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We present a scheme to entangle twomicrowave fields by using the nonlinear magnetostrictive interaction
in a ferrimagnet. Themagnetostrictive interaction enables the coupling between amagnonmode (spin wave)
and a mechanical mode in the ferrimagnet, and the magnon mode simultaneously couples to two microwave
cavity fields via the magnetic dipole interaction. The magnon-phonon coupling is enhanced by directly
driving the ferrimagnet with a strong red-detunedmicrowave field, and the driving photons are scattered onto
two sidebands induced by the mechanical motion. We show that two cavity fields can be prepared in a
stationary entangled state if they are, respectively, resonant with two mechanical sidebands. The present
scheme illustrates a new mechanism for creating entangled states of optical fields and enables potential
applications in quantum information science and quantum tasks that require entangled microwave fields.
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Many quantum information tasks, e.g., quantum tele-
portation [1], quantum metrology [2], and fundamental
tests of quantum mechanics [3], require optical entangled
states. Conventionally, they have been generated via para-
metric down-conversion with nonlinear crystals [4].
Alternative efficient approaches have been adopted by
utilizing, e.g., four-wave mixing in optical fibers [5] and
atomic vapors [6], quantum dots [7], and periodically poled
lithium niobate waveguides [8], to name but a few. In the
microwave (MW) domain, the entangled fields are typically
produced by using the nonlinearity in Josephson parametric
amplifiers [9], or by injecting a squeezed vacuum through a
linear MW beam splitter [10]. In the field of optome-
chanics, two MW fields can get entangled by coupling to a
common mechanical resonator via radiation pressure
[11,12]. Despite their different forms, most of the mech-
anisms utilize the nonlinearity of the physical processes.
In this Letter, we present a mechanism, distinguished

from all previous approaches, for creating continuous-
variable (CV) entanglement of MW fields by using the
nonlinear magnetostrictive interaction in a ferrimagnet.
Specifically, two MW cavity fields couple to a magnon
mode in a ferrimagnetic yttrium-iron-garnet (YIG) sphere
[13–22], and simultaneously, the magnon mode couples to
a phonon mode embodied by the vibrations of the sphere
induced by the magnetostrictive force [23]. Because of the
intrinsic low frequency of the phonon mode, it owns a large
thermal occupation at typical cryogenic temperatures.
Thus, we drive the magnon mode with a red-detuned

MW field (with the detuning equal to the mechanical
frequency), which leads to the stimulation of the anti-
Stokes process, i.e., a MW photon interacts with a phonon
and converts into a magnon of a higher frequency [24,25].
This process corresponds to the cooling of the phonon
mode, a prerequisite for observing quantum effects in the
system [26]. The strong magnon drive also enhances the
effective magnon-phonon coupling, and when this coupling
is sufficiently strong, magnomechanical entanglement is
created, similar to the mechanism of creating optomechan-
ical entanglement with a strong red-detuned drive [27]. The
entanglement originates from the nonlinear magnetostric-
tive coupling and could be distributed to two MW fields
due to the linear magnon-photon coupling, or more
intuitively, the mechanical motion scatters the MW driving
photons onto two sidebands, which are entangled due to the
mediation of mechanics [28,29], and if two MW cavities
are, respectively, resonant with the two sidebands, the two
cavity fields get entangled. A similar mechanism has been
used to generate atom-light entanglement [30]. We prove its
validity, and two MW fields, indeed, get maximally
entangled when they are, respectively, resonant with the
two mechanical sidebands (we assume the resolved side-
bands [15–23]). We verify the entanglement in both the
quantitative and qualitative ways, i.e., by calculating the
logarithmic negativity and by using the Duan criterion for
CV systems.
First, we present a general model of the scheme, then

solve the system dynamics by means of the standard
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Langevin formalism and the linearization treatment, and
study the entanglement in the stationary state. Finally, we
show strategies to measure or verify the optical entangle-
ment, and provide possible configurations for experimental
realizations.
The model.—The system consists of two MW cavity

modes, a magnon mode, and a mechanical mode, as shown
in Fig. 1(a). The magnons, as quantized spin wave, are the
collective excitations of a large number of spins inside a
massive YIG sphere. The magnon mode couples to two
MW cavity modes via magnetic dipole interaction, and,
simultaneously, to a mechanical vibrational mode via the
magnetostrictive force [23–25]. The mechanical frequency
we study is much smaller than the magnon frequency,
which yields an effective dispersive magnon-phonon inter-
action [23,31]. We consider the size of the YIG sphere to be
much smaller than the MW wavelengths, hence, neglecting
any radiation pressure on the sphere induced by the MW
fields. The Hamiltonian of the system reads

H=ℏ ¼
X
j¼1;2

ωja
†
jaj þ ωmm†mþ ωb

2
ðq2 þ p2Þ þG0m†mq

þ
X
j¼1;2

gjða†jmþ ajm†Þ þ iΩðm†e−iω0t −meiω0tÞ;

ð1Þ

where aj (m) and a†j (m
†) are, respectively, the annihilation

and creation operators of the cavity mode j (magnon
mode), satisfying ½O;O†� ¼ 1 ðO ¼ aj; mÞ, and q and p
are the dimensionless position and momentum quadratures
of the mechanical mode, thus, ½q; p� ¼ i. ωj, ωm, and ωb

are the resonance frequencies of the cavity mode j, the
magnon mode, and the mechanical mode, respectively, and
the magnon frequency can be adjusted in a large range by
altering the external bias magnetic field H via ωm ¼ γ0H,
where the gyromagnetic ratio γ0=2π ¼ 28 GHz=T. G0 is

the single-magnon magnomechanical coupling rate, and gj
denotes the coupling rate between the magnon mode with
the cavity mode j, which can be (much) larger than the
dissipation rates κj and κm of the cavity and magnon modes,
gj > κj; κm, leading to cavity-magnon polaritons [15–22].
The Rabi frequency Ω ¼ ð ffiffiffi

5
p

=4Þγ0
ffiffiffiffi
N

p
B0 [24] denotes the

coupling strength between the magnon mode and its
driving magnetic field with frequency ω0 and amplitude
B0, where the total number of spins N ¼ ρV with the spin
density of YIG ρ ¼ 4.22 × 1027 m−3 and the volume of the
sphere V.
For convenience, we switch to the rotating frame with

respect to the drive frequency ω0, and by including input
noises and dissipations of the system, we obtain the
following quantum Langevin equations (QLEs):

_aj¼−iΔjaj− igjm− κjajþ
ffiffiffiffiffiffiffi
2κj

p
ainj ; ðj¼ 1;2Þ

_m¼−iΔmm− i
X
j¼1;2

gjaj− iG0mqþΩ− κmmþ
ffiffiffiffiffiffiffiffi
2κm

p
min;

_q¼ωbp;

_p¼−ωbq−G0m†m− γpþ ξ; ð2Þ

where Δj ¼ ωj − ω0, Δm ¼ ωm − ω0, γ is the mechanical
damping rate, andainj ,m

in are input noise operatorswith zero
mean value acting on the cavity and magnon modes,
respectively, which are characterized by the following
correlation functions [32]: hainj ðtÞain†j ðt0Þi ¼ ½NjðωjÞ þ
1�δðt − t0Þ, hain†j ðtÞainj ðt0Þi ¼ NjðωjÞδðt − t0Þ, and
hminðtÞmin†ðt0Þi¼½NmðωmÞþ1�δðt−t0Þ, hmin†ðtÞminðt0Þi ¼
NmðωmÞδðt − t0Þ. TheLangevin force operator ξ, accounting
for the Brownian motion of the mechanical oscillator, is
autocorrelated as hξðtÞξðt0Þ þ ξðt0ÞξðtÞi=2 ≃ γ½2NbðωbÞþ
1�δðt − t0Þ, where a Markovian approximation has been
taken valid for a large mechanical quality factor Qm ¼
ωb=γ ≫ 1 [33]. The equilibrium mean thermal photon,
magnon, and phonon numbers are NkðωkÞ ¼ ½expðℏωk=
kBTÞ − 1�−1 (k ¼ 1; 2; m; b), with kB the Boltzmann con-
stant and T the environmental temperature.
Because the magnon mode is strongly driven, it has a

large amplitude jhmij ≫ 1, and further owing to the cavity-
magnon beamsplitter interactions the two cavity fields are
also of large amplitudes. This allows us to linearize the
system dynamics around semiclassical averages by writing
any mode operator as a c number plus its fluctuation
operator O ¼ hOi þ δO, (O ¼ aj;m; q; p), and neglecting
small second-order fluctuation terms. Substituting those
linearized mode operators into Eq. (2), the equations are
then separated into two sets of equations, respectively, for
semiclassical averages and for quantum fluctuations. The
solutions of the averages are obtained, which are hpi ¼ 0,
hqi ¼ −ðG0=ωbÞjhmij2, haji ¼ ½−igj=ðiΔj þ κjÞ�hmi, and
hmi is given by

FIG. 1. (a) General model of the scheme. A magnon mode m in
a YIG sphere couples to two MW fields a1 and a2 via magnetic
dipole interaction, and to a phonon mode b via magnetostrictive
interaction. (b) Mode frequencies and linewidths. The magnon
mode with frequency ωm is driven by a strong MW field at
frequency ω0, and the mechanical motion of frequency ωb
scatters the driving photons onto two sidebands at ω0 � ωb. If
the magnon mode is resonant with the blue (anti-Stokes) side-
band, and the two cavity modes with frequencies ω1;2 are,
respectively, resonant with the two sidebands, the two cavity
fields get entangled.
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hmi ¼ ΩðiΔ1 þ κ1ÞðiΔ2 þ κ2Þ
ðiΔ̃m þ κmÞðiΔ1 þ κ1ÞðiΔ2 þ κ2Þ þ g21ðiΔ2 þ κ2Þ þ g22ðiΔ1 þ κ1Þ

; ð3Þ

with Δ̃m ¼ Δm þG0hqi the effective detuning of the
magnon mode including the frequency shift caused by
the magnetostrictive interaction. It takes a simpler form

hmi ≃ iΩΔ1Δ2

−Δ̃mΔ1Δ2 þ g21Δ2 þ g22Δ1

; ð4Þ

when jΔjj;jΔ̃mj≫κj;κm. Let us introduce the quadratures of
the quantum fluctuations ðδX1;δY1;δX2;δY2;δx;δy;δq;δpÞ,
where δXj ¼ ðδaj þ δa†jÞ=

ffiffiffi
2

p
, δYj ¼ iðδa†j − δajÞ=

ffiffiffi
2

p
,

δx ¼ ðδmþ δm†Þ= ffiffiffi
2

p
, and δy ¼ iðδm† − δmÞ= ffiffiffi

2
p

, and
the input noise quadratures are defined in the same way.
The QLEs of the quadrature fluctuations can be cast in the
matrix form

_uðtÞ ¼ AuðtÞ þ nðtÞ; ð5Þ

where uðtÞ ¼ ½δX1ðtÞ; δY1ðtÞ; δX2ðtÞ; δY2ðtÞ; δxðtÞ; δyðtÞ;
δqðtÞ; δpðtÞ�T , nðtÞ¼½ ffiffiffiffiffiffiffi

2κ1
p

Xin
1 ðtÞ;

ffiffiffiffiffiffiffi
2κ1

p
Y in
1 ðtÞ;

ffiffiffiffiffiffiffi
2κ2

p
Xin
2 ðtÞ;ffiffiffiffiffiffiffi

2κ2
p

Y in
2 ðtÞ;

ffiffiffiffiffiffiffiffi
2κm

p
xinðtÞ; ffiffiffiffiffiffiffiffi

2κm
p

yinðtÞ;0;ξðtÞ�T is the vector
of noises entering the system, and the drift matrix A is
given by

A¼

0
BBBBBBBBBBBBBBB@

−κ1 Δ1 0 0 0 g1 0 0

−Δ1 −κ1 0 0 −g1 0 0 0

0 0 −κ2 Δ2 0 g2 0 0

0 0 −Δ2 −κ2 −g2 0 0 0

0 g1 0 g2 −κm Δ̃m −G 0

−g1 0 −g2 0 −Δ̃m −κm 0 0

0 0 0 0 0 0 0 ωb

0 0 0 0 0 G −ωb −γ

1
CCCCCCCCCCCCCCCA

;

ð6Þ

where G ¼ i
ffiffiffi
2

p
G0hmi is the effective magnomechanical

coupling rate. By using the result of Eq. (4), we obtain

G ≃
ffiffiffi
2

p
G0ΩΔ1Δ2

Δ̃mΔ1Δ2 − g21Δ2 − g22Δ1

; ð7Þ

which shows that the coupling can be significantly enhanced
with a strong magnon drive.
We are interested in the quantum correlation of two MW

fields in the steady state. The steady state of the system is a
four-mode Gaussian state due to the linearized dynamics
and the Gaussian nature of input noises. Such a state is fully
characterized by an 8 × 8 covariance matrix (CM) C with its

entries defined as CijðtÞ ¼ 1
2
huiðtÞujðt0Þ þ ujðt0ÞuiðtÞi

ði; j ¼ 1; 2;…; 8Þ. It can be obtained straightforwardly
by solving the Lyapunov equation [34]

AC þ CAT ¼ −D; ð8Þ

where D ¼ diag½κ1ð2N1 þ 1Þ; κ1ð2N1 þ 1Þ; κ2ð2N2 þ 1Þ;
κ2ð2N2 þ 1Þ; κmð2Nm þ 1Þ; κmð2Nm þ 1Þ; 0; γð2Nb þ 1Þ�
is the diffusion matrix, whose entries are defined through
hniðtÞnjðt0Þ þ njðt0ÞniðtÞi=2 ¼ Dijδðt − t0Þ.
We adopt the logarithmic negativity [35] to quantify

the entanglement between the two MW cavity fields. It is a
full entanglement monotone under local operations and
classical communication [36] and an upper bound for the
distillable entanglement [35]. The logarithmic negativity
for Gaussian states is defined as [37]

EN ≔ max½0;− ln 2ν̃−�; ð9Þ

where ν̃− ¼ min eigjiΩ2C̃mwj (with the symplectic matrix
Ω2 ¼⊕2

j¼1 iσy and the y-Pauli matrix σy) is the minimum

symplectic eigenvalue of the CM C̃mw ¼ PCmwP, with Cmw
the CM of the two MW fields, which is obtained by
removing in C the rows and columns associated with the
magnon and mechanical modes, and P ¼ diagð1;−1; 1; 1Þ
is the matrix that performs partial transposition on
CMs [38].
MW entanglement and its detection.—In Fig. 2, we

present the main results of the entanglement between
two MW cavity fields. The stationary entanglement is
guaranteed by the negative eigenvalues (real parts) of the
drift matrix A. Figure 2(a) clearly shows that the maximum
entanglement is achieved when the two cavity fields are,
respectively, resonant with the two mechanical sidebands
[see Fig. 1(b)], i.e., Δ1 ¼ −Δ2 ≃�ωb, where “�” sign is
taken due to the symmetry of the two cavity fields, and the
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FIG. 2. (a) Density plot of the entanglement EN between two
MW cavity fields vs (a)Δ1 andΔ2, (b) κ2=κ1 and g2=g1 (κ1, g1 are
fixed). We take Δ̃m ¼ 0.9ωb, κ2 ¼ κ1, g2 ¼ g1 in (a), and Δ1 ¼
−Δ2 ¼ ωb in (b). See text for the other parameters.
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magnon mode resonant with the blue sideband Δ̃m ≃ ωb
corresponds to the anti-Stokes process, which significantly
cools the phonon mode, thus, eliminating the main obstacle
for observing entanglement [24]. We have employed
experimentally feasible parameters [23]: ωm=2π ¼
10 GHz, ωb=2π ¼ 10 MHz, γ=2π ¼ 102 Hz, κm=2π ¼
κ1=2π ¼ 1 MHz, g1=2π ¼ 3.8 MHz, G=2π ¼ 4.5 MHz,
and T ¼ 20 mK. We use a strong magnon-phonon cou-
pling G > κm to create magnomechanical entanglement.
This means that a strong magnon driving field should be
used, and in order to avoid unwanted magnon Kerr effect
[39,40], the bare coupling rate G0 should not be too
small [24,25]. For the optimal case, Δ1 ¼ −Δ2 ≃�ωb in
Fig. 2(a), a driving power of 6.3 mW (0.57 mW) should be
used to yield G=2π ¼ 4.5 MHz for G0=2π ¼ 0.3 Hz
(1 Hz), while keeping the Kerr effect negligible. In
Fig. 2(b), we analyze the optimal coupling rates g1;2 and
decay rates κ1;2 and find that, in both situations, Δ1 ¼
−Δ2 ≃ ωb and −ωb, close coupling rates should be used,
and the cavity that is resonant with the red (blue) mechani-
cal sideband should have a smaller (larger) decay rate than
the other. Such an asymmetric feature is due to the different
roles of the two sidebands. The entanglement is robust
against environmental temperature and survives up to
∼140 mK, as shown in Fig. 3, below which the average
phonon number is always smaller than 1, showing that
mechanical cooling is, thus, a precondition for observing
quantum entanglement in the system [24]. The generated
MWentanglement can be detected by measuring the CM of
two cavity output fields. Such measurement in the MW
domain has been realized in the experiments [12,41].
Alternatively, one can also verify the entanglement by

using the Duan criterion [42], which requires simpler
experimental operations, i.e., one does not have to measure
all the entries of the 4 × 4 CM but measure only two
collective quadratures [43]. Specifically, a sufficient con-
dition for entanglement is that the two collective quad-
ratures satisfy the inequality

hδX2þi þ hδY2
−i < 2; ð10Þ

where Xþ ¼ X1 þ X2, and Y− ¼ Y1 − Y2. Figure 4(a)
shows that, in two areas around Δ1 ¼ −Δ2 ≃�ωb, the
inequality is fulfilled, indicating that the two cavity fields
are entangled.
Experimental implementations.—Now, we discuss pos-

sible configurations that could realize the proposal. Two
MW cavities and each cavity containing a cavity mode are
preferred. In this situation, the frequencies of the cavity
fields can be adjusted flexibly to match the two mechanical
sidebands. The two cavities could be placed perpendicu-
larly in the horizontal plane with the YIG sphere located in
the intersection (near the maximum magnetic fields) of the
cavity fields. This can be realized in a planar cross-shaped
cavity [44] or coplanar waveguide [45], see Fig. 5. Taking
the “X” cavity [44] as an example, one can set the bias
magnetic field along the z (vertical) direction, the magnetic
fields of two cavity modes along the x and y directions,
respectively, and the driving magnetic field in the x − y
plane and of, e.g., 45° with both the x and y directions. For
directly driving the magnon mode, one may adopt a
superconducting MW line with a small loop antenna at
its end [39]. In this case, the loop antenna will also couple
to the two cavity modes leading to increased cavity decay
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FIG. 3. MW entanglement EN vs temperature T. The param-
eters are those with which the maximum entanglement is
achieved in Fig. 2(b).
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FIG. 5. A YIG sphere is placed near the maximum magnetic
fields of two MW cavity fields in a cross-shaped cavity. A loop
antenna at the end of a superconducting MW line is used to drive
the magnon mode [39].
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rates. However, owing to its relatively small dimension
compared with the cavity setup, the influence is only
moderate [46]. Besides, the cross configuration of the
cavity may also reduce the Q factor of the cavities induced
by the damage to boundary conditions. Taking into account
the aforementioned effects, we study the Duan criterion for
taking larger cavity decay rates in Fig. 4(b). It shows that,
with much larger decay rates, the two cavity fields are still
entangled. Given the flexibility of the cavity resonant
frequencies, the mechanical frequency can be freely chosen
in a large range (always keeping it much smaller than the
magnon frequency). The results presented in this Letter
employed a ∼10 MHz mechanical mode of a 250-μm-
diameter YIG sphere [23]. For such a large sphere, the bare
magnomechanical coupling is small, but it can be increased
by using a smaller sphere such that the pump power
required is reduced, which can weaken both the unwanted
nonlinear effect and the by-effect of the coupling of the
loop antenna to the cavity modes.
Conclusions.—We present a new mechanism for creating

MWentangled states based on magnetostrictive interaction
in a ferrimagnetic YIG sphere. The mechanism makes use
of the nonlinearity of such a magnomechanical interaction.
The entanglement is in the steady state and robust against
cavity dissipations and environmental temperature. We
show strategies to detect the entanglement and a possible
configuration that is promising for realizing the proposal.
We analyze, in detail, various practical imperfections which
would help future experimental realizations. This work
may find applications in quantum information science,
quantum metrology, and quantum tasks that require
entangled CV MW fields.
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