-

+ (Mzn 61510‘7! dig, + I/t2<2n) 616205,1 Qo )7

ay g,
_ (unl ei51o¢1 i, +un(’1+1>6152a1 a2a1)
+ (unZCislaZ(llaz + Un(n+2) ei52a2a2062) +oe
+ (“nneislanalan + Up(2n) o' %an D)
@ oy
= (U(nt1)1 e'erayg, +”(n+1)<n+1)eiaé‘”‘ @20, )
i8 id)
+ (U(n1)2€ "2 a10, F U1 (nr2)€ 2 a20,) F
+ (U 1y o a1, + 1) (2n) € P 2, ),
a4 oy

= (M<n+2)1 e “Maiag T U(p42)(nt+1)€ 1 aye, )
+ ( ¢ %y + e'%a )+
Uny2)2 Aloy T U(nt2)(n+2) Doy

i8] i8]
+ (ns2pne 1 a1a, + U(ny2)(2n) €' 2" 20y,

ay o,
S/

- i8], i85,
- (u(2ﬂ)1 € 'aigy + U2n)(n+1) € lase, )
+ (e @ arg, + R N
U(2n)2 Aloy T U(2n)(n+2) Doy

+ (U(2n)n elmag, + U(2n)(2n) e'%mayg, ), (A2)

where we have assumed that the phases are accumulated due to
the propagation, and there is no phase accumulation for chang-
ing the internal degree of freedom, and u,,, are real. Here 6 joy
(with j=1,2andi=1,2,...,n) denotes the phase difference
from path j with internal degree of freedom state ¢ to path 1/;
5]’»%, (with j =1, 2) denotes the phase difference from path j
with internal degree of freedom state o; to path 2’.

In the MZI setup, the mixing of the two paths must com-
ply with quantum mechanics, i.e., the commutation relation
must be satisfied. The commutation relation can generally be
written as

(A3)

ayrgp = sinBaje + cos Bare,
aye = —cosBae + sinBare,

for the same state of the internal degree of freedom. According
to the commutation relation, we can find

Ut 1)1 = —UI(n+1)s Unt1)2 = —U1(nd2)s -+
Unt1)n = —U1(2n)> U(nt1)(nt1) = ULL,
Un+1)(n2) = U125 -+ Unt1)(2n) = Uln,
u(n+2)] = _MZ(nJrl)v u(n+2)2 = _u2(n+2)7 ceey
Uni2)n = —U2(2n)y Un42)(n+1) — U215

(A4
Unt2)(n+2) = U22,

-5 U(nt2)(2n) = U2n,

Un)1 = —Un(n+1)s U2n)2 = —Un(nt2)s s
Wn)yn'= —Un(2n)5; U(2n)(n+1) = Unl,
U(on)(n+2) = Un2s - -5 U2n)(2n) = Unn-

Based on Egs. (A1) and (A4), the unitary matrix U can be
written as
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up e uppedie oy, el u](i’H*l)eTazal “1(n+2)eT6M2 u (2n)el%"
up1 e upy et .y, eidie ”2(n+1)el%1 '42(n+2)6162a2 eu (2n)6162a"
i6 i6 i85 i i
Un1 € 71 U € 12 e Upy € 0 | | Uy gy € e y Un(nt2) € P U (2n) € P
U = 161/051 i5]/a2 iala 1650; lséa 16411 ’ (AS)

“Ui(n+1)€ —Ui(nt2) € o TUp)© T U U uppe 2 - Uy € o
i8] i6] i5! 16} i8] i)

—Up(ny1) € N —Up(pin)€ 12 e —Uppy€ o || upre M uppe P2 s Uge 2o
is] is] is! i8] id) i85

Un(n+1)©€ B —Un(nt2)€ ® ... —lp(2n) € lon | | upie ** upe %2 - uy,e 20 —

with the normalization conditions UTU = UU ' = 1.

n
Appendix B: The proof of Y. (|A;|*>+|B;|*) =1
i=1

As the normalization condition UTU = UU T =1, we can
obtain the following coefficients’ relations:

2n )
Y |uij] =1 (i=1,2,...,2n), (B1)
J=1
2n )
Y il =1, (j=12,...,2n), (B2)
i=1
O1a; — O2g 25{%_—65%_, (withi=1,2,...,n), (B3)
UplUm] + UpdUm) -+ Up(2p) U (2n) = 0,
(here pm=1,2,....n; p#m), (B4)
UpgUm(n+q) = Up(nt+q)Umg:
(here p,q,m=1,2,...,n; p#m), (B5)
UipUly +uopling + ...+ uppliyg =0,
(here p,g=1,2,....,n; p#gq), (B6)
WY (n+p) U1 (ntq) T U2 (ntp)U2(ntq) t - - - T Un(ntp) Un(ntq) = 0,
(herep7q:1727“'an; P?éCI) B7)

Based on Egs. (B1), (B2), (B6), (B7), (A4), and (7a), we
can obtain

):IA\HB\

= AP+ B+ A2+ |BoP + -+ |An]* + B
= (ufy +u3 + - +M2n )er?

+ (uiy + 13y + - +”2n )2 +-

+ (Ui + 143, + - ‘*‘“(2,;),) leal®

n—1 n
+ ZZ Z u1pu1q|cp’|cq|cos(51p—5|q—|—apq)
p=lg=p+1

n—1 n
+ZZ Z “2P“24|CP||Cq|cos(51p_6lq+apq)+”'

p=lg=p+1
n—1 n

+ZZ Z unpu,,q|cp| |cq|c0s(51p—31q+apq)
p=lg=p+1
n—1 n

+2 Z Z U(n+1)pt(n+1)g lep]|cq cos (87, — 81, +0lpg)
p=1lg=p+1

‘ n—1 n
+2) ) Upia)

p=lg=p+1

n—1 n
+ ...+ZZ Z M(zn)pu(Zn)q’cP’ ‘Cq’
p=1g=p+1

U(nt2)q ‘cp‘ ]cq‘ cos(8], — 8, + 0tpg)

x cos(8y, — 8], + Cyy)

n—1 n
= 1+22 Z (ulpulq+u2p1/i2q+"'
p=1g=p+1

+ un,,unq ’cp’ |cq|cos O1p — O1g + 0g)

+2 Z Z Unt1)p n+1)q+“(n+2)p”(n+2)q+"'
p=lq=p+1
+ U(2n)ptan)g) [€p] | cq| cOS(8], — 81, + ttpg)

= 1. (B8)

Appendix C: The expression of U in Section 3

Based on Eq. (Al), we can derive the expression of U
After the first PBS, the particles with
horizontal polarization would go through a closed MZI setup

in Fig. 3 as follows.

(without beam splitter), while the particles with vertical po-
larization go through an open MZI setup (with beam splitter).
After the first PBS, we can find the relations

asH = diH,
asy = ayv, (C1)
aqy = azy,
aev = azv,

where the first subscript denotes the path, and the second sub-
script denotes the polarized information. Then after the second
beam splitter (BS2), we have

asy = aiy,

arv =+/T—Rasye'® + \/Ragye!%+%), €2)
a4H = azH,

agy = —/Rasy €%+ /T —Ragy e! (%)

where 0, denotes the phase shift from path 5 to path 7, &, de-
notes the phase shift from path 5 to path 8, and & denotes the
phase difference between path 5 and path 6. Then the four
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HWPs rotate the polarization by 90°. We have

a9y = 4sH,
apyv = agv, (C3)
Aa10H = 44H,
aizv = agyv,

At last, they are recombined by the second PBS. So, we

have
aj’g = A9y,
ayy = aiv, (C4)
ayyg = A10H,
ayry = apy.

Combining Eq. (A1) and Egs. (C1)- (C4), we obtain

1 0 0 0
0edyT-RO el@+d)\/R
U=1lo o 1 0 €5)
0 —ei®yR 0 e!®+%)/T-R
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