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Abstract: The continuous-variable (CV) orbital angular momentum (OAM) entanglement
is very different to the traditional quadrature entanglement. The Stokes-operators directly
reflect the character of OAM light. Here, we report the first direct experimental demonstration
the Stokes-operator entanglement of continuous-variable OAM entanglement. Generated by
transforming quadrature entanglement in the HGy; mode onto the orbital Stokes-operator basis,
the entanglement is measured in the Stokes-operator basis using a self-designed detection
scheme. An inseparability of 1(O,, 03) < 1 is achieved over a wide analyzing frequency of 1-10
MHz. Moreover, experimental fluctuations at 5.0 MHz are visualized using the quantum orbital
Poincaré sphere representation. The OAM entanglement with Stokes-operators measurement
has a promising application in certain nonlocal quantum information protocols and rotational
optomechanics by interacting with nanoparticle or atoms.
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1. Introduction

Light carries spin angular momentum (SAM) described as polarization [1] and orbital angular
momentum (OAM) associated with helical phase fronts [2]. Compared with SAM, OAM (indexed
by /) may increase without bound allowing more information to be packed. The channel capacity
available to communication protocols increases concomitantly. Hence, quantum fields based on
OAM, such as OAM squeezing and entanglement, have led to many novel insights and applications,
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such as quantum communication [3-7], quantum storage [8], quantum cryptography [9], and
quantum metrology [10-12].

Most of the research on OAM quantum states of light has focused on the discrete regime
referred to as single-photon or few-photon optics [13-21]. Discrete and continuous-variable
systems differ significantly in terms of measurement systems and physical interpretations for
quantum entanglement. The CV OAM entanglement is very different to the traditional quadrature
entanglement. The generation scheme for CV OAM squeezed and entanglement state was first
proposed in 2009 theoretically by Lam and co-workers [22], and then achieved experimentally
in a spatially non-degenerate optical parametric oscillator (OPO) by Lassen et al. (2009) [23].
Subsequently, CV hyper-entanglement, with both SAM and OAM states entangled, was proposed
theoretically [24] and demonstrated experimentally [25].

Though the CV OAM entanglement has been demonstrated [23,25], all the previous works
were based on balanced homodyne detections to interrogate quadrature entanglement and further
to infer the characters of OAM entanglement. The direct measurement and description on Stokes-
operator of CV OAM entanglement are essential, and the entanglement of Stokes-operators
directly reflect the quantum correlations between OAM light. The more interesting is that the
characters of Stokes-operator are related to the rotation of nanoparticle [26] or atoms [27]. With
the CV OAM entanglement, the macroscopic entanglement can be generated by the enchantment
transfer from light to particles. Additionally, the OAM entanglement with Stokes-operators
measurement is more efficient in certain nonlocal quantum information protocols, in which it is
hard to select the optimal local oscillators, such as quantum state transmission [28] and quantum
key distribution [29].

Here, we report the first direct experimental characterization of a continuous-variable OAM
entanglement using the Stokes operator basis. By combining a much more intense HG1o-mode
coherent beam and a dim HGg;-mode-entangled beam produced in a type-II OPO, we achieve
continuous-variable OAM entanglement. We verified the OAM entanglement by measuring
correlations of the Stokes operators using the scheme described in [30] and quantified the
entanglement on the quantum orbital Poincaré sphere.

2. Quantum state of OAM and inseparability criterion

Similar to polarization states [31], the spatial quantum state of a light beam (limited in the
first order case) is usually described by a Stokes vector on the Poincaré sphere [22,32] that is
determined by four Stokes operators

00 = &10&10 + CAZSI(IAQ] (la)
01 = aj a0 - aj don (1b)
02 = ﬁioﬁoleie + ﬁglﬁloeﬂ.e (Ic)
03 = i&glﬁloe_ig — iaATOaAoleiQ (1d)

:
10(01)

with the HG¢(o1) mode. Operator Oy gives the total intensity, whereas O, O, and O3 correspond
respectively to photon number differences between the HG;p and HGy; modes, the +45° and -45°
diagonal HG(p modes, and the left and right Laguerre-Gauss modes. The relative phase between
the HG;o and HGy; modes is denoted by 8. The Stokes operators satisfy commutation relations
[Oi, Oj] = 2i0k, where i, j, k € {1,2,3}, their non-commutativity implies that entanglement is
possible between the OAM states of two beams.

The photon annihilation operators can be linearized in the form djo1) = @10(01) + Adio(01)>
where @91y and Adg(1) denote respectively the mean amplitude and quantum noise operator.
Assuming that the HGp; and HGp-mode light are uncorrelated, the mean amplitudes of the

where djg(1) and a are the annihilation operator and creation operator, respectively, associated
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Stokes operators and noise variances are therefore given by

<00) = afo + a%l (2a)
(O1) = lagy — oy | (2b)
(02) = 2a0a0; cos 8 (2¢)
(03) = 2a19a0; sin (2d)
A0y = a19AX 1 + g1 AXo (3a)
AO; = a19AX o + ag1AXop (3b)
Aéz = COS 9((101A}21() + al()AX(n) + sin 9((1/()1Af’10 + aloAYm) (30)
A0, = sin 0(ag1AX 10 + @10AXo1) + cos 81 Ao + a10AY o) (3d)

where )A(lo(m) = djo01) + &1'0(01) and f’10(01) = —i(dio01) — &1'0(01)) are the amplitude and phase
quadrature operators, respectively, of the HG o) mode.

To verify the existence of entanglement, a generalized version of the Duan inseparability
criterion is derived. The degree of inseparability is defined in terms of the spatial Stokes
vector [22].

A A . 0, + A N 0,
101,09 = 280+ B (4a)
8|a/10a01 Ccos 9|
A A A, 01+ A%, 05
1(03, 0y) = —A8—__—Asb (4b)
8|(lloa'()1 Cos 9|
A oA N0+ A
1(05,05) = 242892 2aen0 (40)
4laf, - ag)|
where AIZL‘+ BO is the smaller of correlation variances of the operator O; between between beam

A (Alice) and B (Bob) and given by A, ,0; = min{(AO# + AOB)?) [22].1f 1(0;, 0;) < 1, the
state is said to be inseparable and therefore entangled for the pair of optical beams associated
with Stokes operators O; and O ;. Substituting Eq. (3) into Eq. (4), gives the expression in terms
of quadrature operators

A A ano
1(01, 02) = m( A+BX10 + AA+BX01 COS 0+ AA+BY01 sin 9)
Qo1
+—

8ajp| sin 0|
@10
81| cos |
o1
+—
8ajp| cos 6]

alO(A X()1 + A

(A A+BX0] +AA+BX1()COS 9+AA¢BY1()SIII 0) (5a)

1(03,01) (AA+BX10 + AiiB)A(m sin? 6 + Ai:B?OI cos” 0)

(A2 KXot + AL, g Xiosin? 6 + AL pTigcos?6)  (5b)

2epYor) + a2 (A%, X0 + AL, Yi0)

4|a10

A+B A+B

1(0,,05) (5¢)

ag|

From Eq. (5), we see that the OAM entanglement can be achieved by combining HGy; and
HG ¢ mode quadrature entangled states and the degree of OAM entanglement dependents on the
amplitude ratio (@19/@o;) and the relative phase 6 between HGg; and HGg modes. As shown
in the Fig.1, we plot the degree of inseparability, and here the HGy; and HG¢ mode are 10 dB
entanglement.
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Fig. 1. The degree of inseparability for (a)/(01, 02), (b)I(03,0;) and (c)I(0,, 03) as a
function of the amplitude ratio (@¢/ag;) and the relative phase 6 between HGy; and HG1(
modes.

In Fig. 1(a) and (b) OAM entanglement exists in the non-white region, where the values of /
are below unity (the bound of inseparability). The degree of inseparability for I(O;, O,) (Fig.1(a))
will degrade and even disappear as @/ @o; increases but 6 decreases, the maximum entanglement
between O; and O, is achieved when 6 = 7 & ajo/aor = 1. The degree of inseparability for
1(03, 0y) (Fig.1(b)) will degrade and even dlsappear as 0 and @9/ ag; increase, the maximum
entanglement between O3 and O is achieved when 6 = 0 & ajo/ag; = 1.

According to the Eq. 5(c), I(O,, 03) is independent on the relative phase 6. The Fig. 1(c)
shows the relationship of the / (02, 03) vs a19/ai. We can find that the OAM entanglement
between O, and O increases with ajg /o1 increasing, and when @o/ag; > 1, the entanglement
reaches the maximum value. The condition @jg/a; > 1 indicates that we can replace the
HG entanglement with a bright coherent light in HG;p mode to generate the optimal OAM
entanglement with Stokes operators O, and Os.

Therefore, by spatial overlapping two quadrature entanglement in HGy; and HG¢ mode with
equal power, and controlling their relative phase between HGo; and HGjp mode to 7 or 0,
the maximum entanglement with Stokes operators 01 and 02 or 03 and O 1 can be achieved
respectively. The maximum entanglement with O, and O3 can be generated by combing bright
coherent beams in HG ¢ mode and entanglement in HG¢; mode.

Here we focus on the experimental generation of the OAM entanglement associated with
Stokes operators O, and O3. In more intuitive picture, the OAM state is related to the rotation of
photons around the propagation direction of light [12], the O; refers to the rotational angular
position and Oj refers to the rotation angular momentum. The type of OAM entanglement is more
useful into rotational optomechanics by interacting with nanoparticle to realize high-precision
angular measurement for future quantum gyroscopes and even demonstrate the macroscopic
entanglement.

3. Experimental set-up and results

The experimental setup (Fig. 2) to generate and characterize OAM-state entanglement, comprises
(a) HGg;-mode entanglement-source creation and quadrature entanglement detections, and (b)
OAM entanglement generation and Stokes-operator measurement.

The optical parametric amplifier (OPA) cavity is composed of two plano-concave mirrors,
each with radius of curvature of 30 mm. The nonlinear medium, a type-II KTP crystal, is placed
in the center of the cavity. The input mirror is coated to give high reflectivity at both 1080 nm
and 540 nm, whereas the output coupler has a transmittance of 6% at 1080 nm, and a high
transmittance at 540 nm. The OPA is seeded with dim 1080-nm HGy light, enabling active cavity
locking, and pumped with 540-nm HGy; light, therefore having higher pump efficiency than the
HGgp mode [33,34]. When we lock the relative phase between the pump field and the injected
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Fig. 2. Experimental generation and characterization of entanglement of first-order OAM
modes. The entanglement source, specifically, (a) HGg; mode quadrature and (b) OAM
state entanglement, are measured in quadrature detection and Stokes detection, respectively.
DBS: dichroic beam splitter; F1: flip mirrors; PBS: polarizing beam splitter; MS: measuring
system; DP: Dove prism; SA: spectrum analyzer.

seed beam in the state of deamplification with PZT1, The HGy;-mode quadrature entanglement
between two down-converted fields in orthogonal linear polarizations is generated and separated
from the pump light using a dichroic beam splitter. When F1 is present, the output entangled
beams are divided by the polarizing beam splitter into two parts and sent into balanced homodyne
detections with a HGp;-mode local oscillator to perform the quadrature measurements.

When F1 is off, the HGy;-mode entangled beams and a bright HG(y coherent beam in 45°
polarization are coupled on PBS and divided into two parts. Each part including a bright beam
in HGp-mode and an entangled beam in HGy;-mode, is sent into 98/2 beam splitter which
consists of a half-wave plate and a polarization beam splitter to ensure that the entangled beams
of 98% are transmitted and the coherent beams of 2% are reflected. By the way, the lossless
coupling between HGp; mode and HG ¢ mode can be realized with the help of an asymmetric
Mach-Zehnder interferometer [22]. As a result, the components of HGgy; and HG¢ mode of
output from 98/2 beam splitter are in the same polarization and their powers satisfy afo = 3Oa§1.
In order to generate the OAM entanglement, the coupling of HGy; mode and HG19 mode requires
mode matching and phase locking. Although there is no interference between the two spatial
orthogonal modes, the relative phase can be monitored from part of the interference by a detector
with an aperture (marked Iris in Fig. 2) and controlled to be 0 with PZT2.

The OAM entanglement beams produced are sent to a measuring system (MS) comprising an
asymmetric/symmetric Mach—Zehnder interferometer and a Dove prism. Depending on their
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different combinations, the resulting difference in photocurrent between the two photodiodes
yields instantaneous values for O;, O, or O3, and the sum photocurrent yields the corresponding
limits of quantum noise, see details in [30]. The measured Stokes parameters of the two entangled
beams are summed/subtracted and finally sent to a spectrum analyzer to characterize their

correlations.
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Fig. 3. Correlation variance measurements of the HGgi-mode entangled beam for (a)
quadrature amplitude sum AIZL‘ + BXOI’ (b) phase difference Ai_ B?OI’ and (c) degree of
inseparability. In (a) and (b), trace (i) is the SNL and trace (ii) the correlation variance
normalized to SNL. In (3), trace (i) is the bound of inseparability (unity), and trace (ii) degree
of inseparability. All data are normalized with respect to shot-noise level. The measurement
parameters of spectrum analyzer: RBW=300 kHz, VBW=200 Hz.

From the measured correlation variance of the HGy; mode entangled beam (Fig. 3), traces
(i) in (a) and (b) are the corresponding shot-noise levels, obtained by blocking the entangled
beam. The correlation variances of the amplitude sum Ai N B)A(m [trace (ii) in (a)] and the phase
difference Ai_ 3?01 [trace (ii) in (b)] between the output signal and idler fields are all more than
2.5 dB below the shot-noise level in the range of frequencies from 1 to 10 MHz. This implies that
non-classical correlations exist between the two beams. From 4-7 MHz, we observe optimal
results with mean values of 2.70+0.18 dB and 2.75+0.12 dB for the amplitude sum and phase
difference, respectively. Taking the sum of the amplitude sum and phase difference quadrature
variances yields the degree of inseparability of 0.53+0.02 [Fig. 3(c)], which is well below the
bound of inseparability (unity), indicating the state is inseparable and entangled. All data are
normalized using the level of shot noise. The total detection efficiency is 75 %.

From the measured variance spectra of the Stoke operator (a) Aix +B 0, and (b) Ai +B 03 (Fig.
4), traces (ii) and (iii) are the corresponding anti-correlation and correlation variance, respectively.
We find that the correlation variance for both Ai . 302 and AIZL‘_ 303 are more than 1.5 dB
below shot-noise levels [trace (i)] over the range of measurements. From 4—-7 MHz, we obtain

optimal correlation variances with mean values of 1.8+0.10 dB and 1.8+0.12 dB for AE\ . Bég
and Ai_ B O3, respectively. All data are normalized with respect to shot-noise levels. Notice that
the correlation variance for AE‘ B 05 and Aix- B 03 is degraded compared with the inferred value
from quadrature entanglement because of losses mainly resulting from the polarization-impurity
induced by the Dove prism and added optical elements. The peaks around 4 MHz in trace (ii)
result from the coupling of residual modulation signal that is used to lock the cavity.
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Fig. 4. Measured variance spectra of quantum noise on (a)AZA +B 0, and (b)Ai +B 05 for
OAM entangled beams. In (a) and (b), trace (i) is the SNL, trace (ii) the correlation variance
and trace (iii) the anti-correlation variance normalized to SNL. All data are normalized with
respect to shot noise level. The measurement parameters of the spectral analyzer: RBW=300

kHz, VBW=200 Hz.
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Fig. 5. Experimental measurement of 1(Oy, O3) at Fourier frequencies from 1 to 10 MHz.
Trace (i) is the bound of inseparability (unity), and trace (ii) degree of inseparability. Values
below unity indicate entanglement.

By substituting correlation variance of Ai +B 0; and Ai_ B O3 into the entanglement criterion,

we obtain the degree of inseparability / (02, 03) [Fig. 5]. Traces (ii) are below unity [traces (i)]
over almost the entire measurement range, indicating that the OAM entanglement exists for
Stokes operators 0, and O5. From 47 MHz, we obtain an optimum of / (02, 03) =0.66 = 0.03.
Figure 6 presents a visualization of the experimental fluctuations at 5.0 MHz on the orbital
Poincaré sphere; panel (a) gives its location because the mean value identifies the HGo mode,
and (b) presents information carried by beam A, which is the same result as beam B, without any
measurement; all measurements of the three Stokes operators are above the quantum noise limit.
Panels (c) and (d) show respectively the conditional knowledge of beam A given correlation
variance measurements of Stokes operators 0, and O3 on beam B. Thus the value of the Stokes

operator on beam A becomes known to an accuracy better than the quantum noise limit upon
measurement.

4. Summary

We have described the experimental generation and characterization of continuous-variable first-
order OAM entanglement. The generation scheme entails transforming HGg;-mode entanglement
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Fig. 6. Entanglement descriptions mapped onto quantum orbital Poincaré spheres at 5.0 MHz.
(a) Location of output beams on the orbital Poincaré sphere. (b) Knowledge of beam A before
any measurement of beam B. (¢) Conditional knowledge of beam A after measurements of
05 on beam B. (d) Conditional knowledge of beam A after measurements of O3 on beam B.
The dashed circles define the classical correlation limit, and conditional knowledge outside
the dashed circles indicates entanglement.

to OAM entanglement. The measurements were conducted in the Stokes operators basis with a
local oscillator-free homodyne detection scheme. The results demonstrate that OAM entanglement
is present for the Stokes-operator pair O, and O3. We also presented our results using a quantum
version of the orbital Poincaré sphere representation.

Such OAM entanglement, due to more degrees of freedom than quadrature entanglement,
offers a very large state space to encode and manipulate quantum information, which holds the
great potential in high-dimensional quantum information processing, such as the CV quantum key
distribution (QKD), quantum dense coding protocols [35-37]. Especially, the CV OAM states
with a local oscillator-free homodyne detection scheme, lead to some nonlocal applications where
the local optimal local oscillators is hard to generate. This enables the measurements [10, 11] and
communications [28,29] to be done remotely and efficiently. Moreover, it is conceivable that
the state could be used into rotational optomechanics involving interaction with nanoparticle to
realize high-precision angular measurement for future quantum gyroscopes and even demonstrate
the macroscopic entanglement of micro-organism [38].
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