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Abstract

We theoretically investigate the enhancement of Kerr nonlinearity through anisotropic Purcell
factors provided by plasmon nanostructures. In a three-level atomic system with crossing
damping, larger anisotropism of Purcell factors leads to more enhanced Kerr nonlinearity in
electromagnetically induced transparency windows. While for ﬁxed anisotropic Purcell factors,
Kerr nonlinearity with orthogonal dipole moments increases with the decrease of its crossing
damping, and Kerr nonlinearity with nonorthogonal dipole moments is very sensitive to both the
value of crossing damping and the orientation of the dipole moments. We design the nonresonant gold nanorods array, which only provides subwavelength-conﬁned anisotropic Purcell
factors, and demonstrate that the Kerr nonlinearity of cesium atoms close to the nanorods array
can be modulated at the nanoscale. These ﬁndings should have potential application in
ultracompact quantum logic devices.
Keywords: surface plasmon, Kerr nonlinearity, quantum coherence
(Some ﬁgures may appear in colour only in the online journal)
1. Introduction

large and anisotropic Purcell factors can be realized by
carefully designing the metallic nanostructures, which have
been studied in ﬂuorescence enhancement [16, 17], quantum
interference enhancement [18], the control of spontaneous
emission spectra [19] and the control of double-trapping EIT
spectra [20]. In previous work, the nonlinearity is greatly
enhanced via SGC induced by anisotropic Purcell factors in
four-level systems [7]. However, the effect of anisotropic
Purcell factors themselves on the Kerr nonlinearity of threelevel atoms in the vicinity of non-resonant plasmon nanostructures has not been explored yet.
In this paper, placing the three-level atoms with crossing
damping close to a metallic nanostructure, we theoretically
investigate the effects of anisotropic Purcell factors on the
Kerr nonlinearity. The larger anisotropism of Purcell factors

Kerr nonlinearity, referring to the real part of the third-order
susceptibility, has been studied widely for its potential
application in quantum information [1–8]. It is desired to get
large nonlinearity with small linear absorption under low light
intensities [9, 10]. The enhanced Kerr nonlinearity can be
obtained via such methods as electromagnetically induced
transparency (EIT) [4], interaction of dark resonances [5], and
spontaneously generated coherence (SGC) [6–8]. In addition,
a strong localized ﬁeld of metallic nanostructures can be used
to enhance nonlinearity of metal itself or materials close to the
metal, such as second-harmonic generation [11], third-harmonic generation [12, 13], optical frequency mixing [14] and
high-harmonic generation [15]. Besides light conﬁnement,
0957-4484/16/425205+05$33.00
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(∣1ñ « ∣2ñ and ∣1ñ « ∣3ñ) with the same electromagnetic
vacuum, which has been studied in the spectral modiﬁcation
of spontaneous emission [19, 25–28]. Note that only the
levels lie so closely that we need take the crossing damping
into account.
Under the rotating-wave and dipole approximations, the
density matrix in the interaction picture can be derived as
follows:

Figure 1. The schematic of a Λ-type three-level atomic system with

r˙ 11 = -2 (g2 + g3) r11 + iWp (r 31 - r13) + iWc (r 21 - r12) ,
r˙ 33 = 2g3 r11 + iWp (r13 - r 31) ,
r˙ 23 = -iDp r 23 + kr11 + iWc r13 - iWp r 21,
r˙ 13 = -(g2 + g3 + iDp) r13 - iWp (r11 - r 33) + iWc r 23,

the crossing damping κ between two near-degenerate lower levels ∣2ñ
and ∣3ñ. Gxx (Gzz ) is the decay rate along the x (z) direction. b 2 (b 3) is


the angle between the dipole moment m12 (m13) and the x axis.

leads to more enhanced Kerr nonlinearity. If the anisotropic
Purcell factors are ﬁxed, the Kerr nonlinearity with orthogonal dipole moments increases with the decrement of its
crossing damping. While for nonorthogonal dipole moments,
the Kerr nonlinearity is very sensitive to the orientation of
dipole moment and the crossing damping. Note that here we
focus on the impact of the anisotropic Purcell factors themselves on the Kerr nonlinearity. This is different from the
previous studies in [7], where the key point is that the larger
crossing damping induced by the anisotropic Purcell factors
leads to larger Kerr nonlinearity. Available Λ-type systems
can be found in the D1 line of cesium atoms. Using Green’s
tensor method [21, 22], we design the non-resonant gold
nanorods array, which means what we utilize is only the
anisotropic Purcell factors rather than its strong localized
ﬁeld. By changing the position of the cesium atoms relative to
the gold nanorods array, the Kerr nonlinearity can be
enhanced effectively at the nanoscale. These ﬁndings should
have potential application in ultracompact quantum devices.

r˙ 12 = -(g2 + g3) r12 + iWp r 32 - iWc (r11 - r 22),
(1 )

which satisﬁes r11 + r 22 + r33 = 1 and r*ij = rji . Relations
between the susceptibilities and density matrix elements
can be obtained by combining the two expressions of
polarization intensity. The ﬁrst is P = e0 (Ep c + Ep*c*) 2,
where χ is the susceptibility of the atomic medium.
The second is the quantum average of N atoms’ dipole
moments P = N (m31 r13 + m13 r31). Furthermore, to derive
the linear and nonlinear susceptibilities, steady-state
solution is given, where the iterative method is utilized
and the density matrix elements can be written as
0)
1)
2)
3)
rmn = r(mn
+ r(mn
+ r(mn
+ r(mn
+ ···. The probe ﬁeld is much
weaker than the coupling ﬁeld, so the zeroth order solution is
r(330) = 1 , and other elements are equal to zero. Deducing the
matrix elements up to the third order, the ﬁrst-order
susceptibility c(1) and third-order susceptibility c(3) can be
attained as the following:


2N ∣m13∣2 (1) (3)
2N ∣m13∣4 (3)
(
)
1
(2 )
c =
r ,c =
r ,
e0  Wp 13
3e0  3W3p 13

2. Method

and the total susceptibility χ is

The Λ-type three-levelatomic system is shown in ﬁgure 1. A
strong coupling ﬁeld
 Ec with angular frequency of wc and a
weak probe ﬁeld Ep with wp couple the upper level ∣1ñ with
two near-degenerate lower levels ∣2ñ and ∣3ñ respectively. The
detunings Dc = w12 - wc = 0 and Dp = w13 - wp , where
w12 and w13 are the frequencies of relevant atomic transitions.
For simplicity,
we assume the Rabi frequencies



Wc = m12 · Ec 2 and Wp = m13 · Ep 2 are real, where the


m1j = á1∣-er ∣ jñ ( j = 2, 3) is the matrix element of the
electron-dipole moment between the levels ∣1ñ and ∣ jñ. In
anisotropic Purcell factors space, decay rates along the x (z)
direction Gxx = 3g0 l12 Im Gxx (Gzz = 3g0 l12 Im Gzz ) are connected with imaginary parts of Green’s tensor coefﬁcients Gbb
3
with b = x, y, z , where g0 = m2w12
(3p 0 c 3) is the decay
rate in free vacuum [23, 24]. In particular, the condition that
Gxx = Gzz = G0 stands for the isotropic vacuum. b 2 (b 3) is the


angle between the dipole moment m12 (m13) and the x axis.
Thus the decay rate from level ∣1ñ to ∣iñ is
2gi = Gxx cos 2 bi + Gzz sin2 bi (i = 2, 3) and the crossing
damping between two closely spaced levels ∣2ñ and ∣3ñ is
k = Gxx cos b 2 cos b 3 + Gzz sin b 2 sin b 3. The crossing damping originates from the interactions of two atomic transitions

c = c (1) + 3∣Ep∣2 c (3).

(3 )

3. Results and discussion
First, we will focus on the inﬂuence of the anisotropic Purcell
factors on the Kerr nonlinearity. The ﬁrst-order and thirdorder susceptibilities against the detuning Dp with various
Purcell factors are shown in ﬁgure 2. Here, the crossing

damping κ is zero through keeping m13 parallel to the x-axis

and m12 parallel to the z-axis. The Rabi frequency is ﬁxed at
Wc = 2.0g0 in the following. Three cases are explored:
Gxx = Gzz = g0 (black curves), Gxx = 0.5g0, Gzz = 1.5g0 (red
curves) and Gxx = 0.25g0, Gzz = 1.75g0 (blue curves). The
ﬁrst-order susceptibilities are completely the same
(ﬁgures 2(a) and (b)) because they are inversely proportional
to the sum of two transitions’ decay rates and the value is
2g2 + 2g3 = 2.0g0 in three cases. Close to the EIT window,
the Kerr nonlinearity with anisotropic Purcell factors can be
up to four times larger than that in isotropic vacuum
2
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Figure 2. Enhanced Kerr nonlinearity via anisotropic Purcell factors
under perpendicular dipole moments. (a, b) Linear and (c, d)
nonlinear susceptibilities of probe ﬁeld against the probe detuning.
The inset in (b) shows the orientation of transition dipole moments.
One can see that Kerr nonlinearity increases with an increment of
Purcell factors anisotropism though the linear dispersion and
absorption curves are the same.

Figure 3. Enhanced Kerr nonlinearity with different orientations of

dipole moments and the ﬁxed anisotropic Purcell factors
Gxx = 0.25g0 , Gzz = 1.75g0 . The angles between two dipole moments
p
p
are ﬁxed at 2 (a) and 4 (b). With perpendicular dipole moments,
p
when b 3 = 0, b 2 = 2 , the Kerr nonlinearity reaches the maximum.
While with nonorthogonal dipole moments in (b), the Kerr
p
5p
nonlinearity is the maximum when b 3 = - 24 , b 2 = 24 .

(ﬁgure 2(c)). Meanwhile, there are nonlinear gains because
the imaginary parts of the third-order susceptibilities are
negative (ﬁgure 2(d)). Note that the results in isotropic
vacuum are in agreement with that of [6]. Further calculations
indicate that the Kerr nonlinearities for nonorthogonal dipole
moments also increase with the increment of the anisotropism
of Purcell factors although the crossing damping is non-zero.
In brief, larger anisotropism of Purcell factors leads to larger
Kerr nonlinearity.
Then we ﬁx the Purcell factors as Gxx = 0.25g0 ,
Gzz = 1.75g0 to investigate the effect of crossing damping on
the Kerr nonlinearity. The Kerr nonlinearity with orthogonal
and nonorthogonal dipole moments are shown in ﬁgures 3(a)
and (b). When b 2 - b 3 = p2 , we discuss ﬁve cases with
various relative orientation of dipole moments: b 3 = 0 (blue
p
curve), b 3 =  8 (orange curves), b 3 =  p4 (dark yellow
curves) with crossing dampings’ absolute values of 0, 0.53
and 0.75. The Kerr nonlinearity reaches the maximum when
b 3 = 0, which indicates that the smaller crossing damping
leads to the larger Kerr nonlinearity. Note that in isotropic
vacuum, the larger crossing damping generally leads to larger
Kerr nonlinearity because of the same decay rates from the
excited level ∣1ñ to both ground levels ∣2ñ and ∣3ñ [6]. In
addition, the crossing damping induced by anisotropic Purcell
factors in the four-level system greatly enhanced the nonlinearity [7]. However, here in the three-level system with
anisotropic Purcell factors, the crossing damping suppresses
the enhancement of Kerr nonlinearity.
While for b 2 - b 3 = p4 , we consider four cases:
p
p
b 3 = - 8 (olive green curve), b 3 = - 24 (black curve),

perpendicular dipole moments, the smaller crossing damping
does not necessarily lead to larger Kerr nonlinearity due to the
combined effect of the crossing damping and the orientation
of dipole moment. In addition, comparing the ﬁgures 3(a) and
(b), the smaller angle between dipole moments leads to larger
Kerr nonlinearity, which is in agreement with that of the
isotropic situation. In brief, the Kerr nonlinearity can be
effectively enhanced via changing anisotropic Purcell factors
and the orientation of dipole moments.
Finally, in order to obtain the enhanced Kerr nonlinearity
with anisotropic Purcell factors at the subwavelength scale,
we apply the above mechanisms to cesium atoms in the
vicinity of surface plasmon structures. Available Λ-type
system can be found in D1 line of cesium atoms, whose
resonant wavelength is 895 nm. Two neighboring Zeeman
sublevels of 62S1 2 , F=4 are set as level ∣2ñ and ∣3ñ, and one
Zeeman sublevel of 62P1 2 , F ¢ = 3 is set as level ∣1ñ. The
custom-designed plasmon nanostructurs is a gold nanorods
array with size of 100 ´ 50 ´ 50 nm3 and gap of 25 nm
(ﬁgure 4(a)), whose resonant wavelength is 730 nm, far from
that of the cesium atom’s D1 line. Different from a previous
study [7], we only utilize the anisotropic Purcell factors
provided by the nanostructures rather than its localized ﬁeld.
The Purcell factors at l = 895 nm are numerically calculated
from z = -200 nm to z=150 nm using Green’s tensor
method with the mesh of 25 nm. Speciﬁcally, the Purcell
factors’ distributions at z=50 nm are shown in ﬁgures 4(b)
and (c). Increasing the distance from the nanostructures to
inﬁnite, Purcell factors approach isotropic vacuum
value 1.0g0 .
Taking advantage of the anisotropic Purcell factors of the
gold nanorods array, we investigate the Kerr nonlinearity of

p
11p
b 3 = 12 (red curve ), b 3 = 24 (royal blue curve) with
crossing dampings’ absolute values of 0.043, 0.057, 0.51 and
p
(b 3 = 1124p ), the Kerr nonlinearity is the
1.35. When b 3 = - 24
maximum (minimum). Different from the case with

3
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designed plasmon nanostructures can enhance the Kerr nonlinearity of the atoms at the nanoscale, and the mechanism of
enhanced Kerr nonlinearity can be used in other customdesigned quantum systems close to plasmon nanostructures.
Experimentally fabricating the designed periodic plasmon nanostructures is promising with current techniques.
Except for the Zeeman sublevels of the cesium, the three-level
atomic system can be found in the quantum dot and nitrogenvacancy center [29]. Accurately controlling the atoms’ position relative to structures is challenging, but taking advantage
of the plasmonic nanostructures to trap the atoms has been
studied both theoretically and experimentally [30–32]. So,
experimental realization of our protocol is promising in the
near future.

4. Conclusion
Figure 4. (a) The plasmon nanostructure consisting of nanorods

array with size of 100 ´ 50 ´ 50 nm3 and gap of 25 nm. (b) and (c)
Distribution of Purcell factors Gxx g0 and Gzz g0 at z=50 nm.
Anisotropic Purcell factors are obtained, which can be used to
enhance the Kerr nonlinearity.

We have theoretically analyzed the plasmon-enhanced Kerr
nonlinearity of a three-level system via subwavelength-conﬁned anisotropic Purcell factors. The Kerr nonlinearities
increase with the increment of the anisotropism of Purcell
factors. If the anisotropic Purcell factors are ﬁxed, small
crossing damping leads to large Kerr nonlinearity for orthogonal dipole moments. While for nonorthogonal dipole
moments, both the crossing damping and the orientation of
dipole moment inﬂuence the Kerr nonlinearity. Furthermore,
we have investigated the Kerr nonlinearity of cesium atoms
with the custom-designed gold nanorods array. The nonlinearity can be effectively enhanced by changing the atoms’
relative position to the nanostructures. Besides plasmon
structures, the mechanism of the enhanced Kerr nonlinearity
with anisotropic Purcell factors can be extended to other
nanostructures such as metasurface, which can also provide
anisotropic Purcell factors [33]. The enhanced nonlinearity at
the nanoscale in hybrid quantum emitter-plasmonic nanostructure systems provides a new platform for nonlinear optics,
which has potential applications in ultra-compact quantum
logic devices, all-optical switches and nonlinear devices.

Figure 5. Kerr nonlinearity of cesium atoms with anisotropic Purcell
factors provided by the designed gold nanorods array for three
positions at z=50 nm (a), and for z = 50, 75, 150, ¥ nm,
x = y = 25 nm (b). The case (25, 25, ¥) nm represents the
homogeneous vacuum. The Kerr nonlinearity can be modulated by
changing the position of the atoms relative to the plasmon
nanostructures.
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cesium atoms nearby. In the xy-plane of z=50 nm, the Kerr
nonlinearities with perpendicular dipole moments at points
(0, 75, 50) nm (red curve), (50, 75, 50) nm (blue curve),
(25, 25, 50) nm (black curve) are shown in ﬁgure 5(a). The
Kerr nonlinearities at the positions with z = 50, 75, 150, ¥
nm are illustrated in ﬁgure 5(b). One can ﬁnd that it is convenient to modulate the Kerr nonlinearity by changing the
atoms’ position relative to the plasmon nanostructures. In
brief, anisotropic Purcell factors provided by custom-
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